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Kuueza wenoaewnee, wecmuee, doneogeyneli u omaemcmeerteil
Ar06020 Gpyaoeo UCMOMKUKA UHPOPMA UL,

B.A.Canosununit !

VeaxaeMblit Yuratens! D1a KkHUra angpecopaHa Tebe, No3ToMY Mbl XOTHM BHa-
YaJie KpaTko MOACHUTD €e CYTh ¥ OCOOEHHOCTH, OOBLACHUTL Te KAEH, KOTOPbIMH MbI
PYKOBOACTBOBANMCH NPpK ee HanucaHMK. Tlpexnae Bcero, 3T0 — KHUra d1A 6cex, T. €.
HE Ansl ONpEJeNcHHOTO0 KOHTUHIeHTa 0byyalomuxca no TOH UM KHOH cneunans-
HOCTH, TOrO MY MHOrO nNpoduas UK HANMPABAEHUA, OHA HE OrpaHHyeHa paMKaMim
onpefeneHHOTo yyebHOro CTaHAapTa WK nporpaMMel, HAKOHE, 3apaHee YCTaHOB-
NEHHbIMH OrpaHHYeHUAMH no obbeMy, OHa ansl TEX, KTO MO CYWECTBY, a He LA
«FaTO4YKH» B BEJOMOCTH, MHTEPECYETCA MAaTEMaTHKOM BOODILEe U, B YACTHOCTH, XO-
YyeT Y3HaTb, YTO TaKO€ COBPEMEHHAas MATEeMaTH4YecKasd CTATUCTHUKA, KaKue 3alauyu
¥ KaKMMM MeTOJaMH OHa pelLIacT, KakHe pe3yNnbTaThl B HEM YK€ HAaKOMMEHbI, KaKHe
npoG/ieMbl B HEl CEroAHA AKTyaNbHbl, HAKOHEL, KaKOBbl €€ MCTOKHW, KaKOH MyTb
OHa MpoLINa, ¥ KTo ObiNl ee TBOPUAMMU (Bedb UCMOPUS HAYKU MAK He BANCHA, KAK
u cama nayka). UTak, mo 3aMblcny, 3Ta KHWIA pacckaisieaem o MaTeMaTHYECKOM CTa-
TUCTUKE, HO OJHOBPEMEHHO U 0Oyvaem eil, T. €. OHa MOXET CAYXHTb paciiuperivim
Y4eOHHKOM, KaK NOKPEIBal UM CTaHIAPTHbLIE BY3OBCKME NPOrpaMMBbl, NpeaycMar-
pUBalOUIKe UTeHHE (B TOM MM HHOM 00BbEME) Kypca MaTeMaTHUECKOl CTATUCTHKH,
TaKk X 00GecneyuBaloliumM Bo3MOXHOCTb camoobpasoBaHus. [ToMHMMO 3TOro, KHura
TaKXKE MOXET CNYXKHUTb CNIPaBOYHbLIM MocoOueM Mo MaTeMaTUYECKOR CTATUCTHKE,
a B HEKOTOPbBIX acMeKTax — W Nno TeopuH BepositHocTel. M3 3Toi uenesoit ycTa-
HOBKHK BBITEKAIOT BCE €€ CTPYKTYPHBIE M COAEPXKATeNbHblE 0COOEHHOCTH.

Hauw aesuna: npocto o cnoxHoM! Mbl cTpeMuanch nucath TaK, 4Tobbl HINarae-
MOe Obl0 AOCTYTTHO KaXA0MY, KTO 3HAKOM ¢ HaYaIbHbIMU 3IeMeHTaM¥ MaTeMaTH-
YeCKOro aHa/liu3a, NMHEHHOM anreGpsl M Teopuu BepoATHocTeH. TpryeM noMHUTL
nx AM0o obpawiaTtbcsl 33 HYXKHBIMM CBEJEHUSAMH B COOTBETCTBYHOIIHWE Y4eOHMKHU
He 00A3aTeNIbHO, TaK KaK BCe HE0OX0AMMOe HanoMuHaeTCs (paIbacHAETCA) No X0-
oY U3NO0XEHNA COOCTBEHHO CTATHCTHYECKON TEOpHHU, HUKaKuUX CROXKHBIX MaTeMa-
THYECKMX KOHCTPYKUMHA U rpoMo3dkux Aokazatenscts! Bes Teopus oOBsicHAeTCA
N WITIOCTPUPYETCH HA UHTEPECHbIX M TILIATENBLHO MOAOOPaHHbIX NMPUMEpPAX: «MpU

2
M3YYEHHUH HayK npuMepbl nonelnee npasua» (M. HoloroH )). Hns Tex, XTO UMeeT

) CagosHuumit BukTtop AHToHOBUY (p. 1939) — poccuiickmit MaTeMaTHk, akaneMux PAH, pextop
MTY um. M. B. lomoHocoza (¢ 1992 r.).

2 N
*) Huioton Mcaak (1643-1727) — aHrMMMCKMII MaTEMATHK, (HINK, MEXAHHK, ACTPOHOM.
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Leblo rMy0OKO OCBOUTH TEOPUIO CTATMCTUUYECKOrO BbiBOAA, MPUBOAMUTCS GOMbLIOH
CNUCOK YMpaXHEHUH ANs CAMOCTOATENbHOrO PELIEHMA, T. €. KHUra oObeaAHHAET
OAHOBPEMEHHO M YuyeOHMK, M 32Ja4yHUK. YMEHME pellaTb 32[0ayM 03Ha4yaeT Kak
3JHAHWE TEQPWH, TAK M CMOCOOHOCTb MPABMIbLHO ITHM 3HAHWEM PaACTOPSAANTHCA,
T. €. NPUBECTH TEOPHIO B AeHCTRUE, BEb «EC/TH AeHCTBOBATH HE Oyaellb, HU K YeMy
yma nanara» (Lllota PyCTaBenu”). VYnpaxHeHusn, kak npaBuao, chopMyIHPOBaHbI
TaK, 4TO B caMOii (hOpMYTHPOBKE YXKE 3a10XKEH OTBET, NYTb Xe K HEMY — 3TO W €CTb
TOT TBOPYECKHIl 3/IEMEHT, HA KOTOPOM MOXHO Y3HaTh CBOM CITOCOOHOCTH (3#ame
nyme u hpotimu e2o — ne 00K u ma xce), «Iloncka3koii» 31ech (MpH 3ATPYAHEHHUAX)
MOTYT CIYXUTb COOTBETCTBYIOLUME TIPUMEPBLI M3 TEKCT2: HA HUX MOXHO OCBOMTh
HEOOXOAVMbIE TOTUKY M aHATUTUYECKYIO TEXHUKY.

Teneps neckobko CNOB NS Npenoaasarenen (xax zo80punu dpegrue: docendo
discimus (nam.) — yua, ysumca camu). OHOR M3 OCHOBHBIX 3afa¥ NpU Tperno-
AaBaHUM KypCa MATEMaTH4YeCKOM CTaTUCTUKU ABNAETCA BbipaboTKa y CTYAEHTOB
HaBblKOB 06paboTKM peanbHbIX TaHHBIX 0 COOTBETCTBYIOLUIMM AJITOPUTMAM C NpU-
B/IEYEHUEM KOMMBIOTEPHOI TEXHUKH TIPH PELUEHHH KOHKPETHBIX yuebHbIX 3agau.
B HacToswee Bpems rny6oKoe U3yyeHUe TEOPUHY MaTeMAaTHYECKOW CTaTUCTUKH B OT-
pbiBE OT NMPaKTUKH €6 KOMMBIOTEPHOM peanraalMu BoodLe HEBO3IMOXHO. B TO e
BpEMs CaM XapakTep 3TOI AMCUMIUIMHBI gocTaBaseT Oonbuioit mpocTop npeno-
HABaTeM0 WA OPraHU3auuK¥ NpakTUYecKoW padoTbl CTYAEHTOB C MPUBACYEHUEM
KOMIIbIOTEPOB. KiioueBbIM MOMEHTOM MPH 3TOM SIBIIAETCS] MOAEIHPOBAHHE HA KOM-
nbiotepe BBIOOPOK M3 COOTBETCTBYIOLUMX pacnpeaeneHUil. PaKTHUECKH HA OCHOBE
11000/ «TeOpETHUECKOW» 321a4M, B KOTOPO# peub UAET O TOM UIH MHOM CTaTUCTH-
YeCKOM ANropUTMe aHANM3a JaHHBIX, NPENoAaBaTelb MOXET NOCTaBUTh (1 NTPUTOM
B HEOTPZHUYEHHOM YMCJie BAPUAHTOB, BAPbUPYS KOHKPETHbIE 3HAYEHHA NapaMeT-
POB MO/IE/IM) COOTBETCTBYIOINYIO «MTpaKTHUECKYI0» 3alauy, hopMynupysa B KayecTne
NIpeNBapUTEN bHOTO 3Tana 3aJaHHe CMOAENHPOBATh UCXOAHbIE JaHHBIE C HCNOAL30-
BaHueM aubo rotosbix Tabnuu cayvaitHbix yucen, MU0 MOAYHaEMbIX C MTOMOLIBIO
CrneuMabHBIX MporpaMM. B ganbHeiileM, oOpabaTbiBasi 3TH «3IKCNEPUMEHTATb-
Hble» JAHHbIE MO COOTBETCTBYIOLLEMY CTATUCTHUYECKOMY AITOPUTMY, CTYAEHT Nouy-
YAeT BO3MOXHOCTb CPaBHUTL NMPEACKA3aHHE TEOPUHA C M3IBECTHBIMH EMY MUCXOAHbI-
MU NapaMeTpaMHu, MpH KOTOPbIX MogenupoBanach Beibopka. [10100HbIR «MrpoBoi»
3M€MEHT B OPTaHU32LMU MPaKTHYECKON pabOThl MO KYpCY NOBBILIAET UHTEPEC CTY-
OEHTOB K M3Y4CHHIO Teopuu. Bonpocam MonenrpoBaHUSI KOHKPETHBIX pacrpeje-
JIeHWH YAeNAeTCs B KHUIE CYWIECTBEHHOE BHYMaAHHE.

HakoHel, Mbl IpUBOAHM B KOHLE KHUIU A0CTATOYHO ODLUIUPHLIA CITMCOK JIK-
TepaTypbl Kak 00UIEro XapakTepa, Tak M CMELUMaNbHbIX MOHOrpagui, B KOTODbIX
Gonee MoaHoO M r1yboko OCBEULEHb] PAMTUYHBIE ACMEKTHl CTATUCTHYECKOH TEOPDHH
U ee PUJIOXKEHHUI; 3Ta THTEPaTypPa MOXeET ObITb MCMOABLIOBAHA 151 CAMOCTOATE b~
HOTO M yrayOoneHHOro U3y4eHHs OTAESIbHbIX BOTPOCOB.

B npunoxxenuu MpuBENEH bl KpaTKHe CTATHCTHYECKHE Tabn HLlbl, HEOOXOAMMblE
1A paibopa NpUMEpoB W PeleHHs 3ajJay, 2 Takxke «JlyTeBoauTenb Mo MOLEsAM

3 Pycrasenu LLlota — rpy3utickrid moaTt nwobeu ¥ kpacoTel XII 8.
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B MPYMMEpax U 3a1ayax», HA3HaYeHHWEe KOTOPOro — MoMoYb OLICTPO HANTH B TEKCTE
HY)XHO€ MECTO, rIie J0oKa3blBaeTca 160 GOpMyTHPYETCA TOT MW UHOII KOHKDET-
Hblit hakT (peaynsrar), OTHOCAWMICH K KOHKpeTHOM momenu. 3nak M B Tekcre
03HA4YaeT OKOHYAKKE 10KA3ATENbCTBA. 3HAKOM ® OTMEYeHbl OKOHUYaHHUA TPUMEDOB.
Hymepauunsd Gopmyn, TEOPEM, PUCYHKOB M T. Il. B KaXXIOM Iaparpade caMocTosTe/b-
Has, MPU CCbUIKAX Ha MaTepMan Apyroro rnaparpada yKa3blBaeTcA OOMOJHUTENLHO
€ro HOMep.

HakoHeu, ewe oaHO NosicHEHHe 00 ucnosab3yeMbix 06o3HayeHuax. o texcry
HaM OyayT BCTpeYaTbCA KaK CKaTAPHble, TaK U BEKTOPHbIe BETHUMHEL, 0003HaYae-
Mble B 060MX ClTydasix OIHUM U TeM Xe CUMBOJIOM, Hanpumep, § — ckansp v 6 =
= (6, ,6p) — BekTop. DTa UX pa3MepHOCTHaA cneund nKauus sceraa Gymer sic-
Ha M3 KOHTeKcTa. OIHaKO B psifie cayqaeB (TaM, Tl 3TO JUKTYETCH CORepXaTeibHOM
CTOpPOHO# BOMpOCa), YToOb! NOAYEPKHYTb MHOTOMEPHBIH XapaKTep HEKOTOPOii Be-
NUUUHBL, Mbl OYAEM RONOTHUTENBHO CHAOXaTh COOTBETCTBYIOWMI CHMBOJ YEPTOH
CHu3y, Hanpumep, £ = (2, ,xp)npun> [, E= (&, ,&)npuk > [uta

BocTouHast MyopocTh [MacUT; «ECIM XOTUTE yBAEYDb BAalIMM 3HAHMEM — CLe-
nafTe €ro npuBaecKaTeabHbIM. HacTonbkO NpHBReKaTe/IbHbIM, YTOOLI KHUIM BYe-
palIHero QHA MoKa3alucb CYXMMH JIMCTbAMH». Mbl CTpeMMINCE CNEN0BATh 3TOMY
npasuny. Hackonbko 370 HaM yaanocbh — cyauTb Tebe, Haw HuTaTens.

MbI BbipaxaeM cepreyHylo 6/aronapHOCTb HaLWKUM KOJjeraM M A00pbIM TO-
BapHwam: akaaeMuky 1O. B. [Tpoxoposy, uneny-koppecnonaeHty PAH b. A. Cesa-
CTbSIHOBY W AeHCTBUTENbHOMY YneHy AxaneMun kpunrorpabuu PO B. [1. Yncra-
KOBY 33 NOCTOAHHYIO NMOAAEPXKKY Halueil paboTbl MO MaTEMaTHYECKOM CTATUCTHKE.

Aemopui
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...He NpogopHuiM Docmaemca yonewnoii bez, He xpabpuim — nobeda,
He Myopuim — xiel, u He y pasyMuux — fo2amemeo, U He uCKyC-
HoIM — B1a20pacnoroxcenue, o 6peMA i CAyMail 047 BCeX UX.

Exinecuact (BuGausn. Berxuit 3aser. 9:11)

Bo écex uasickanunx paiyma camoe
mpyoxoe — 3Mo HAYUAD.

[TnaTon Y

B mobom navane soawebemeo maumces,
OHO HaM & ROMOWb, € IeM FaULIMa HAWa,

I lecce? Mrpan bucep

§ 1. Y10 TaKOoe MaTemMaTHuecKas
CTaTUCTUKA, ee NMpeaAMeT U 33aaauu

Hrak, Mbl HaunHaeM. Hauunath XKe Bcerna Hago ¢ onpenefeHns npeaMeta o0Ccyx-
neHus. Hau npeamMer — coBpeMeHHas MaTeMaTu4eckas cTaTucTuka. Kak ee MOXHO
Onpene/IUTh KPATKO M, B TO Xe BpeMs, MOHATHO? [1pexae Bcero — 310 MaTeMaTH-
YyeCcKasi TEOPHA, 2 JI06YI0 MaTeMaTUUECKYI0 TEOPHIO MOXHO OXapaKTepU3OBaTh yKa-
3aHNEM 061aCTH TeX MPAKTUYECKUX 33Ja4, K PEILEHU 0 KOTOPbIX OHA MPUMEHAETCA.
[ToaToMy MBI HauHeM ¢ TOro, YTO MPUBEAEM HECKONbKO XapaKTEePHbIX NMPUMEPOB
TaKHX 337134, KOTOPbIE PEWANOTCA METOOAMU MATEMATHUYECKON CTATUCTHKH.

Npumep 1. KMnMeeTca ypHa, conepikalllas lIapH 1ByX LUBETOB, CKaXeM, Oesnbie U Yep-
Hute. [TycTh @ — uHCnO BCex WAPOB, @y — YUCNO OENBIX MB HUX U A = @ — @] —
YMCNO YepHBIX Wapos. O6a 3TH uMcia @; M o (MAM XOTs Gbl TONLKO @) HaM
MOTYT OBITb HEM3BECTHEI, U B 3TOM CJIY4a€¢ MOXET BOIHMKHYTb NoTpebHOoCTL oue-
HUTb HEU3BECTHYIO JOMI0 P = a;/a Genbix wapos B ypHe. Kak noctynuth B 3TOM
cnyvae? MoxHO, HaripUMep, U3BJ1edhb U3 YPHLI BCe wapbl M MOCYUTaTh YUC10 BenbiX
Cpeir HUX — TOTAZ MBI y3HaEM TOYHO YUCAA @ W @, CeloBaTENbBHO, M P = a,/a.
Ho Takoif «TpuBHTLHBIA» 3KCMEPUMEHT MO Pa3HbLIM NPUUMHAM MOXET OLITH HEOCY-
lwecTBUM (60bLION OGBEM CONEPKNUMOTO YPHB! = TPYAHO €€ UCUEPaTh, «10pPOro»
3TO CTOUT U T.1.). [103TOMY B TAKUX CHUTyaUMSX OGLIYHO NOCTYNAKOT CIEAYIOLIMM

Y Mnaron (427-347 10 n.2.) — apeBHerpeyeckuit hunocod.
? ecce Iepmas (1877-1962) — Hemeuxuit nucatens.
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06pa3oM: H3BMEKAIOT U3 YPHBl HEKOTOpPOE UUCIIO 7 LIAPOB, MOACYHTHIBAKOT YUCIO
Ha0JII0IaBLIHXCS B BuIGOpKe Gebix wapos (0603HAYHUM €ro 77) U B KAQUECTBE OieH-
ku (MpUOIMXEHHOro 3HAYeHUsi) WIS HEUIBECTHOH IONU P = @,/a HCTONbL3YIOT
BeJIMYUHY P = m/n — Romo OesbiX WapoB cpeaun n uasnedeHHbIx. [puseneHHoe
OMUCaHUE TAKOr'Q IKCMEPUMEHTA elle He COBCEM MOJIHO, TaK KaK OpraHu3oBaTh
BBIGOP 7 WAPOB MOXHO pa3HbIMHU criocofaMu. MoXxHO, HAMPUMED, U3BJIEKATh Wia-
Phl 110 OJHOMY TIOC/eI0BATENbHO, BO3Bpallias KaxJ/sld pa3 BeIHYTHIA wWap obpaTHO
(B 3TOM C/ly4ae rOBOPSIT 0 8bi60pe ¢ 6038paleHUEM), A MOXKHO BLIHYTBIRA AP B YPHY
He BO3Bpalath (g6:60p be3 036pauienua) — B 3TOM Clyyae 3TO TO XKe CAMOE, YTO
U3BJNEYb CPA3y KOMIUIEKT U3 7 WapoB (MpU 2 < @); MOXHO NMPHIYMaTb U APYrue
MpOLEAYPb M3BIeYeHUsT IapOB M3 YpHLI. HakoHel, cienyeT euie yTouHHTb caM Me-
X2HU3M 0TOOpa M3BJIEKAEMBIX LLIAPOB, YTO JENAETCH YXE C NMPUBICYEHUEM TOHATUH
TEOPHUM BEPOATHOCTEH M MpEXIE BCEro NMOHATUA CAy4aino20 BbiGopa (HO 06 3TOM
nosxe, cM. npuMep | B § 1.1). Ho Bo Bcex ciyuasx BO3JHMKAeT NMPHUHLMMHAIb-
Hplit BOMpPOC; BYAET M «3MITUPHUYECKAs» OLUEHKA D OTPaXaTb PEaIbLHYI KaPTUHY,
T.¢. Gymer u 0Ha 6aM3Ka (B KAKOM-TO CMBIC/IE) K HEM3BECTHOMY HaM UCTHHHOMY
3HayeHuo p? Bosee TOro, eciu B HalUUMX BO3MOXHOCTAX MO-Pa3HOMY OPTaHU30-
BaTh 3KCMEPUMEHT (B 3TOM Cilyyae rOBOPAT 00 «aKTHBHOM» 3KCIIEPUMEHTE), TO
Kakas U3 COOTBETCTBYIOLLUX OLUEHOK OydeT «iyylie» (B KakoM-T0 cMbicie)? 3aech
peyb UAET, CJIe10BaTe/IbHO, O CPpAaBHEHHUH PAVIMYHBIX JKC-
NMEPUMEHTOB (CTOCOBOB XeACTBUA) C MO3MULMIA «KayecTBa»
COOTBETCTBYIOLLMX OLUEHOK. Ha npakTHKe 4acTo NpUXoauT-
CA YYUTHIBATL €WE M 3aTPaThl HA MPOBENEHUE IKCMEPUMEHTA, TaK YTO 3KOHOMU-
YECKME ACMEKTHI TAKXKE TIPUXOIUTCS BKIOYATh NMPU 3TOM B KPYr pacCMOTPeHMS.
OTBeT Ha Bce 3TH HEMPOCTbIE BOMPOCH], @ TEM CaMbIM M PEKOMEHIaUMH, KaK Hau-
fosiee pauMOHaNLHO (rPpaMOTHO) HaM [eiCTBOBATh B MONOGHLIX CUTYaUMSX, AaeT
MaTeMaTHyecKas CTaTUCTHUKA. .

=
CratucTrueckne W

3Q404M OUHMBAHKSA

O6uee 3ameqanne. Yicmonu3oBaHHbI B 3TOM NPHMEPE A3LIK YPHOBOM cxembl («ypHa —
Wapbl») ABAACTCA NPUMEPOM abCTPAKTHON (MATEMATH4eCKOi) MOAEAH, MOAXOALLEH Mns
OMMCAHMA MHOTHX PEATbHbIX CUTYaUME (b 610I0THH, AeMOrpad 1, COLUMOAOTHH, MEAH LIH-
He, ICHXONOTHY, AMHIBUCTHKe, 3KOHOMMKE 1 T. A.). [loa wapaMu B ypHE MOXHO MOHHMATD
MIOOYIO KOHEMHYK COBOKYMHOCTb 0ObEKTOB (318MEHTOB), KOTOpbIe (KAK B pacCMOTPEHHOM
npUMepe) MOTYT OBITb Pa3bKTLI MO HEKOTOPOMY ANETEPHATHBHOMY TpH3HaKy (mon, BO3-
pacT, COCTOSIHME 340pPOBbA, NOXOA, COPT, EMKOCTh M T.I.) HA ABa HefepeceKamoLuxcs
KJ1acca, M TOrIa 3afaya COCTOMT B TOM, YTOOBI C MOMOLBID HCKOTOPOrO CTaTUCTHYECKOTO
IKCMEPUMEHTA OLIEHUTL 1010 ONpPeAeTeHHOr0 K1acca Bo Bceld COBOKYNHOCTH. Hanpumep,
COBOKYNHOCTb — 3TO IpaxJiaHe CTpaHbLl, H30MpaiollMe Npe3uacHTa W pPa3aenusliuecd
Ha [Ba Kjiacca NO MPH3IHAKy «33d — [OpOTHB», WK MapTHs KaKUX-TO HM3NENHH, KOTOpbIE
MOTYT ObITb MCMpaBHbLIMM MM NehEKTHLIMU H T. 1. B Gonee obuieM claydyae UCCICAYCMBbIC
O0BEKTBI MOTYT OBITB Pa3dUTHI Ha Goabiliee, yeM 2, YUCIo KiaccoB (Toraa Mbl Gyaem ro-
BOpPUTb 00 YpHE ¢ Ulapamu, cxaxesM, N pa3uyHbIX UBETOB), M TOraa npobiema COCTOMT
B QUEHWUBAHWH NOMeld BCEX KNACCOB, COCTARIMIOUINX HCCIEaYEMYIO COBOKYTHOCTb. Bo Beex
TaKMX CNy4asix A3BIK YPHOBBIX CXeM SABJAETCS YHUBEPCATbHBIM IKOHOMHBIM cMOCOOOM
OMUCAHUA MCCIeayeMO CUTYallMi M UM IUMPOKO NMOAL3YIOTCA B COBPEMeHHON MaTeMaTH-
4YeCKOM CTaTUCTUKE U TEApUU BepoATHOCTEH.
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Npumep 2. IycTb TpebyeTcs H3MEPHTL HEKOTOPYIO BETHYUHY @ (Hanmpumep, AUa-
METP HeKoTopoit 3Beabl). MocKoNbKY Ha pe3ynsTaThl H3MEPEHHIT BAUSAIOT MHOMHE
cnyuailHble akTopbl (TOYHOCTb HACTPOHKH W3MEPUTENBHOTO Mpubopa, morpeL-
HOCTb OKPYIVICHHS NPH CHUTHIBAHMHU JaHHBIX, TCUXOPHUINYECKOE COCTOSIHUE onepa-
TOPA W T. L.), TO PE3YLTAT £-ro naMepeHun X; MOXHO 3anucars B puae X; = a+e;,
rae €; — cay4ailiHasl NorpewHocTs namepenus, CrnpawunBaeTes, Kak no pe3yasTa-
TaM n uaMepeHuit X,;,..., X, OUSHHTb BEIMYUHY @, TOUHOE 3HAYEHHE KOTOPOM
HaM Heu3BecTHO? OO6BLIYHO B TAKHX CAy4YasiX B KayeCTBE OLIEHKK @ MCTOJb3YIOT
cpeaHee apuMeTHYECKOE Ha0MAEeHUHA

a=X (X, + + X,

|
n
M MAaTEMAaTHYECKAA CTATUCTHKA NO3BonsAeT 000CHOBATD Pa3yMHOCTb TAKOI0 NpaBHUNaA
OUE€HHWBAHHA. ®

Mpumep 3. TycTh M3 HEKOTOPHIX COOOPAXEHHH W3BECTHO, YTO NEpeMeHHas ¥
JIMHEHHO 3aBUCHT OT MNepeMeHHbIX T, .., T, ¥ = Ay + Ajz) + + A, z,
(B 9TMX CAyyasx rOBOPAT, UTO ¥ «PErPeCCHpyeT» HA I, , I, ), NPHYEM KO3(D-
dbuuventsl 4y, A;, , A, HeuaBecTHbl. Ipu pasnuyusix vaGopax (z;;, . Zi),
t=1,2,. ,n,usmepensl 3HadeHun y; = Ag+ Az;1+. +A,zi +e;, o€ g —
ownBKa uamepeHus y Npu Habope (Z;), , Tiz) . Mo 3navuenusm (y;, Tiy, .-, Tir)
Tpebyerca oueHHTb Ko3dduumenthl Ag, A, , A,. 3a0aYn TaKOTO THNA Ha3bl-
BAIOTCA pezpeccuoHHbIMU, OHH 4acTO BCTPEYAlOTCs, HanmpuMep, B 3IKOHOMHYECKUX
uccnegoBaHusxX. Tak, f MOXeET 03HayaTh CTPOC Ha HEKOTOPbIA TOBap, KOTOPbIM 3a-
BUCUT OT €ro LieHs! (), noTpeduTensckoro 1oxoaa (T;) ¥ LeH Ha KOHKypupylollue
W IOTIONIHSAIOLLUME TOBAPH (L3, T4, - . -), ¥ 3TA 3aBUCHMOCTb B NEPBOM NPUOIUXKEHUH
MOXeT ObITb perpeCCHOHHOTO TUNa. PerpecCHoHHbIE 3a1a4H COCTaBASIOT COAEPXKa-
HWE OTAE/IBHOTO Pa3fAena MaTeMAaTHYECKOH CTATHCTHKH — pezpecCuoniozo ananusa,
OtH 3aga4u GyAyT pacCMOTPeHbl B T 6. ]

Bo Bcex mpenbliylLMX npuMepax peds Wwia ob oyerusanult TeX UM UHBIX Na-
PAMETPOB B COOTBETCTRYIOWMX MATeMaTHUECKUX MOLENSIX 10 pe3yasTaTaM Habnio-
AEHUH ¥an uIMepeHuit, T. e, Ha ocHoBe 3Mnupuveckux (ONbITHRIX) AaHHbIX. Takoro
THNA 327a4H, Ha3blBaeMble OOLLUM TEPMHHOM «3a124U OUEHKH (MW OLIEHHBAHNSA)
HEH3BECTHLIX N1APAaMETPOB», COCTABMIIOT OAWH M3 ABYX OCHOBHLIX pa3lenoB MaTe-
MaTUYECKOi cTaTUCTUKH. [JobaBuM K CKazaHHOMY ellle creyloLlee,

WUHoraga Hac MHTEpECYET HE TOYHOE 3HaYeHHe HEU3BECTHOrO NapaMeTpa, Hanpu-
MED, NapaMeTpa @ B NipuMepe 2, a TpeOyeTCs YKa3aTh TaKoi HHTepBan ¢ < 4 < a2,
B KOTODOM C BbLICOKOM rapaHTHEi (B CTATUCTHUKE FOBOPAT «C BLICOKOiI1 BEpOSTHO-
CTbIO», T. €. C BEPOSITHOCTEIO, 0AM3KOM K 1) HaxoauTCsl TOUHOE 3HaYeHWE NapaMeT-
pa. Takoit uHTepBan (a;, @;), rpaHWLLEl KOTOPOTrO TakXe ONPEAENSIOTCsl MO COOT-
BETCTBYIOLLMM 3MTIHPUYECKHUM IAHHbIM, HA3blBAIOT 00GEpUMENbHbIM UHIMEDEBANOM.
Takue 3amaum TakXe OTHOCATCS K 3adayaM OLEHHWBAHMA, HO TIpHU 2TOM TOBOPAT
00 unmepaansrom (Mnv Oosepumenstom) oyenusaniu. OOlLAs TEOPUS OLEHHBAHWA
u3naraercs B In. 3.
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[Tepeiiaem Tenepb K NpUMepaM 33Jay APYroro Tuna, DnemeHTH TEOPHH l‘\\\
paccMaTpHUBAEMBbIX B MaTeMaTHYeCKOM cTaTucTHke. Ho ans BEpOATHOCTE A
3TOro HaM NpesBapuTe]sHO HeoOX0AUMO XOTA Obl KpaTko
HalTIOMHHTh HEKOTOPHIE 371EMEHTh] TEOPUMM BeposiTHOCTed. B xayectBe ocHOBHOrO
NnocoOust 110 TEOPHUU BEPOSITHOCTEH MBI PEKOMEHAYEM COBPEMEHHBIA YYEOHUK 1N
TexHuueckux sy3os B. I1. UncTakosa «Kypc Teopuu BepostTHOCTed» [27].

B no0boit cTaTUCTHYECKO# 3adade Mbl MMEEM [1e10 C HeKOTOpbM HabGopoM
MCXOAHBIX JAaHHBIX, KOTOPLIE [TOAYYEHBI B Pe3ylbTaTe HEKOTOPOrQ 3KCMEPUMEHTA
(onbITa): «OMBIT — BOT YYHTERb XKHU3HM BeuHbli» (TETe 3)). TepMuH axcnepumenm
ynoTpedssieTc B CTaTHCTUKE 1A 00o3HaveHus ntoboro npouecca rnonyyeH st JaH-
HbIX, BCE BO3MOXHbIE MCXOAbl KOTOPOro MOIYT ObIThb YKa3aHbl 3apaHee K Aei-
CTBMTENBHBIA UCXOA KOTOPOTO SIBASETCS OJHMM U3 BOIMOXHbIX. ODO3HAYMM 3ITH
naHHeie cumBoaoM X (3To MOXeT ObITb YMC/IO WX BEKXTOP HEKOTOPOIH pamep-
HOCTH) ¥ B AabHeiueM OyleM Ha3biBaTb UX 66/00pkOil (CHMHOHUM TepMUHa cma-
mucmuveckue dannbie). Pearusalu BeiGopku X 0603Ha4al0TCA COOTBETCTRYHOLIEH
CTPOYHOH OGYKBOH T, a COBOKYMHOCTb BCEX BO3IMOXHBLIX peanu3auuii obo3Haya-
etcR X = {x} ¥ HasmBaeTcst @vibopounsiM npocmpancmeomM. B Matematuyeckoit
CTaTUCTMKE pacCMaTPMBAOTCH TaKue IKCNEPUMEHTBI, UCXO/ KOTOPbIX CNyYyaeH, TaK
Y10 BoIGOpKa X SIBASIETCA Cly4aiiHOM BENMYMHON ¢ HEKOTOPBIM pacripeaeieHueM
(dyHxuneii pacnpeneneHust) Fy Ha BbIGopouHOM npocTpaHcTse X.

OroBopuMcs cpasy, YTo B fanbHEALLEM MBI NPEANONAraeM, YTo ciy4aiHas Be-
nvurHa X (uan ee pacnpenenenue Fy) apasetcs 160 aucKpeTHo# (M Toraa Bbl-
6OPOYHOE MPOCTPAHCTBO COCTOUT M3 KOHEYHOrO MM CYETHOrO YKCI3 TOYEK), K60
abCcooTHO HeNpepb!BHOM (TOraa X ABAsteTcs €BKJIMAOBLIM NPOCTPAHCTBOM COOT-
BETCTBYIOILEN Pa3MEPEHHOCTH MAM €r0 YaCTbiO), 3TH 1BA CAy4yast 0OLIYHO W BCTpE-
yaloTcs B NpHIoXeHusix. B nepsoM cnyyae pacnpeneneHue BbIOOpPKH 3amaercs
BEPOATHOCTSIMU OTAEILHBIX €€ peatnlauuit

f@)=P{X =2z}, zcX ) fl&=1,

zc X

BO BTOPOM — HMMOTHOCTbIO pacnpefeneHust f(T), T. €. TaKOH HeOTPHUATEIbHOM
¢yHkumein Ha X, yto Anst nioboro nmapannenenunesa B C X, T.e. MHOXECTBA BUAA
B={z a <z;<b,i=1 ,r},ecinz =(z), ,T;), BHIOIHAETCA
COOTHOILEHME

P{X € B} =ff(1:) dr, /f(:v)d$=l
B X

(3ta dopmyna coxpaHsTca I8 MIOOBIX KBAAPMPYEMBIX MM KyGHPyeMBIX MHO-
xects B). (Ucnonb3oBarue cumpona P nnsa obosHayeHusn BepoaTHOCTH cOGBITHA
ABAAETCA B HAcTOsILLEE BPeMst OBLLENPHUHATLIM, TOCKONBKY BO MHOTHX A3bIKaX Ha-
yaTbHO# OyKBOW cnoBa «BepOATHOCTL» fABAsieTcA P — probability B aHIIHACKOM,

) léve Moraun Bonbdraur (1749-1832) — nemeuxuii ¢punocod, No3T, yyeHbIH, eCTECTBOHCNDI-
TATENb.

23amay 1748
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probabilité Bo dpaHuyckoM, probabilitd B vTanbsaHCKOM, probabilidad B wcnau-
CKOM, probabilitas B NaTMHCKOM fA3biKe U T. A.). O6GbIMHO M3 KOHTEKCTa 3aaauu
OblBAET ACHO, 0 KAKOM CAYYae — AMCKPETHOM MM abCONIOTHO HerpepblBHOM —
MIeT peyb, MOITOMY MbI 118 eQMHOOBPa3ua UCnoNb3yeM ofHO 0603HaueHMe f(z)
Kak mns BepoatHocth P{X = z} B auckperHoM ciyyae, Tak M IIA MJIOTHOCTH
pacrpeiencHUs — B a0CONKTHO HENPEPBIBHOM, W 1A KPaTKOCTH B 0bonx cayyasx
GyneM HaibiBath dyHkunio f(x) mromuocmero. Ecnin dynkuua f(z) ma kakux-to
coo0paxXeHUI 3a0aHa, TO Mbl ODYAEM TOBOPUTh, YTO 3a0aHA GEPOAMHOCIIAA MOOeNb
3KCnepuMeHTa, B 3a1ayax Teopun BEpOATHOCTEM NpenonaraeTcs, 4To BEPOATHOCT-
HasA MOe/Tb U3Y4aeMOTO ABJIEHUA NOJTHOCTBK ONPENeseHa, 1 TEOPUA BEPOATHOCTEIA
3aHUMaeTcsa paipaboTKOW METOLOB HAXOXIEHWA BEPOSITHOCTEN PAZMMUHbBIX CIOXK-
HBIX COOBITHI (MCXOAS W3 M3IBECTHBIX BEPOATHOCTEN Gosee MPOCTbIX COBLITHIA)
B paMKaX JIAHHO! BepPOATHOCTHOI Modenu. I10 3THM BEPOATHOCTAM Mbl MOXEM
B NATbHERIEM CTPOUTE HayvYHO ODOCHOBAHHLIE MPOrHO3bl M TEM CAMbIM PaLMO-
HaNbHO MAHUPOBATh CBOM AHCTBUA (ecau 8vt Xomume Hacmewums locnoda boza,
paccKaxcume eMy 0 c80UX NAGHAX HA 3aémpa).

MaremaTnyeckaa CTaTUCTHKA BbIACAACTCA W3 TEOPUH
BEPOATHOCTEH B CAMOCTOATENbHYIO HAYKY, XOTS OCHOBHbBIE
METOAb! 1 [TPUEMb] PACCYXAEHUH B HEM OCTAOTCA TEMH XE,
[TpruuHONR 3TOro ABASIETCA MMEHHO CreunUUHOCTb 3a4a%, PEWAEMBIX €10,

B M3BECTHOI Mepe OHU SIBAAIOTCA OOpaTHLIMM K 3anayaM TEOPUM BEPOSITHOCTEH.
Heno B TOM, YyTO Ha MPAaKTUKE NMPH HU3YYEHUH KOHKPETHOTO 3KCMEPHMEHTA pac-
npeaeneHne Fy HabnionaeMoit caydyaiHoi seiMurHbl X pedko ObIBAET U3BECTHO
nosHocThio. YacTo MoxHO anpuopH (T.e. 0 ONbITA) YTBEPXAATh JiMllb, YTo Fy
SIBSAETCA 3/IEMEHTOM HEKOTOPOrO 3aIaHHOTO Kyacca (ceMelcTBa) pacripefeeHHil
F = {F} na Buifopourom npoctpaHctee X, Tak uto F'y € F — ceMeiicTBY anpu-
OpH donycmumsix pacnpeacneHMi BeIBOpKH. DTOT Kiacc F MOXKET B OAHMX Cydasx
BKJIIOYATb B ce0s BCE pacrnpelefeHHs, KOTOPble MOXHO 33aaaTh Ha X (cuTyaums
MOJIHOIf HEOMPEENIEHHOCTH), B APYTUX XE Cy4asiX OH NnpeicTapiset coboi Heko-
Topoe 00Jiee Y3KOE CEMEHCTBO pacnpele/ieHui, 3agaHHoe B TOH WIH WHOI ABHOH
dopme (4TO MOXET OTPaXaThb HATMYME OMPENRETEHHONR anpUOPHOH MHGOPMaALIMK
0 xapakTepe U3yyaeMoro siBNeHusn). Ecin 3agan knacc F aonyctMmblx pacrpene-
JIeHU#H BbIOOPKK, TO TOBOPAT, YTO 3adaHa CMAMUCMU4eCKas Mooeib IKCIIEPUMEHTA.

HTtak, cratMcTMyeckas MOneab OMUCHIBAET TAKME CUTYALUMH, KOTIa MMeeTcs
Ta WKW WHAs HEONPeLeNeHHOCTh B 3aflaHMM pacrpeideneHus Fy BblOopku (oaH-
Hbix) X, v 3a1a4a MaTeMaTUYECKOW CTATUCTUKM (B OOLLEM f1aHe) COCTOMT B TOM,
yToObl yMEHBLWATD 3Ty HEOMPEAENEHHOCTL (HACKONBKO 3TO BO3MOXHO), MCMO/b3ys
MHOOPMaLMIO, 10CTaRAAEMYIO HAOTI01aEMBIM HCXOA0M 3KcnepuMeHTa (Habmorae-
Mol peanp3auneit Buibopku X ), ToBopAT, UTO MaTeMaTH4ecKas CTaTUCTMKA — 3TO
HayKa O CMamucmu4ecKux asigo0ax; OHa YTOUHSIET (BbISIBISIET) CTPYKTYPY CTATUCTH -
YeCKMX MOZEE 1o pe3yabTaTaM NPoBOAMMbIX Ha0moAeHUA. MeToabl, C NOMOLLEKD
KOTOPbIX 3TO AeAETCA, HA3BIBAKT CMAMUCMu4ecK umMu Memooamy.

CKa3aHHOro yXe A0CTaTOYHO, 4ToOb! OMKUcaTh 331a4u
BTOPOro THMA, pellaeMble MATEMATHYECKOH CTATHCTUKON,
— 3T0 3a[a4M nposepku cmamucmudeckux cunomes. Jlrboe

4
““ Cratnctnueckas
MOAaENb

%
X Cratvcrnueckme
rMNoTe3bl



§ 1. Ymo makoe MmameMamuyeckas cmamucmuxa 19

YTBEPXXREHUE O BUAE MM CBOKCTBAX pacnpenencHus Fy Buibopku X HasbtBaetcd
cmamucmuteckoit 2unome3oli (06bI4HO TOBOPSIT NpocTo eunome3oii). B obluem Buae
331243 MPOBEPKU THTIOTE3 CTABUTCH TaK: BbIAE/SETCA HEKOTOPOE MOAMHOXECTBO
Fo C F u tpebyercs no JaHHBIM X MpPOBEPHTH, CMPaBeIMBO JIM YTBEPXKIAEHUE
H, Fx € Fp vinu xe oHo noxHO. B atoM cniyuae Hy Ha3bIBaoT 0cHo6HOl (Hyae60oil)
runore3oit. Pacnpegenenuss F € F| = F\Fp, T. €. pacnpenencHus u3 A0MOJHM-
TeabHOTo (K Fy) NOOAMHOXECTBA AOMYCTUMBIX pacripeaeneHuil BuGOPKH, Ha3bl-
BAIOTCS anbmepHamusHuiMu, 2 yTeepKaenue Hy, Fy € F| — asomepramugroi
eunome3olj. Toraa ropopsT, Y4TO 3a71a4a COCTOMT B MposepKe Tunotednt Hy npo-
THB atbrepHaTusbl H, (kpatko: 3agaya (Hy, H))) unu BHyTpu obuieit rumnoressl
H FyeF=FUF.

[1paBunio, cornacHo KOTopoMy Mbl, Habnwoaas X, npu- CTaTHCTIY 6 KIS »\\\

HUMaeM pellieHHe NPUHATL runoTedy Hy Kak UCTHHHYK KpHTEpmit
AUBO OTKIOHHTH €e Kak JIOXHYI0 (NMPUHATbL anbTepHATHB-
Hywo runotesy H|), Ha3biBaeTCsl cmamucmuyeckum Kpumepiiesm (WIH MPOCTO Kpu-
mepuem). MateMaTHueCKast CTATUCTHKA M 3aHMMAETCH pa3paboTKo paLMOHATbHbIX
TIPUHLMIIOB KOHCTPYHPOBAHMS TAKMX NPaBU (KpUTEPHEB) — 3TO W €CTb BTOPOi
TUM CTATUCTHUECKHX 3ajay.

TEOPUR — MO XepHOB8A, @ onblimHble daHHble — JepHO, KOmo-
poe 3acemnoemcn 8 3mu XepHosa U nepepaﬁambteaemc;i umu,

Kenbauu‘”

HdobaBuM K cKazaHHOMY euie cneayouwee. Ha npakTHke 4acTO BCTpeyaloTcs
CUTYallMM, KOrA2 3KCNEPUMEHT COCTOUT B IIPOBEIEHUM MOBTOPHbIX HE3ABHCHUMBIX
HabnrodeHnit Hag HekoTopo#t cnyyatHoi pennukHon €. Ecnn nposoautcs n Ha-
GaroneHuit, 1o Botbopka X = (X, ..., X,) npeacrabnsier co6oi n He3aBUCUMBIX
KoY BeauuMHbl €, T. €. MpenctavfisfeT CoOOR m-MepHbIM CryvailHblil BEKTOD,
KOMMOHEHTBl KOTOPOro He3aBUCHUMBbI M pacripefiefieHbl Tak xe, Kak £ (MOXHO
TaKXe CKa3aTh, yTo X; — 3TO pesynspTat i-ro HabnoaeHus Haa £). B atom cny-
yae (QYHKLHMA pacrpesenenus BoiGopku umeer Bua Fx(z) = Fi(z))... F(zy),
z=(x,.. ,Ty), T.c. ONPENENAETCH pacnpeaeneHHEM F; nabmomaeMoi cnyuaii-
Hoit BenuuMHbl £, u rosopat, uto X = (X,..., X,) ectb cayualinas evibopxa
ofsema n u3 pacnpedesenus € (mnu w3 L(€), L = law (3akoH)). CraTucruyeckas
MOIe/b IS TIOBTOPHBIX He3aBMCMMBIX HaOmwoacHUit OyneT B panbHeliweM obo-
3Ha4yaThcsl KpaTKo B BHae F = {F{}, T. €. YKa3aHUEM JIMILb KJ1acca JONYCTUMbIX
pacrpefie/ie HHit UCXOMHOM CyHaitHoit BenunHbl £ (06b1aHo uHaeke § y Fy onyc-
KaeTcsl, eC/IN 3T He MPUBOANT K HeflopasyMeHusaM). CnyuaiiHas BoibopKa sipngeTcs
MaTeMATHUYECKON MOeNbi0 HE3aBUCHMBIX H3MEPEHH I, NPOBOAMMBIX B OAMHAKOBbIX
YCJIOBHUSAX, U MMEHHO TaKHE MOOENN MBI OyleM paccMaTpuBaTh B OCHOBHOM B I10-

Y Kenppun {TomcoH Ywnbam) (1824=1907) — ancamiickuit Qusux, noueTHEIL wien TNetepbyprexoti
akagemu nayk (1872), npeanoxun a6conoTHYIO wKany TemMnepatyp (wxana KenbbBuHa).

2*
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CJICAYIOLLEM, XOTH B PALE 33134 MPEANONOXEHHUS O He3aBUCHMOCTH U OAMHaKOBOK
PACHIPERENEHHOCTH KOMITIOHEHT X; He BbIMOJHAITCH — Ha 3TO KaXabli pa3 Oyner
00pallaTbCsl BHHMaHHUE.

Teneps npvBeaeM A WINKOCTPAUHHU HECKONBKO MPUMEPOB KOHKPETHBIX CTa-
THCTHYECKMX THITOTE], YTOBLI MPOACMOHCTPUPOBATL HX pa3HooOpa3te.

Mpumep 4 ([unoTesa o Buge pacnpepgeneHua).

[TycTh npou3BenieHo 7. He3aBUCUMbIX HabnodeHUi Haa He-
KOTOPO# CnyyalHo#M BeTMUMHOA £ ¢ HeU3BECTHON (yHK-
UHeH pacnpencneHus FE(.'B). Tunore3oi, nomnexauleit npoBepke, MOXET OblTh
yreepxaeHue TMna Hy Fe(z) = F(z), rae ¢dynkuns F(z) nonHocthio 3anaua,
nKubo tvna Hy Fﬁ(a:) € Fy, roe Fy — 3adaHHOE ceMelcTBO (PYHKUMHA pacnpe-
aenenus. Ilpn aTom o0blvHO ceMeitCcTBO JF\y 3adaeTcsi B napaMempuuecKkom BUIE:
Fo = {F(z;0), 0 € 6}, 1.e. pacnpeaencHns u3 Knacca Fy 3afaHbl ¢ TOYHOCThIO
JIO0 3HAYEHUI HEXOTOPOro napameTpa 8 ¢ 06M14CTbIO BO3IMOXHbBIX 3HaueHHiT ©. To-
BOPAT, 4TO B 3TOM CJIY4a€ U3BECTEH TUN pacrpejeseHnn Hab1oAaeMON ciyyalnHOH
BEJIKYUHDI, & HEM3IBECTEH TOMLKO NAapaMeTp, OT KOTOPOTO 3aBUCUT pacnpeneeHHe.
[TapameTp @ MOXeT GbITh KaK CKANAPHLIM, TaK K BEKTOPHBIM, 061acTh (MHOXe-
CTBO) © ero JONYCTUMbIX JHAYEH Ui Ha3bIBAETCA NAPAMEMPUY eCKUM MHONECMEOM.
Ecnn MHOXecTBO © COCTOMT W3 OJHOM TOYKM, TO COOTBETCTBYIOLLEE pacrpeaesne-
HHe NMONKOCTLIO U3BECTHO, W B 3TOM cayuyae runotesa Hy HasbiBaeTcs npocmoil,
B NIPOTMBHOM cnyyae runotesa Hy — caoixcHar. ITa TEDMUHONOTMS 0BLUETIpUHSATA
B MaTeMATHUECKON CTaTHCTHKE, W Mbi el0 OyaeM HUXe Nnolb30BaThCH.

Harnpumep, HabnonaeTcs HeOTPULIATEIbHAA LE0YMUC-
NEHHaf CNyyaliHas BeJMUYKHA &, CKAXEM, YUCTO BbI3OBOB,
MOCTYMUBIUUX H2 TeNedOHHYIO CTaHLMIO 32 (HKcupoBaHHoe BpeMa t, U Tpeby-
eTcs 10 pe3yabraTtaM HabmioAeHUit B 72 HenepeceXalowWwMxcs KHTepBaiaX BPEMEHH
(kaxmplit winHo# t) nposepuTs runotesy Hy L(£) € TI(F), rae II(F) — cemeii-
CTBO BCEX MYaCCOHOBCKMX pacripefeNeHUit (3neck 6 > 0 — moboe nonoxuresHOE
yucso, T.e. © {6 6 > 0}). Opyrtmu choBaMu, B JAHHOM CIy4ae peusb
ROET O THIMOTE3e, YTO YMC/O BbI3oBoB £ = £(t) MMeeT HEKOTOpPOE MyacCOHOBCKOE
pacnipenesneHue {CNUCOK-CMpaBOYHUK OCHOBHBIX BEDOSITHOCTHBIX pacrpeneneHui
NPUBOAUTCA HHUXe, B . 1). ®

rMmnoTea

CnoxwHas rnoTeaa

B kauyecTBe ewe oAHOH M3 BO3IMOXHbIX KOHKpeTH3IaUMil CHopMyTHpOBaHHOM
FMNOTE3bl PaCCMOTPHM CHUTYAUMIO, OMUCAHKYW Bbllie B rnpumepe 2. B Teopuu
H3MepeHUil oObIYHO CcYWTAKOT, yTO 00LasA ouIMbKa W3IMEPEHHMA €; CKNaIbIBAETCHA
¥3 6ONBLIOTO YMCNA YacTHLIX OWMOOK, KaX/1asi U3 KOTOpbIX HeBerMka. Ha ocHoBa-
HHK LEHTPaNbHOM NpeaenbHOR TeopeMbl TEOPHUK BEPOATHOCTEH MOXHO NpPEanono-
XHUTb, YTO PE3YALTAThi U3MepeHUKt X; HMEIOT HODMASIbHOE pacnpejeneHne. Takoe
NpeAnonoxeHne TakxXe ABASETCA CTaTUCTUUECKONW MNOTE30H O BUIE pacripeaene-
HMSA HaON0aeMbIX clyvdaitHbiX BenHuyKnH. [TockoneKy HopManbHOE pacnpeiefeHue
onpenensieTc ABYMsl NapaMeTpaMu: CBOMMH CPEAHUM 3H2UEHUEM U JMUCTIEPCHEH,
a runore3a He GUKCHPYET WX 3HAYeHUs (OHU MOTYT BbITb NPOH3BOMLHBIMHU), TO
M B 3TOM Ciiyuae NPOBEPAEMaA rUrnoTe3a — CHOXHas.
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HaxoHeu, npueefeM KOHKDPETHBIA MpPUMEDP MpPOCTOH Mpocros runatesa
rMNOTE3bl O BUAe pacrpeneneHus. PaccMoOTprM OMbIT, 3a-
Kjoyaounitcs B OpocaHuM UTrpaibHOM KOCTU. 3aeck HalsmromaeMas cayyaifHas
BEIMYMHA & €CTb YMCNO BLIMABLIMX OYKOB; €€ BOSMOXHbLIMU 3HAYEHUSAMHU ABIAIOT-
cayucna 1,2,...,6, M ecnu KOCTb CHMMETPHYHA, TO KaXJas ee rpaHb Bbimagaet
¢ omHoit u To#t xe BepositHocteio 1/6, .e. P{{ =k} = 1/6, k = 1,2, 6.
Tem cambiM npednonoxenue (runoteda) Hy o CUMMETPUUHOCTH KOCTH OJHO3Hay-
HO OMKCUDYET pacnpefenieHWe HaONODaeMOM BENMYMHbLI, CNEI0BaTebHO, B JaH-
HOM cnhyyae Hy — npoctas runore3a 0 BUAE pacnpeneneHusi. CnpalunBaeTcs,
KaK mo pe3ynasrataM n OpocaHWH KOCTH MOCTPOUTb KPUTEPHIMA, MOATBEPXKAAIOLLM i
WM Xe ONMpoBepralollinilt runoredy o CUMMeTpHYHOCTH KocTu? Takoit Kputepui
B 3TOM W aH&TOTMYHOM 3afayax, W3IBECTHLIR KaK kpumepui x2 (xu-KBampat), Mbl
MOCTPOMM HMXe, a ceifyac nNpuBedeM CBA3aHHBIR C JAHHOW MOIENbIO OOMH 3a-
GaBHbII ann3on, nanoxeHHsli XK. beptpanomM (1822—1900) B npeaucnosuu X ero
Kypcy «Mcuncnenne sepostHocTed» (IMapux, 1899): «Onuaxan: B Hearone npe-
nonoBbHblit [aTMaHu yBuaST yenopeKa U3 Ba3nnnkaTbl, KOTOPbIA, BCTPAXMBast 3 Ur-
pPanbHblE KOCTH B YalliKe, Iepxan napu, uyTo Bedpocut 3 mectepku... Bel ckaxere,
TakKas yjgaya BoIMOXHa. OnHaKo yenopeKy 13 basunaukaTtel 370 yaanoch Bo BTOpOi
pa3l, ¥ napy nosToprunoch. OH KITan KOCTH Ha3ad B yallky 3, 4, 5 pa3 ¥ Kaxablit pa3
BbibpacsiBan 3 wecTepku. , YepT Bo3bMH, — BCKpHYAN NpenogobHbIid, — KOCTH
HaIUTBI cBUHUOM!" U Tak oHo ¥ ObUIO».

3nech B IWIYDIMBOK (QOpME AaH TUIMHMYHbIA MPUMEP CTATUCTHYECKOTO BbIBOSA:
ec/u Obl KOCTH GBUTH CUMMETPHYHBI, TO Hab/lrofaemMoe cobbiTie (5 pa3 noapsn Bbi-

=11
Maiu 3 wecTepku) UMeNo 6bl HUYTOXHO MaTylo BEPOATHOCTD (1/63)5 ~4,71-10
W, MOCKONBKY B IKCMEPHMEHTE HABTI01aN0Ch TAKOE COObITUE, BIIOTHE TOTHYHO ClIe-
NaTh BBIBOI, YTO anpHopHasi Mojieib (CHMMETPUYHOCTb KOCTEN) MOXKHA.

Mpumep 5 (Mnotela ogHopoaHocTn). OOHOR M3 BaXHBIX NPUKIAAHbIX 32134 Ma-
TEMATHYECKOR CTaTHCTHMKHK ABNAETCA 3ajaya MPOBEPKM OAHOPOAHOCTH MCXOOHBIX
CTATMCTHUECKMX HAaHHBIX, T. € FUnotednl Hy 0 TOM, 4TO 3aKOH pacnpenencHUs
HaOmooeHWH ocTaBaics HEM3MEHHBIM B Te4eHHe BCero aKcnepuMeHTa. PopManu-
3aUMs Takoil mpobnems: UMeer caeayrolinit Bua. [lycts MMewTcs OBe He3aBUCH-
Mbie BoiGopkn X = (X;, ,X,) uY = (Y;, ..,Y,), onucsiBalomue oauH
M TOT X€ MpOoLecC, IBNEHME U T. 1., HO MOMYYEHHbIe, CKaXEM, B pa3HOE BpeMS
WNK B pajHbiX ycnoeusax. TpeGyeTca OTBETMThL Ha BOMpPOC, SABNAIOTCA MM 3TH Bbi-
OOPKM OMHOPOAHBIMH, T.€. MOJYYEHHBIMM M3 OMHOTO U TOTO XE€ pacnpeleieHus,
MMM Xe 3aKOH pacnpenefeHuss HabnloneHnid oT BLIOOPKU K BHIOOPKE MeHscs?
Ecny oHM OZHOPOOHBI, TO UX MOXHO OOBEAMHUTHE U paboTaTh C OOHOI OONBIIOH
BLIGOPKOIT 0BbeMa n+m (3aKmodaloweit B cefie 6OnbLIYI0 HHPOPMALMIO, HEXENH
Kaxaas BeIGOpKA B OTAENbLHOCTH), Monyyas B MTore Gonee obocHoBaHHbIE (Gonee
TOYHBIE) CTATMCTUYECKHME BbIBOABI O 3AKOHE pacnpeaeneHus HabmoaeHun. Takas
3a/1a4a MOXKET BOJHUKHYTh, HalpUMEP, NP KOHTPOJIE KaYECTBA HEKOTOPOIt MPOayK-
UMH, KOrZa no KOHTPOJIbHBIM Bh1I0OPKAM M3 pa3iMyHbIX NAPTAH Hado YCTaHOBMTS,
He MEHSANOCh JIM €6 KAa4eCTBO OT CMEeHbl K CMEHE MW B PE3YNbTaTE MIMEHEHMS
TEXHOJIOPMYECKOTO MPOLECCA M T .. eClIM MEHANOCH (BLOOPKH HEOAHOPOOHbI), TO

W
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NPOM3BOACTBO H210 OCTAHOBUTL U MOJKOPPEKTHPOBATL TEXHOAOTHUYECKU I NpoLeCC.
Eule ogHa wanocTpaums: nocTynaioume B By3 abUTYpUeHTh! pa3buThl Ha IBa NO-
Toka. Kak 1o pe3ynsratam 3K3aMeHa Mo OZHOMY ¥ TOMY Xe NpeaMeTy YCTaHOBUTS,
OIHOPOAHbI 1M 00a NoToka? B Takux cuTyauusx TpebyeTcsi MpoBepUTL elnomesy 00-
nopoowocmu Hy F\(z) = Fy(z), rne Fi(z) v Fy(z) — ¢yuKkunu pacnpesencHus
BbIGOPOK X M Y cOoOTBETCTBEHHO (3T (PYHKLUMHM HAM HEM3BECTHbI MU K€ NpiHal-
nexar HEKOTOpOMY 3allaHHOMY NapaMeTpUuecKoMy ceMeiicTBy). B obuieM caydae
MOXHO paccMaTpuBaTb TIPOU3BO/JBHOE KOHEYHOE YMC/IO HEIABUCHMMbIX BbIGOpOK.
B coBpeMeHHOW cTaTtrcTHKe pa3paboTaHo 60bLICE YUC/IO Pa3IMYHbIX KPUTEDUED
NPOBEPKU rHNOTE3L OAHOPOAHOCTH, 00bEIMHAEMbIX OOLUINM TEPMUHOM Kpumepuil
00HOpOOHOCMU, Y C 3TUMHU KPUTEPUAMM K UX 0COGEHHOCTAMU MBI MO3IHAKOMUMCH
Brin.4(§4.3). .

Mpumep 6 (Tunotesa wesaBucumocTu). B akcnepuMeHTe Habnwogaercss aBymep-
Hasi chiyvaitHast sennurna § = (€5, £&2) ¢ HeussecTHOM dyHKUMell pacnpeaeieHus
F¢(z,y) v ecrb oCHOBAaHMA NpPEANONAraTh, YTO KOMMOHEHTH! § M § HE3aBHCH-
Mbl. B 3ToM cnyyae Hano npobepuTs 2unomesy wesasucumocmu Hy  Fe(z,y) =
= F¢ (z)Fy, (y), tne F(z) n F,(y) — uekoTopble OXHOMEPHbIE (MHOFA TOBO-
PAT Mapeunaibieie) GyHKUMM pacnpedefeHus. [MnoTe3s TAKOro BUAA YacTo BO3-
HUKAOT B NPUKIAAHbIX MCCAENOBAHMAX, KOTHAd Pe3yabraThl HabnwdeHWi Krac-
CHPUMUMPYIOTCs TI0 NBYM NpU3HakaM, — B 3ToM cayuae Hy ecTb mpeanofioxe-
HHE O HE3AaBUCUMOCTH 3THX NPU3HAKOB. TaK KaXObifi CRAIOUIMIl BCTYNMUTEAbHbIE
3K3aMeHb! B BY3 aOMTypUEeHT MoXET ObiTb K1acCU@UUMpPOBAH MO ARYM TIpHU3Ha-
kam: £, € {1 (npuusat), 0 (He npunaT)} u & € {1 (Myxunna), 0 (xenwmHa)}, —
B 3TOM Cjiyyae runoteda Hy o He3aBUMCHMOCTY 3TUX NMPU3HAKOB 03HAYAET OTCYT-
CTBHE AWCKPYMMMHALUMK MO TIONOBOMY MpU3HAKy TIpB npueMe B By3d. Ewe onHa
WIAKCTPaUMs. NMPOBeNcHA YAacTHYHAA BaKUMHALMS HACENEHMs! MPOTHB, CKAXKEM,
TPMNINA; 31eCh Mpu3Hak £, ozHayaeT Hanuyue (1), nubo otcytcTnie (0) NPUBMBKH
IU1A KOHKPETHOTO MHAMBUAYYMA, a TPHU3HAK £, — COCTOSIHME ero 300pOBbs: 30pOB
(1) — Gonen (0), runotela xe HedaBucumocT Hy mHTepnpeTupyercs Kak Head-
(exkTMBHOCTb BAKUMHBI. [UNoTe3a He3aBUCHMOCTH MOXET UMETh U napaMeTpuye-
CKMi BUI, T. €. KOMIA anpuopu NOCTyfiupyeTcst, yTo pacnpeaenchue L£{£, &) npu-
HAWUIEXUT HEKOTOPOMY TiapaMeTpuyeckoMy cemeiictey F = {F(z,vy; ), ¢ € ©}.
Ecau, Hanpumep, F ABNSIETCA CeMeiCTBOM BCEX ABYMEPHbLIX HOpPMANBHbIX pac-
npegeAeHrd, TO TMNOTE32 HE3aBMCKMOCTH B JAaHHOM Clyyae SKBUBAIEHTHA TH-
MoTe3e 0 HEKOPPEIMPOBAHHOCTH NMPU3IHAKOB £ 1 §; (IIOCKOIbKY HE32BUCHMOCTb
M HEKOPPETHPOBAHHOCTD [UISl HOPMANbHBIX CAYYaRHbIX BENUYUH IKBUBANEHTHDI'),
B o6ieM ciyyae MOXHO paccMaTpuBaTh k-MepHylo (k 2 2) cny4aitHylo BEIHUMHY
£ = (&, &) v npoBepsaTh I’MNOTE3y HE3ABUCUMOCTH e¢ KOMIOHEHT. Kpumepuu
nezaeucumocmu Oyoyt paccMoTpeHbl B §4.4 kHurn. .

Mpumep 7 (Tunovesa cayvanrocTu). B npenbinyilinx npymepax anpuopu Npeano-
naranock (NOCTY/iIMpPOBANOCE), YTO MCXOXHbIE NAHHbIE NPEACTABsHOT coB0it cvyaii-
HY10 BbIOOPKY U3 HEKOTOPOIO paclpelefieHUs, T. €. KOMIIOHEHThbl BEKTOpa JaHHBIX
X =(X,,...,X,;) He3aBUCUMBI U OAMHAKOBO pacnpeneneHbl. Kak npasunio, 310
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npeAnonoxeHue Hp1BAET ONPaBIaHO, TAK KaK BLITEKAET M3 CAMOTo XapaKTepa 3aia-
UM, M He TTOABepraeTcs COMHEHU 0. HO MHOTIa 3TO MCX0QHOEe NMpeanonoXeHue caMmo
HYXA3eTCA B NMPOBEPKE, T. €. OHO PacCMATPHUBAETCH KaK CTATHCTHYECKAA TUMOTE-
3a Hy, HasbiBaemasn zunome3oii cayvatinocmu. GopManu3yerTcs Takaa runoresa cne-
gylownM obpazoM. Mycts Fy(z;, , z,) obo3HavyaeT GyHKUMIO pacnipeneneHus
BbiGopxu X = (X, , Xn), TOTHA TIOANEXAWAsA NPOBEPKE TMIIOTE3a O3HAayaeT
yrBepxaenne Hy Fy(z,...,z,) = F(z|}... F(z,), rne F(z) — Hexotopas
oxHOMepHasi PYHKLMSA pacnipeneneHus (0Ha MOXeT GuITh MOMTHOCTHIO 3a1aHa, TuGo
32aHO CEMENCTBO, KOTOPOMY OHa NPHUHALTEXNT, TUO0 HUKAK He cneurnuimupyer-
cs1). TANMYHBIM NPUMEPOM CHTY2LMM, KOIA BOZHUKAET He0GX0ANMOCTD 1POBEPKH
runoTe3sl cnyyaitHocTH aBaserTca paboTa reHepaTopa (faTyrKa) CyvailHbIX Yncen.
IMon cnyyaitHbIMK YKCIaMU Mbl TOHKUMaeM riocnenosarensbHocts {U), Uy, . .} He-
3aBUCUMbIX ¥ PABHOMEPHO pacnpeneneHHbx Ha otpeske [0, 1] cnyyaitHbix BenuuuH,
Takue uncna WUPOKO UCIOABL3YIOTCS B Pa3IMYHLIX 00AACTAX, B CTATUCTHKE — A
MONENMPOBAHUSA Cly4aiiHbIX BBIOOPOK M3 Pa3NMYHBIX pacnpeneieHuii (meTon cra-
THCTMYECKOTO MOASAMpOBaHUs Byner onvcan B § 1.3), B kpunrorpacdun — npu no-
NAYYeHUM KNiodeit ans 3ampoBaHugd HHPOPMALIUY, B YNCIEHHOM aHANU3E U T. A.
B npaxruueckux 3agayax nocnemoBarebHocTs {U), Uy, ...} cTpost aubo ¢ uc-
MONbL30BAHHEM FOTOBBIX TaOMUL CyYyaHHbIX YHUCEN, TUOO TEHEPUPYIOT C NOMOLLBIO
CREeLHaANbHBIX JaTYMKOB, BCTPOEHHBIX HeNocpeAcTBeHHO B DBM, anbo noayyator
MPOrpaMMHbIM CHOCO00OM NO HEKOTOPOMY BCIIOMOTATe b~
HOMY 2ITOPUTMY (B MOCJIEIHEM C/lyyae MOAYy4aloTCs TaK Ha-
3blBaeMble neeedocaydalinbie YACNA, T. €. «OYeHb TIOXOXKHE»
Ha cnyyaiubie). Bo Bcex cnyuasx (ocofeHHO B nocnenHem) TpeGyeTcst oCyulecTb-
NATH KOHTPOJIb 33 «KauecTBOM» BeIpabaTeiBaeMoli nocnenosarensHoctd {U;} (T e.
Y106L! 3TH YHCAA ObLIN MPAKTUYECKH HEOTAUYMMBI OT HEIABUCHMBIX PABHOMEPHO
pacripefeneHHBIX YHCeN), YTO B MAaTeMaTHYECKOM T1aHe CBOJAUTCS K MPOBEpPKe [H-
MoTe3sl CAY4aHHOCTH (cM. M. 2 §4.5). .

y N
MNcespocnyyoiHsie »
Yucna

IlpuBeneHHbIE MPUMEPBI HE 0XBaThIBAKOT BCEX BO3HU-
KalOILMUX B MPUIOXEHUSAX 33034 NPOBEPKH CTATUCTHYECKUX
runoted. OTMETUM elle OIWH BaXHbIA KNacc TMMoTe3, Ko-
TOPbIE HA3BIBAKOTCA napamMempu1eckumu, — 310 THNOTE3bl 06 UCTUHHOM 3Ha4YEHHUH
HEU3IBECTHOIO MapaMeTpa, ONpeleAsiowero 3ajaHHOe NapaMeTpUyecKoe ceMeii-
CTBO pacnpegeneHUil (cM. Bbiwe nNpuMep 4). Ecnu knacc anpuopu NoMyCcTUMBIX
pacnpenejeHuit Habnonaemoi caydaiiHOM BeMYMHLI € 3a1aH B NapaMeTpUyeCKoM
pute, 1.e. L(§) € F = {F(x;0), 6 € ©}, o B 06iem cnyyae napamerphye-
ckag runore3a umeer sun Hy 6 € ©y C O, T.¢. OHa ONpeenseTca yKa3aHWUEM
KOHKPETHOTO NMOIMHOXECTBA 3HauyeHWid napamerpa €. Hanpumep, ecnn F ecTb
KJacCc BceX HOPMabHbBIX pacnpeaeneHuit co cpeaHum @, ¥ aucnepcueit 0% (3mech
8 = (8,, 8;)), ro yreepxaenune Hy 8, = 8yg, @, = 0y, rae 0y v 6y — 3a0aHHbIE
Yyucna, eCTb MPOCTas FHIIOTe3a 0 HOPMANBLHOM pacnpeneneHuy HabmoneHH#H. Tuno-
Te3a XKE, BblpaXeHHasn PaBeHCTBOM 8 = €y M OCTaBRNSKIOIAA 3HAYEHNE AUCTIEPCUU
0% HeonpeaeleHHbIM, — CcnoxHaA. O6Lias TeopHUa NMPoBepKHM NMapamMeTPHYecKuX
runores Oyaet obCcyxoaTeca B 1. 5.

N
MNapameTpuueckue »
runoTeas
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%
% O cospemenHol MTaK, MaTeMaTH4eCKas CTaTUCTMKA DELIAET ABE OCHOB-
CTATHCTHKE HbIe 1pobeMbl:

1) oueHuBaHWe PAITNUHBIX MAPAMETPOB (XapAKTEPUCTHK)
pacnpejeneHUil HabMwaaeMBIX CAYYaHHBIX BETNYHH W

2) MpoBepKa pauTHYHbIX TMTIOTE3 O CBOMCTBAX ITUX BeIHYMH (MX pacrpeaenexHuii)

M TEM CaMbIM IMO3BONAET B UTOre NoaodpaThk NOAXOAALULYIO BEPOATHOCTHYIO MOAENb
HM3Yy4aeMOTO 3KCNEepUMEHTa,

[ToMHUMO 3TOro, COBpeMeHHas CTaTUCTNYeCKas NMPaKTUKA CBA3AHA C MeToda-
MH cbopa, 0OpaboTKu M UHTEPNPETALUMH JAHHLIX, TH1aHUPOBaAHHEM 3DDEKTUBHLIX
1M NHOOPMATUBHBIX SKCNEPUMEHTOB, NMPUHATHEM PEUIEHMI B YCIOBMSX Heonpe-
deNeHHOCTH M MPOrHo3nmpoBaHueM. HekoToprble kiacchl CreLMUUYECKWX 3adau
BBIAENAIOTCA NMPA 3TOM B OTAENbHble padaensl (TEOPHH) — TaK MOABAAIOTCH Tep-
MHHBI «DerPECCUOHHBIA aHANNUI», <AUCNEPCHOHHBIA aHAaMN3», «TUCKDUMUHAHTHBINA
aHanu3», «baKTOPHBIA AHAIM3», «TTOC/IENOBATENBHBIA aHAINI», «KOMIOHEHTHIN
aHatn3» U Ap. C HEKOTOPbIMH M3 HHMX Mbl TAKXE MO3HAKOMHMCA B AATLHENILEM.

HakoHeu, nomyepkHeM cieayoluee. IIpakTHyeckas peanin3alns COBPEMEH-
HLIX CTAaTHCTHYECKMX METOAOB HEBO3MOXHAa 0e3 MHTEHCWBHOMO MCMOMB30BAHUSA
KOMIbIOTSPHOI TEXHMKH, MIMEHHO KOMIbIOTEpHAA Deann3auns CTaTUCTNYeCKNX
anroputMoB 06paboTkv HHbOpPMaALNK AENAET UX CEFOAHA OOHUM N3 Hanbonee 3d-
(eKTHBHBIX WHCTPYMEHTOB MPUHATHS P2UHAOHAIBHBIX PELIEHNI B CAMBIX Pa3HbIX
061acTRAX Yen0BeyeCkoi NeATeNbHOCTH (IKOHOMMKeE, BUHAHCAX, CTPAXOBOM fene,
MeaMuMHe, couronorn ¥ Ta.). [o3ToMy COBpeMEHHbIA CMEUNATUCT-CTATUCTIK
JAOMXeH KaK XOpOLIO 3HATh OCHOBBI M METOALI TEOPMH CTATUCTMYECKOro BbIBOAA,
TaK M BNageTb HaBbIKaAMH WX MPaKTUUYECKON peann3aumnu Ha KoMmelotepax. Lensm
MOATOTOBKM MMEHHO TaKMX CMEUMATUCTOB H CAYXXHUT HacTosulee nocobue.

M raxk, 4yTo Xe Takoe ctaTHcTHKa? HeKoTopble NOHMMAIOT M MCITOAbIYIOT €€, KaK
nbfHbIA POHAPHBIN cTOND, T. €. HE NI OCBELIEHUS, a KaK OMOpY, YTOOLI HE YNaCTh.
llInpoko u3BecTeH, HanpuMep, abopH3aM, YTO CYleCTBYeT TPU BHAA JIXHU: NIOXb,
Harjas noXxhb U CTaTUCTUKA. HO aapecoBaH OH TeM BAMSTENbLHBIM JMI(AM, KOTOpbIE
B YrOly CBOUM TOJIMTNYECKUM, GHHAHCOBBIM 1l MHBIM UENSM MaHMITYTHPYIOT CTa-
TUCTHYECKMMM AaHHLIMHW, KaK UM 3abaaropaccyanrca, U He MMEET HHYEro obuwiero
C HayKol «MaremaTnyeckas cTaTtncThKar. Ha caMoM Xe fene, roBopsi CloBaMu
aHrnuitckoro cratuctnka B, ToMncoHa, cmamucmuxka — 3mo MamemMamu4eckan
meopus mozo, Kax y3Hamso He4mo 0 Mupe 4epe3 onvim.

Cﬁaaaﬁme npucsdeM Ha 3mo BpesHa y dopozu, — 2080pi0 R, — u 3abydem 6eccep-\
deyHoCcmb U CHBEpHOCHOBUE 3MUX No3moa. Hacmoswywo Kpacomy HyMHO ucKams 8 ée-
NUHONENHBIX PAOGX yCIMaHOBNeHHbIX (DaKMO8 u 0OWenpuHAmsIx npadua. B 3mom camom
bpeane, Ha KOMOPOM Mbi CUGUM, Mucctc (IMNCOH, — 2080pI0 A, — CHPLIMA CMAMUCIMUKGA
6onee npexpackas, vyem mobas noama. Koneya noxasviaawom, ymo emy bbii0 wecmsde-
cam nem. Ha 2nybune d8yx meicAY Gymos oHO 3a mpu msicA4u Aemr npespamunocs 6bi
g yeons. Caman enyboxaa 8 Mupe yzonbHas waxma Haxodumcr 8 Kuanunzaopme, 6nu3

KHz,.'omacrnﬂa. B aujux dnurol yemesipe ¢yma, wupuHold mpu hyma u Boicomol daa zpyrb
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(

gocemb diodmos sotidem mowHa yenf. Ecnu apmepua nopeiana, coxmume ee 6bhute
parbl. B noze 4enosexa — mpuduyams Kocmed. flondoxcwkul Taysp eopen 8 1841 2ody».
«flpodonwaiime, mucmep lpamm, — 2080pum Muccuc C3mncon. — 3Fmu Mbichu mMaK
OpU2UHaNLHE! U NpuAmHbl. A dymato, HUYe20 Hem npexpacHee Imotd CmMamucmuKuy.

0. lenpu. Cnpasoynuk Mmenesn

/«Bbl elufe He pacckaianu MHe, -— 3aMmemiuna nedu Hamm3an, — yem 3anumaemca BGUJ\
MeHux».

«0x crnamucmuK», — omeemuna JI30MUR ¢ HenpuAMHbIM OyujeHueM 0b0pOHAKU20CH,

Jledu Hamman 6bina, ovesudwo, 3acmuenyma epacnaox. Ed ne npuxoduno & 20n08y, 4ymo
CmamucmuKku 8Cmynaiom 8 HopManbsHsle 0buecmaesHbie omHowenun. Imom pod moded,
KaK oHa Npednona2ana, ysexoBeyeH Ha HeKOMoPsIL Bmopocmenen bl o6pa3 delcmaud,
Hanodobue mynos.

«Ho, mems Capa, 3mo o4eHb UHMeEDECHAR Npodeccua», — cKazana ¢ wapom J13imus.

«fl He coMHeBalOCH 8 IMOM, — OMBEMUAA ee Memf, KOMOPAs, 04esudHo, OYeHb (O-
mHesanacs, — Boipazumes ymo-Hubyds IHaUUMeENsHOe 8 00HUX Aullls YUpPax, NOHAMMO,
HACMOALKO HEBOIMOXKHO, MO COMNeH CywecmBosams BecKoHe HeIl npocmop GNA Xopo-
(WO ONAAYeHHbIX COBEMO8 OMHOCUMeNbHO mazd, KaK 3mo cOenams. Ho He dymaeme nu
8bi, 4MO MU3IHL CO cmamucmuroM Bsina 6bl 00 HEKOMOPOU cmeneHu, CKaxeM, CKyYHod?»

Jadmus monuana. £l He xomenocs 2080pUMs 0 NopalumensHol 2nybure IMOULIOHAAbHbBIX
803MOXXHOCMeU, KOMOPYO 0HO OMKPLING NOC Yugposoll aHeliHocmblo 3aHAMUT Idsapda.

«leno He 6 yuppax, — cxa3ana aHa HAKOHEY, — a 8 MOM, YMQ 8bl ¢ HUMU Oengemey.

\ K. Manpepeun. Kpywenue JIamun I’épnnneu/

§ 2. KpaTKMK UCTOPUYECKUH OYepK Pa3BUTUA
MaTeMaTU4yeCKoW CTaTUCTUKH

[NepBbIMK KpynHbIMA pabOTaMU, OTHOCALLMMHMCS K MaTeMaTHUYECKOI CTaTHCTHKE,

5 6 7
Oolau uccnenosadus . bepuynnn ) A. Myaspa ) u M. Nannaca” K. fayce Y pa3-
pabotan Teopui olIHOOK HaOnwgeHWH M, B YACTHOCTH, 0BOCHOBAT OZUH M3 ee
OCHOBHbBIX MMPUHUMNIOB — METOA HaMMEHbIUKX KBaaparoB. HayuHoe o6ocHoBaHuHe

3aKOHOMEPHOCTEH C/Ty4aiiHOro pacceMBaHUM CBSI3aHO C UMEHAMM PYCCKHMX MaTe-

3 Beprymnu Axko6 (1700—1782) — wBeituapckuii UMK H MATEMATHK.
6 Myasp Abpaxam ae (1667-1754) — (paHLY3ICKHiA MaTEMATHK.

" Nannac Ibep CumoH (1749-1827) -~ KpynHeMLWLNHIA DPaHL3CKHI MATEMATHK, QHIHK, aCTPOHOM,
nouerHuit wien [erepbyprekoit AH (1802).

8 Taycc Kapn ®puapux (1777-1855) — BENHKHit HeMeLIKHR YYEHBI — MaTeMaTHK, GH3KK, acTpo-
HOM, noyeTHbIA unen Merepbyprekoit AH (1824).
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Matukos [1.J1. YeOsileBa 9), A. A. Mapkona 0y A M. Jlanyxosa ”), 3HAUYUTENBHO
YrnyOMBLUMX PE3YALTaThl H3BECTHBIX K TOMY BPEMEHH KJ1aCCHUYECKUX UCCNEN0RaHUA,
3apoXJeHHe MaTeMaTUYeCKOH CTAaTHMCTUKM KaK OTAE/bHOH MaTeMaTHYECKOoil
AMcUMIAnHbI oTHocuTcs K 20-30-M . XX B.
Psan BaxHeHIUMX COBpeMeHIbIX NMOHATHH W METOAOB, OKalaBluuX OOblUOE
BAUSAHYE HA P2IBUTHE COBPEMEHHOM TEOPHUM MATEMATHYECKOM CTaTUCTHUKH, NMPen-

JIOXUN aHTNUHUCKUI MaTeMaTUK M cratHcTUK P @uinep 12). \eTon MaKCHMATLHOTO
npaBaonoAo0us, AMCNEPCHOHHBIA aHANNI, MOHATHA COCTOATENBHOCTH, NOCTATOM-
HocTH, 3¢dekTunrocTH v Ap. CUcTEMaTHUYECKOE PaIBUTHE TEOPUM MPOBEPKH CTa-
THCTHYECKHX THNOTEI Hayaloch ¢ padoT aHMIMHCKOro MaTteMaTMKA-CTaTMCTHKa

13 y
K. Nupcona ) no KPMTEPHIO XM-KBaApaT, OH TaKXe BHec OonblIOH# Bkian B pad-
paboTKy TEOPHH KOPPENsiMKU u €¢ NpeMeHeHUue K MmpobGreMaM HacleACTBeH{OCTH
n 3BofoluMu. OCHOBHOI BKJIaJ B NMOCTpOEHME TEOPHM NPOBEPKN CTaTUCTHYECKUX

runotes srecau F0. Heitman ' u 3. [MupcoH IS), cbiH K. ITupcoHa, xoTopblie BBeaH
NOHATHA OLWKMOOK NEPROro M BTOPOro pola M NOKalanu OBIIHOCTL M 3JHAYEHHE
METOJa OTHOLUEHHUS nmpaBaonogoOust ans mocrpoeHus kputepuen. Obuias Teopus
CTaTUCTUYECKUX PELUAIOLWMX QYHKLMHA, OXBATHIBAIOLLASI KAK TEOPHIO MPOBEPKHM CTa-
TUCTHYECKHX TUIIOTE3, TAK U TEOPUIO OLIEHHBaHUA, CO3/1aHa BEHTEPCKUM CTaTHCTH-

KoM A. Banbaom 16)
Bonsuiyio pons 8 pa3BUTHM MaTeMaTH4eCKO#M CTATUCTMKM ChIrpaiu paboThl

I KpaMepa ”), 3. JlemaHa '3), K. Pao 19), M. KeHnannazo), A. Crbmaprazl), C. Yunk-

4
cam, a TaKXe 0TeyeCTBEHHbIX yyeHbsiX A, H. Koamoroposa 23), b.B. FHCJ_ICHKOZ ),

%) Yebriures MMacpryrwit Tbsosny (1821 -1894) — BHUIAKOLLMIACA PYCCKHH MATEMATUK M MEXAHKK.
0) Mapxos Anapeit Arapeesuu (1856-1922) — BbLIAOWMACA PYCCKMIl MATEMATHK, AKLIEMUK.
) Nanyxos Anexcanap Muxaitnosny (1857—1918) — BLIAAIOWMITCA PYCCKUA MATEMATHK U MEXAHUK.

12) Quuiep Ponanua Jitimep (1890-1962) — kpynHeALIMIA aHMAHIRCKINH CTATHCTUK, aBTOP W MCChe-
A0BATEAb MHOIMX COBPEMEHILIX TIOHATHIM B MATCMATUYECKON CTATHCTHKE.

13 NMupcon Kapn (1857-1936) — aurauiicknii MaTemaTuk-craTucTix, Guonor ¥ dnnocod.

") Heitman I0puii (1894-1981) — aMepPUKAHCKHII CTATUCTHK.

') Nupcon Jron Wapn (1895-1980) — anraniickuit craTucTuK.

'6) Bansn Abpaxam (1902-1950) — amepuKaHCKHIl CTATHCTHK BelrepCKOro MPOHCXOXKICHHS.

n Kpamep Tapanun (1893-1985) — wpeackuii craTHeTHK.

) Meman 9pux (p. 1917) — aMepHKaHCKHH CTATHCTHK.

") Pao Kanesamnyan Panxakpuiuna (p. 1920) — kpynHeHuInit MHARRCKUI MATEMATUK, CTATUCTUK.
) Kenpamn Mopuc Jxopax (1907-1983) — aHrnuiicKui cTaTHCTHK.

20 CTeI02pT AnaH — aHTAMACK Ml CTATHCTHK.

22) Yunke Camiosnb CTannu (1906-1964) — aMepuUKaHCKHI CTATUCTHK.

) Konmoropos Axngpeit Hukonaesny (1903—1987) — penuknil copeTckuil yyeHeld, 0aun 13 kpyn-
Heiwmx matematuxkos XX s., akagevux AH CCCP cosaarens CoBpeMelHHOH aKCHOMATMKH TEOPHH
BEPOATHOCTEH.

*) Tiemenxo Bopuc Bragumuposuy (1912-1995) — akanemuk AH YCCP, prinatowwmiics MaTeMaTmx,
CNEUHANCT O TIPeac/IbHEIM TEOPEMAM TEOPHH BEPOATHOCTEH, MCTOPHH MATEMATUKHM, TIONYIAPMIATOP
HAYXH, 3AMEYaTeNbHbii Ne1aror.
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[O. B. Tununka> E.E. Cayukoro % H. B CMupHOBa ") B. U. PoMaKoBcKo-
ro®® J1. H. Bonbiesa 29), 0. B. lMpoxoposa 30), A A Boponkona“), b. A. CeBna-

CTbAHOBA 32), A. H. L].Inpﬂeaa”) H ap.

Hauunas ¢ 50-x rr. XX 8. B CBA3H ¢ MOsBNEHUEM KOMNLIOTEPOB NMULO CTa-
TUCTHKH WIMEHHWIOCh. ECTH paHblle OTCYTCTBHE BbIYUCAUTEbHbBIX BOIMOXHOCTEN
BbIHYX1a/10 CTATUCTUKOB MCMO/b30BATE CIULIKOM YNPOLleHHbIE MOAEAH, NaXe eC-
STU 3TH MOJEAH ObITH HE BCErda PeaTMCTUYHBIMH, TO TEeNeph 11000€ CTATUCTHYECKOE
pelueHHEe, KOTOPOE MOXHO MPOCYHUTAaTh HA KOMNBIOTEPE 32 CPABHUTENBHO HEOOb-
LWIOH OTPE3OK BpeMeHH, CTano «10CTYNHbIM». TaKMM 00pa3oM, CIOXHBIE U TPYOO-
EMKHE CTATUCTHYECKHE METOIbI BOLLIJIM B MOBCEAHEBHYIO rpakTUKYy. B 370 xe BpeMa
CTATUCTUKR, B ONpefeNeHHOM T1aHe, cTana SMNUPHUUECKOH HAYKON: 32 HECKONBKO
MHHYT KOMNbLIOTEPbl MOTYT NOPOXAATb MH/IMOHBI JAHHbIX, HCTIONB3YA KOTOpbIE
MOXHO «NPOBEPATb» HOBEHIWIHE METOIbI,

MareMaTHyeckan CTaTHCTUKA — 3TO HENPEPLIBHO U MHTEHCUBHO D23BHBa-
jowadacs Hayka. B nocnenHde rogel noABKUAOCH 00MbLIOE KOMMYECTBO TYOOKMX
pe3ynbTaTOB, OXBATBHIBAIOWMX, MO CYLUECTBY, BCE OCHOBHble HanpapleHWA COBPE-
MEHHOH TeOpHUH MaTeMaTHYeCKoi CTAaTUCTHKHU. JOCTOlHBIA BKNal B pa3BUTHE HO-
BbIX METOJ0B 3TOH TEOPHUM BHOCUT OTEYECTBEHHAA MaTeMaTHyeckasa LIKoa.

B HawM AHH MaTeMaTHYeCKasa CTaTUCTHKA NepexuBaeT OypHbIH 3Tan NOCTOAH-
HOro pacluMpeHun obaacTeil NpakTUIECKOro NpUMEHeHHs ee MeToL0B, braroaaps
pe3KOMy DOCTY apceHald CpelCTB, HCNONBL3YEMbIX HccheloBaTteneMm. Bueapenue
B CTATUCTHYECKYIO MTPAKTUKY BHIYUCIHUTENBHON TEXHUKH MO3BOJIUAO MPH PELIEHUH
3afla4y MaTeMaTUUeCKOH CTATUCTHKH MCNO/b30BAaTh METOAB CTATHCTHYECKOrO MOJie-
nupoBatns (MouTe-Kapno). LIupokoMy pacnpocTpaHeHHI0 METOJIOB MaTeMaTH-
YeCcKOM CTaTUCTUKH cnocoOcTBOBANO CO3aaHMe 0OAbLIMX YHUBEPCANbHLIX NMAKETOB
IPUKIAIHbIX CTaTUCTHYECKHMX NpOrpaMM, obecnednBalollUnX ObICTpbIA M 3thdek-
TUBHbLIA KOMIMbIOTEPHbIH aHANH3 BOMbLIIMX MACCUBOB CTATHCTHYECKOH HMHpOpMa-

) Murnuk KOpuii Braaumuposuu (1915-1972) — coBETCKMIA MATEMATHK B OGNacTH TEOPHK Bepo-
ATHOCTH, TEOPHHU MHCEN, cTaTHCTUKN, akaneMuk AH CCCP.

%) Cnyukuit Esreimit EBrenbesnt (1880—1948) — BblIAOIWMIACA POCCHACKMM U COBETCKHI MaTeMa-
THUK, CTAaTHCTUK B IKOHOMMKCT.

7 . .
2 )Cmnpnon Hukonait Bacwiserny (1900-1966) — wien-koppecnonaeHt AH CCCP, kpynHeiiwuit
CMCUMANMCT 110 HIPCAEbIIbIM TEOPEMAM TCOPHH BCPOATHOCTCH U MATEMATHYCCKON CTATHCTHKH.

) pomaitonc ki Bcesosnoa Mbanosuy (1879—1954) — pycckuit, coBeTcKnid, YIDCKCKHIA MATEMATHK,
akancmuk AH Yioekckoii CCP

) Bonsiwes Jlornu Hukonaeony (1922~1978) — coBeTCKMii MaTeMaTMK, 4ieH-KoppecnoHaenT AH
CCCP

) [Tpoxopos KOpuit Bacunsesuy (p. 1929) — coserckuit Marematuk, akauemuk AH CCCP. OcHos-
HbIE TPYAH O TEOPHH BEPOATUOCTEHR, OCOGEHHO NO ACUMITOTHYCCKUM METO/1aM.

) Boposkos Anexcanap Anekceenite (p. 1931) — akazemuk AH CCCP, cneunamuer » obnact
TCOPHH BEPOSTHOCTER H MATEMATHUECKOM CTATHCTHKH.

32 Cepacteanon Bopuc Anexcaraposud (p. 1923) — CODETCKHIl MATCMATHK, ‘WIeH-KOPPECTIORICHT
AH CCCP.

) Minpaes AneGept Hukonaesuy (p. 1934) — cneumanuct B 06NaCTH TeOpUIt BEPOATHOCTER M
MATEMATHYECKOH CTATUCTHK N, WieH-KoppecnonaeHT PAH.



28 Bsederue

uvu. MMEHHO B HalpaBleHUH COGOHHEHUS CTATUCTHUYECKOH TEOPHUW W MPAKTHKH
€€ KOMIIbIOTEPHON PEAN3a UMK 3aKNI0YALTCH CYLIECTBO COBPEMEHHOI0 3Tana pasi-
BUTHA METOLOB CTATUCTHUYECKOr0 aHaIM3a AaHHbIX. MO0 «becnone3Ho BuIYMCASTD
pe3ynwTaT B Takoit ¢opMe, B KaKo# notpebuTeNnb He TOTOB €ro MCNoNb30BaTh»
(X3MMMUHT).

MeTonr MaTeMaTHyecKolf CTaTUCTHKH, COEAHHEHRHbIE C BO3MOXHOCTAMH CO-
BPEMEHHOII KOMMBIOTEPHOW TEXHUKH, WIMPOKO ¥ 3(PHEeKTHBHO HMCTIONB3YIOTCH B
NPUIIOKEHUAX, ABNAACE OCHOBOM CTATMCTHYECKMX METOHNOB MCCNEA0BAHUA M KOH-
TPOASL MacCOBOTO MPOM3BOICTBA, CTATHCTUYECKHUX METONOB B obnacTy DUIMKHM,
610NOruM, MEIULUWHLI, COUMONIOTUH, METEOPOJIOTHHY; X TAKXE MPUMEHSAIOT MpPH
06paboTKe pe3ynbTaTOB CTATUCTHMYECKOrO MOAEJMPOBaHWA B PalIMUYHBIX 3agayax
HaYKW H TEXHHKH.

B Hacrosiluee BpeMsi CTATUCTUYECKME MOJAEIM W METOMBI MIpaloT Bce 0OJb-
WY POJb NPH PELIEHUH 3KOHOMUYECKUX, HDMHAHCOBBIX, COLUMANbLHLIX NpodeM,
a TAKXe PasfWyHbIX MpobneM CBA3M, TENCKOMMYHHMKALIMH, JaLIUTbl HHOpMaLInK,
KPUNITOTPady U TaKNX AOAT0 CYUTABLIMXCH JAJIEKMMH OT MaTeMaTHKH HayK, KaK
NCUXONAOTHSA, JTMHTBUCTUKA, KDUMUHANUCTHKA M T. O. TakMe 0061acTH HaykKH, Kak
rMAPOMIOTUA, KIMMATONOTHA, 3Be3XHAsT ACTPOHOMMUSI, aHTPOMOJOrUA, TaKKe, OKa-
3bIBAETCA, HE MOTYT 060MTHCH €3 METOIOB MaTeMaTHYECKOH CTATUCTUKH.

be3 MeTo10B 3TOH HayKH CeroiHs HEBO3MOXHa paidpaboTka HayyHO 0OOCHO-
BaHHBIX NMPOTHO30B Pa3BUTUA 06LLUECTBA, BK/IIOYAS MPOrHO3bi B MOJIMTHKE, S3KOHO-
MHKE, COLMOMOTHH.

B 3akmoueHue, 11 NOATBEPXXKACHHUS TEIUCA O TOM, YTO LUCMOPUSA HAYKI MAK HCe
8AXCHA, KAK U CaMA Hayka, TPUBEIEM C/TOBa BLIZAIOLIETOCS HEMELKOTO MaTeMaTUKa,
dr3nka W dunocoda, ogHOro U3 colnarencit AMbOGEPEHUMATBHOTO U UHTETPATb-
Horo ncumcienus T, B. eitbuuua > «BechMa MONE3HO MO3HATH HCTUHHOE MPOMC-
XOXJIeHHE 3aMevyaTe/bHbIX OTKPBITHH, 0COOEHHO TaKMX, KOTOPble ObIIM CHENaHbI
HE CNy4yailHO, a CHJIOI0 MBICAH, 3TO MPHHOCHT TIOJIL3Y HE TOJNIbKO TE€M, YTO BO3aeT
KaxIoMy cBoe M nobyxnaer Xpyrux 100MBaTbCA TAKHUX Xe TTOXBAI, CKOJLKO TEM,
UTQO MO3HAHWE METONA Ha BhIAAWLIMXCS NMPUMEPaX BEAET K PaBUTHIO UCKYCCTBA
OTKDLITHS»,

/

\

Bce nocmoancmseo 8 3vi6KoCmU 00HOU,
Bce cmymuo nped anazamu ovesudya,
A croxHocms sUKYy 8 ucmuHe npocmol,

Haykou npasum cayyalli — He 3AKOH...

®. Buiron >V, Bannaja no3Tuyeckoro CocTA3aHUA
B bnya (neperog 10. A. Komeauuuoaa)/

-

34) Jeitonnu Tordpua Bunereaem don (1646—1716) — BbARIOWMIACT HEMELIKHIA MaTEMATHK W M-
nocod.

35) Buiton ®pancya (1431 - nocne 1463) — dhpaHuy3ckuid T103T M BOp.
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Bcemy Hayano — cayyadl.,
CrapunHas noroBopKa
. 36)
..flomuu, wmo cayvau nnewus
7
b. lpacnan . KputukoH

-

6
% B anTHaHOM N300 pa3HTEILHOM UCKYCCTBE TIPENCTABIANM Aneropuyeckyto ¢urypy Cnyuyas B Bune
CTOALIETO HA KOMECE [UIELUMBOrG YeN0BeKa C OMHOH JIMLI b TIPHALIO BOJMOC, 32 KOTOPYIO HAAD €70 CXBAaTHT,

0K 11¢ yMYANCs.
7 . .
) Ipacuan Bansracap (1601-1658) — MCNAHCKMIA MHCATEND.



fmasa 1

(BcnomoratensHan, HO oueHb BaxHaa!)

OcHoBHbIE pacnpeaeneHun
U UX MOfiennpoBaHue

Mamemamuueckue modesu — obvexm
u opydue mpyda MamemamuKkos.

K.A.PuiGunkon "

BeBepeHue

Bbliie Mbl onpeaenuau CTaTHCTHYECKYI0 MOENb M €€ OTHOLIEHHE K DEPOSTHOCT-
HOIl MOZIeIH: B 06OMX CTyYasix MOAENb 3aaeTCs MOTHOCTLIO pacnpefeneHus f(z)
HabnionaeMoit cnyyaiHol BeaMuMHbl £, a pasnuuue 3aKTIOYaeTCs B TOM, UTO Mb!
arpyuoOpH MPearnoaraeM U3BECTHbIM 00 3TOI MAOTHOCTH. B BEPOATHOCTHBIX 3a1a4ax
3Ta MJIOTHOCTb NMOMHOCTBIO U3BECTHA, B CTATUCTHYECKMX Xe — OHa 3afaeTcsl (npen-
110f1araeTcs) C TOW UM MHOIT CTENEHBIO HEONIPEAENEHHOCTH, U CTATHCTHK «BopeTcs»
C 9TOW HEOnMpeaeneHHOCTb10. HACTO Mbl MPEANOAaraeM U3BECTHBIM BH [IIOTHOCTH
f(x), 2 HeonpeaeneHHOCTDb BoIPAXAETCA UEPE3 T€ UAN MHBIE MAPAMETPH, OT KOTO-
puix 3aBUCHT dyukums f(z) (Bbllie Takue MOOENHM HA3BAHBL HUPUMEMPUIECKUMY).
B TeopuK BepoATHOCTEH HanboMee YacTo BCTPEYAIOWIMECS 3aKOHbBI pacnpeneneHus
(Moaenn) MMeloT OGLLETIPUHATOE HaUMEHOBAHUE U 0DO3HAYEHHUE — 3ITOT «I3bIK»
TNEPEHOCUTCSH W HA COOTBETCTBYIOUINE CTaTHCTHYECKKE Moaenn. ITpounniocTpupyem
3TO Ha OJHOM KOHKPETHOM MpPUMEpE.
///ﬁ HopmarnsHas m [lycTb u3 KaKMX—TO“COOGDEl}KBHHﬁ (HanpuMep, ocHO-
BBIBASACH Ha UEHTPANLHOM NpeaenbsHOR TEOpeMe TEOPHH BE-
POSITHOCTEM) MocTY/IMpyeTes, uto L(£) — HOpMANbHOE UK
rayccoBckoe pacnpefenerue. Ecnu 0603HaunTh yepes p (M10) W o’ (curma-xBan-
paT) cpeaHee u AWCIEPCHIO HOPMAJbHOTO 3aKOHA, To CKAa3aHHOE B CMMBOMLHOM
BUIE 3anicsinaeTcA Tak: £(€) = M(p,o”) (N Gonblioe Kpyrnoe siBiseTcs 06-
WENPUHATHIM 0603HaYEHHEM HOPMANBHOTO 3aKOHA pacrnpeaeneHus). B repmuHax
IUI0THOCTH f 9T1a ymoGHas NaKOHUYHASA 3anKch «paciliMgpOBbIBAETCH» TaK:

f@) = f(zlp.0®) = (2r0”) " P exp {_ ("’:2‘;?)2

Mopens

}. ~oo<z<00 (1)

D PrGHukos KoncTanTiH AlleKceeshy (1913-2004) — coBeTCKHi U POCCMHCKHII MATEMATHK, WC-
TOPHK MATEMATHKH.
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(3mech ~00 < £ <00, o >0 M UCMIONBIOBAHO CTAHAAPTHOE 0GO3HayeHKe exp{t}=¢).
B BEPOATHOCTHBIX 321a4aX, CBAJAHHbIX C HOPMa/TbHBIM PAaCMpee/eHHEM, — B 3TOM
Clydae TOBOPAT O HOPMAAbHOL Modeny — TApPAMETPhl [ U O CMWTAIOTCH M3BECT-
HbIMM, 1 TeM CaMbIM HOPManbHas MIOTHOCTh f(Z|p, 0°) NONHOCTbIO ONpeneneHa.
Ecnu Xe oanH 13 3TMX NapaMeTpoB (unn 06a) anpuopyu Hem3BECTEH, TO Mbl HMEEM
IENO CO CIMAMuCmu4ecKoil HopMaavHol modeasio. HenspecTHblit NapaMeTp MoJeni
NPUHATO 0603HaYaTh CUMBOJIOM 6 (T3Ta), @ 06/1ACThb €70 BOIMOXHEIX 3HaYeHNH ©
(TaTa GonbLioe), TakMM 06pPalOM, B pacCCMaTPUBAEMOM Ciyyae Mbl HMEEM TpH Ba-
PHAHTA HOPMAaTbHON CTATUCTUYECKON MOIEMU:

1) N(8,0%), @ ={f# -00< 6 < 00}, — N3BECTHA AUCTIEPCHS U HEM3IBECTHO

CpedHee;

2) N(g,8), © = {§ 0 < 6 < 00}, — WIBECTHO CPEIHEE M HEM3BECTHa

AMCTepcus;

3) N(61,87), ©= {6 =(6;,6,) —00< 8 <00, 0<8 <o}, — oba napa-

METpa HeM3IBECTHDI.

MockonbKy B DanbHeilleM Mbi ByAeM UMETh 1810 C KOHKPETHBIMU MOJEIAMM,
KOTOPLIE LUMPOKO MCTIONL3YIOTCA B MPAaKTHYECKUX NPUICKEHHUSX, Mbl CHaYaTa Npu-
BeJeM AT HAMOMUHAHUA 1 YI0DCTBA NINOXKEHNST W MOCTENYIOLHX CCBUTOK CTMCOK-
CMPaBOYHUK OCHOBHbLIX BEPOATHOCTHBIX PacrnpeaeNeHHH, CONPOBOXIAT UX HEKO-
TOPbIMH OTHOCSILLIMMUCA K TeMe KOMMEHTapUAMHU. DTO OYEHb BAaXHBIA Matepuan,
NOCKOAbKY OH fiBAsAeTCA 6a30ii A pelueH s BCeX MPUMEPOB U NOCNELYIOLLIMX 3a1au.

§ 1.1. OcHoBHbIE AUCKpPETHbIE MOoAeny
MaTeMaTHUYeCKON CTaTUCTHUKM

Jlobas ()OPOE‘G HavUKNaemcea ¢ REpeoco tiaed.

B 3ToM naparpadie Mbl 1aAUM ONpee/IeHHA U ONMMUIEM HEOBXOMIMMbIE HaM B NOce -
OyHLleM OCHOBHblE€ CBOWCTBa Haubonee M3BECTHBIX AUCKDPETHbIX BEPOSTHOCTHAIX
pacnpenefaeHui (Kak oIHOMEPHbIX, TAK U MHOTOMEDHBIX), 2 TaKXe MPOUJUTIOCTPU-
pYeM HX UCMOJb3IOBAHNE B BEPOATHOCTHBIX H CTATUCTHUYECK X 3adayax. 3amMeyaTenb-
HbBIM (PAKTOM ABASIETCS TO, UTO CYLWIECTBYET HECKOABKO pachpefcaeHUi GOMbLLON
oBUIHOCTH, BCTPEYAIOINMXCA B CaMblX padHOOOpPa3HbIX 3aavyax TEOPUU BEPOSTHO-
CTel M MaTeMaTH4eCKOi cTaTHCTUkH. [lpexae Bcero 3to GMHOMUaNLHOE pacnpe-
ndeneHue, pacnpeneneHue [NyaccoHa U HopMaibHOe pacnpefe/ieHHe — C TIEpBOTo
Mbl U HadHEM.

1. Cxema bepnynnu v 6UHOMUANLHOE pacnpefeneHue

— Madam, Kukoea eepoRmHOCMs YMPOM HA yaule 6cmpemums Ourno3aspa ?
— Odua emopan: wuau ecmpey, uau rem.

ToBOPAIT, 4TO clyuaHas BeMunHa £ nMeeT pacnpedenenue bepryriu ¢ napaMeTpoM
p (0 < p < 1), ecav OHa NPUHAMAET NMLb ABA 3HAYeHNA, 0603HaYaeMble 0BBIYHO
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O u |, u npu 3T0M
Pl{=1}=p=1-P{{=0}.

B TepMuHax nroTHOCTH f(Z) 3TO MOXHO 3anmucaTh B BUIE

f(z) = flzlp) =p"¢'~*, z=0,1, ¢=1-p. (1)

B cMBO/BHBIX 0603HAYEHUSAX CKA3aHHOE BLIPAXAETCH KpaT-
ko Tak: L(£) = Bi(l, p) v HasbiBaeTCs Bepryanuesckoii mode-
avio. PyHaaMeHTalbHaA POlb 3TOH MOJENN B TEOPUU BEPO-
AITHOCTEI M MATEMATH4ECKOM CTATUCTHKE SICHA: OHA ARMAETCA NOAXOASALIEN MaTEMa-
TU4ECKOM MOLE/IbIO A/isl JI0G0ro IKCIEPUMEHTA C IBYMS UCXOLAaMK («yCrEx»-«He-
YCTIEX»), T. €. NPOCTEMLIErO CTATHCTHYECKOTo SKcNepuMeHTa. CpeaHee n aucnepens
TaKOH CJY4YanHOH BE/IMYMHBLI ECTh

EE=p n D{=pq (2)

(cumBonn E — ot aHriniickoro expectation (MaTeMaTU4yeckoe 0XHAAHUE = Cpel-
Hee 3HauyeHMe), D — ot dispersion (nvcnepcusn)). Ecau nce cyyaiHble BeTHYMHBI
nocienosatensHoctt { X, X3, ..} (KoHeuHo# nam GeCKOHEYHOM) He3aBUCHMBI
M WMEIOT OIHO M TO Xe pacnpepenexve Bi(l, p), To Mbl umeeM nocredosamens-
Hocmb ucnoimaruii bepryaau (W, KpaTKo, BepHyAnuescKkyi nociedo8amenbHOC®),
HaabiBaeMylo Tak no uMmenn Axkoba beprynn (1654—1705) — Bbinalowerocs wseii-
LAPCKOro MaTeMaTHKa, BNepBble M3yyapllero Takyl cxeMy (ero ocHoBonoJaraio-
lMe TpyLbl B 001acTH TEOPUM BEPOATHOCTER MITOXKEHbI B MOCMEPTHO U3NaHHOM
courHeHuy «HMckyceteo npeanonoxeHnii» (1713)).

Myers {X|,..., X,} — GepHynnnesckas nocienosa-
TENbHOCTL ¢ NapameTpoM p. Tormacymma X = X +.. .+ X,
uMeeT buxomuaabHOoe pacnpedeneHie ¢ napamempamu n u p,
4YTO KpPaTKO 3aMMCbIBAETCA B BUIE:

%
% Beprynnuesckas
mopens

/4,
X BvHOoMMaNLHAS

Wk

MOAENDb g

L(z) = Bi(n, p).
Ora cayyaiiHad BENMYMHA NPMHMMAET, OYEBUOHO, NUWb 3HadeHusa 0,1, .7 n
Mp1 3TOM
P{X =z} = f(z|n,p) = Crp"¢" " z=0,1, ,n (3)

TepMUH «GMHOMMIBHOE PAacTIpeneNeHne» CBA3aH ¢ TEM, UTO BEPOATHOCTH (3) AB-
NAKOTCA Y€HAMK W3BECTHOTO «BrMHOMa HbtoToHar:

n
l=@+9)"=)_ Cir’¢""

=0

TakuM o6pasoM, buromudasias moders Bi(n, p) onuckiBaeT pacnpeleneHue Ynucaa
«YCMEXOB» B Tt MCIBITAHUAX DEPHYIIN C HEM3IMEHHOMN BEPOATHOCTLIO «yClexa» p.
3nech

EX =np u DX =npq. (4)
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[None3Ho 3HaTh TaKXe CIIEAYIOIIEE CBOMCTBO OMHOMHANBHOTO
pacnpenencHuUA: eCny clyyaiinbie BeJMyMHBl X |, , X
HE3aBUCHMbI Y

- o
~ Caoiicteo socnpo- W
' . M3BOAMMOCTH

.

E(X_,) = Bi(nj, p), ] = l, ,k,
TO
E(X] + + X,l_-) = Bi(n. + + nk,p).

810 cBoiicTBO GUHOMUANBHOTO pacnpedeneHust Bi(n, p) wa3siBaeTcsa dacnpouseo-
GuMOCMbIO TIO MApaMeTpy 7.

Ecnu napaMeTp p HaM HeM3BECTEH (a TaK Ha NpaKTHKe Yallle BCero ¥ ObiBaeT!),
TO Mbl UMEEM OUHOMUAALHYID CIMAMUCMUYecKYH Modent

Bi(n,0), ©={0 0<@<1}
(npu n = | — Gepuyaauesckyro cmamucmuveckyro modeas Bi(1, 8)).

Mpumep 1. PaccMOTPUM CUTYaUMI0, ONMCAHHYIO B IpHMeE-
pe | Beeaenus. Ecny B 1aHHOM 3KCIIEPYMEHTE PEATUIYETCS
cxema 6uib0po ¢ 6o3epauieruem, Y €ClIU YCNOBUA IKCIEpy-
MeHTa ofecneynBaloT HE3aBUCHMOCTh M3BAeYeH A KaXI0-
ro 04epeaHOro Lapa OT pe3y/IbTaToB MpeAsllylliX H3BREYeHUI (MPaKTHYECKH ITO
ROCTMraeTCA TWATENbHBIM IePEMEILYBAHNEM COZEPXHMMOrO YpHbI nepel KaXablMm
OYEpeNHbIM M3BNeYeHWeM), TO Ml uMeeM GepHynnuesckylo Mozens Bi(l, @), rze
MoJ «yCriexoM» NMOHMMAETCA HaBJeyeHUe Heioro mapa, 4189 KOTOpOH Halo OLUEHUTD
napameTp # = a,/a no pe3aynbTataM 7 WCNbITaHWIA. B 1aHHOM cnydae Habaioga-
emas cJyyarHas BenvMyrHa X eCTb YHCAO OenbiX WApoB B BhIOOPKE U3 7 WAPOB,
KoTopasi uMeeT BrHOMUanbHoe pacnpeaenexue Bi(n, 8). .

MNpumeps »\}\
BUHOMMONBHOM
mMoaenw

Mpumep 2. PaccmoTprM noupobHo ONUCAHHBIA B mpuMepe 4 BeedeHWsa 3nM300
¢ npenogoOHeIM [anuaHy. 3aeCb Mbl HMEEM IKCIIEPYMEHT, COCTOSILMA B NATHKPAT-
HOM GpocaHHH TPeX MIpabHbIX KocTel. MHTepecytolLas Hac BeNHYMHA, XapaKTEpH-
3yI0lIaA OJMH OMBIT, — YMC/I0 BRINABLIMX WECTEPOK Ha Tpex KocTax. O603HaYMM
ee . B cBolo oyepenb, OHa paBHa cyMMe TpeX OEpPHYNNUEBCKHMX BENHMYMH &, &
v &, roe & I, ecnu Ha i-# KOCTH Bhimana wecrepka, 10 — B NPOTUBHOM
cnydae (i = 1,2, 3). Echt HCxOIMTh M3 TOTO, YTO KOCTH OZHHAKOBBI {3T0 OOBIYHO
He TOJBEPraeTCA COMHEHMIO, XOTA, HAa CaAMOM [efe, — 3TO TOXe TMIoTe3a), TO
cnyvyaiHbIE BeNUYMHBL &, ¢ = |, 2, 3, MMeIOT OfHO ¥ TO Xe pacnpexeneHue bep-
HY1NH Bi(], #), v OHM, MO YCIOBUIO OMBITA, HEIABUCUMLI, TEM CaMbIM MX CyMMa
€ = & + & + & vmeer pacnipenenenue Bi(3, 8), u Hax aTo# cnyvaitHoH BenM-
YHHOH MPOM3BENEHO MATH HE3ABUCUMBIX MCITBITAHUM, T. €. Mbl UMEEM CIIYYaHYIO
BbiGopky X = (X,, , Xs) w3 pacnpenenenus Bi(3, 6). Takum 06pa3oM, Mkl no-
CTpOMIM BUHOMMANLHYI0 MoZenb Bi(3, §) mia onucaHys Hallero 3KCrepUMeHTa,
M B paMKax 3TOi MoZeny TpeOyeTcs NpoBEpHUTh TUTOTE3Y CHMMETPHYHOCTH KOCTE
Hy, 6 = 1/6 (T.e. rMnoTe3y 0 TOM, 4TO KaxIad rpaHb BbiMajaeT ¢ OJMHAKOBOI
pepossTHOCThiO 1/6). Kax MoxHO (opmanr3oBaTe paccyxJAeHHs npenonobHoro?
O6wee uncno Beinasux wectepok X = X, + ... + X5 vMeeT GHHOMUATBHOE
3 3axay 1748
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pacnipenenexue Bi(15, ), u no dopmyze (3)
P{X = 15} = F(15]15,9) = 9"

CrnenoBaTe/ibHO, NPH CMPABETMBOCTH THIIOTEIbl H|y BepOSITHOCTL HaGIOAaEMOro
cobuiTna, T.e. X = 15, paBHa 6" u4To HMYTOXHO MO ("). HasepHoe, notoit
Pa3yMHBIH 4YENOBEK HA MECTe NPEnoAoOHOro YCOMHMICA Obl B MCTHHHOCTH THITO-
Teabt Hy B AAHHOM chydae (Npu TaKOM HaGMI0LaeMOM HMCXOAE IKCMEPUMEHTa), ®

3amevanune. OOpatuM BHMMaHmue Ha chemylomee. B maHHoM cnyvae, ecau oTOpOCHTH
HeCyLIECTBEHHbIE AN MATeMATHKY MOLHOHANbHbIE HIOAHCHI (Nap¥), a OCTaBUTb JULIb
buanueckyo cyTh sxkcnepuMenTa (B ero xoae GoLI0 GpoweHo 3 X 5 15 xocreit),
TO MOXHO Cpa3y roBOpUTh 0 ciaydyaiHoit BriGopke obwema n = 15, u3 pacnpegeneHus
Bepuynan Bi(1,8) X = (X,,..., X)5), g xOTOpPO# HccreayeTcs ¢hy4aitHas Beau-
yua X = X, + + X5 — obuee yucno BbHINABIIMX [iecTepoK. KOHe4yHo, cHOBa
L(X) = Bi(15,8).

2. OrpuuatenbHoe BUHOMHANbLHOE pacnpepeneHne

C OecKoHeYHOo# MocnenoBaTenbHocThio HenbiTauuit Bepuymin {X,, X3, .} cBa-
3aHO eLIE OHO BaXHOE AMCKPETHOE pacTipeneieHue, KOTopoe 06o3Havaetcs Bi(r, p)
¥ Ha3bIBACTCA OMPUKAMENbHBIM OUHOMUGNbHIM PACNDeORACHUEM C NAPAMEMPAMY T
u p (3peCh T — HATYpaNbLHOE YHCNO). DTO ECTh PACTIPEAENEHHE YNCIA «YCEXOB»
(1), mpemwectsyoLux T-My «Heycrexy» (0), 1 OHO 3alaeTcs BePOATHOCTAMU

Fleir,p)=Crisoip®d =012, (5)

3ameTuM, uTO BhIpaxeHHe wia f(z|r, p) cOBNANAET ¢ Z-M YNCHOM DAVIOXKEHNA
dynxunu ¢"(1 —p)”" B psL NO cTeneHAM P, T. €. OTpULATEALHOrO GUHOMA (OTCIONA
W HazpaHue):

QQ
l=¢(l-p) " =q¢ > Ci..p°
=0

B yacTHOM cnyyae © = | pacnpenenenue Bi(l, p) Ha-
3bIBAETCS 2eoMempu4eckum: 3TO eCTb pacnpenesie HUe Yucna
eMHUL, NpeALIeCTBYIOWKUX MEPBOMY HY/II0 B OepHy/1IMes-
CKOit niocnenoBarensHocTH. Popmyna (5) B 3ToM Cayyae MpUHUMaeT BUI

%
% leomerpuyeckon g

f(zll,p) =p¢, =012, (6)
Ecnn cnydaitnas sennuuna € uMeer pacnpeaenenue Bi(r, p), To
rp rp
EE=—- un Dt=—. (7)
q q

[ToneaHo 3HATH TAKXe CE0HCMB0 80CHpOU3EO0UMOCMY PacC-
npedencHus Bi(r, p) no nmapameTpy r: ecnu cnyualiHbie
BeMMUUHBR X |, ..., X HE3aBUCHUMBL U

L(X;) = E(rj,p), j=1,...,k,

i
HnIBoOAMMOCTH
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TO
LX)+ +X)=Bilri+ +r,p).

OTclona CAEAYET, YTO CY4aiiHas BEMYMHA C pachpeneaeHueM Bi(r, p) MOXeT GBITh
peasiH30BaHa (OCTPOEHA) KAK CYMMa 7 HE3aBUCHMBIX Cly4ai HbIX BETAYHH C OfIU-
HaKOBbIM TeOMETPHUYECKHM DacripefienenneM Bi(l, p), — 3ToT akT UcnonbIyeTcs
MU MOJE/IMPOBAHUS CYHaHHbIX BEJIMYMH C OTPHULATENbHBIM GUHOMUATBHBIM pac-
npenenexuemM (cM. fanee § 1.3).

Ecav napameTp p HEU3BECTEH, TO UMEEM OMPULAMENbHYK) BUHOMUGAbHYIO Cma-
mucmuueckyro modeas Bi(r,8), © = {8 0< 8 < 1} (npur =1 — zeomem-
puteckyio cmamucmuveckyio modeas Bi(1, 8)). DT Mozenu yacTo MCrONBIYIOTCH,
HanpuMep, Npu pa3paboTke MaTeMaTHYECKMX METONOB KOHTPOSS Ka4yecTBa Mpo-
MBILLNEHHON NPOAYKLIMH.

3amevauue. B bopmyne (5) GHHOMUANLHLIA KO3bDHUMEHT

rir+1)...(r+z-1)

!

T
Cryz =

ompenesieH MpH JIo6oM 1eicTBUTENbHOM 7', a Py T > 0 3TOT K03 HULUEHT TOROKHUTENEH,
No3TOMy 3Ta popMyna ompelefAcT pacmpeiciicHWe BEPoATHOCTEH npu Beex ¢ > 0 u
0 < p < 1, a He TonbKO MpH KatypanbHelx r [Ipu HaTypaib- =

p =P yp P 7P Pacnpeaencrne W
HbIX T pacnipeneneHue Bi(r, p) uasbipatoT Takxe pacnpedeneru-

5 Mackans
em Hackarn®

3. Pacnpenenenne llyaccona

CnyvaiiHas senuuuHa € uMeeT pacnpedenenue Ilyaccona 3

eclu

¢ napamempom X (A > 0),

T

P{¢ =z} = f(z|A) = e_)‘%, £=0,1,2, (8)

YTO KpaTKo 3anucbiBaercs B Bune L£(£) = II(A); npu 3tom A = Eé = DE.
[Tyacconosckast mogesnb IT(A) oBbIYHO OMUCHIBAET cxemy pedkux cobsimuil: Py
HEKOTODbLIX MPEANONOXEHHAX O XapaKTeEpe MPOLECCA NMOABAEHUA CaydaMHbBIX CO-
ObITHIM Yca0 cOBLITUI, MPOUCIIEAWHUX 32 PUKCUPOBAHHBIA NMPOMEXYTOK BPEMEHMU
WIM B (PUKCMPOBAHHONW 06AacTM NMPOCTPAHCTBA, YAaCTO NMOAYMMHSAETCA MYacCOHOB-
CKOMY pacnpeaeneH#10. [IpMepaMu MOTYT CTYXHMTb YMCIO YACTHULL padMaKTUBHOMO
pacrnana, 3aperuCTpUPOBaHHBIX CUETYMKOM B TEUEHUE HEKOTOPOTO BpeMeHM £, UuC-
N0 BbI30BOB, MOCTYNHUBLIMX HA TelecDOHHYIO CTAHLIMIO 3a BpeMd L, yucno fedexTon
B KYCKE TKAaHM WAU B fcHTe QUKCHUPOBAHHOW IIMHBI, YNCAD U3IOMHUHOK B KEKCe
u 1. 0. Hakonen, pacnpenenenue [lyaccona aaet Xxopoluylo annpokCcHMauuio Ou-
HOMUATIBLHOTO pacnpeneneHus I GoablIMX 3HAYEHUA 72 M MasblX 3HAYeHU# P

? Mackans Bres (1623-1662) — thpaHuyackuit MaTeEMaTHK, MEXaHUK, dH3uK # dunocod, O1uH K3
OCHOBATETCH TEODHH BEPOATHOCTEH.

Y Myaccon Cumeon Mevu (1781-1840) — dhpaHuyICKHil MATEMATHK, MEXAHHK H DU3INK, HHOCTPaH-
Hblit noveTHbIA wien [letepGyprekoit AH (c 1826).
3.-
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Bi(n, p} = II(np), ecnu np HeBelUKO. DTO CBONCTBO MO3IBOJISET 3HAYMTENLHO
YNPOCTHTh BHIYUCACHHA B BUHOMUAILHOA MOAETH NPH YKa3aHHBIX YCTOBUSIX.
Pacnpenenenue [lyaccoHa gocnpou3sgodumo No CBOEMY
napameTpy, T.¢. ect X, , Xp — He3aBUCUMble Cay-
yaiiubie Bennuubbl W L(X;) =1I(A;), 7 =1, ,k, 10

LN+ +X) =00+ +A)

Ecnu napameTp A HEM3BECTEH, TO MMEEM MYUCCOHOBCKYH) CMAMUCMUMECKYIO
modeas T11(8), © = {6 6 > 0}

ITonarue pacnpeaencHus IlyaccoHa Biepsble NOKBUIOCH B KHUIE PPAHILY3CKOTO

yaeHoro CumeoHa Jenuca Ilyaccona (1781-1840) «Mccnenosanus o sepodt-

HOCTH CcyneGHbIX MPHUIOBOPOB IO YIrOJIOBHbIM M TPAXAAHCKUM IefaM», onybnu-

KopaHHoWM B 1837 . [IyaccOH 0OHapyXua, 9TO ecAu B 1 McnibiTaHuax bepHyanu
C BEPOATHOCTHIO «ycnexa» p (cM. 1. 1) nenath p BCe MeHblue K MEHbIIE U B TO XK
BpeMA YBEJIMYMBATH T TaK, YTO MPOMIBENCHHE NP = A OCTAETCH MOCTOAHHbLIM, TO
BepOATHOCTSL (3) TOro, 4To Gymer poBHO T ycnexoB, cTpemutcs K f(z]A) (cm. (8)).
Cnenosarenbho, pacnpeneneHue INyaccoua (8) apnaeTca npubanxeHHeM ans GUHOMH-
anpHoro pacnpegencius (3). BoaMoxHoCTs WIMPOKOTO MPUMEHCHUSA K Donbllas Bax-
HOCTb MyacCOHOBCKOro pacnpeAencHUA He ObUTH MOHATH coBpcMeHHKKamM TlyaccoHa,
Bonee TOro, 0 HEM MOMTH MOJHOCTBLIO 3a0bimu. OaHaxko nmocne 1894 r. 310 pacrnpe-
AefeHve MCIMOb30BATH MPU W3y4eHHH cTpaHHOro ¢eHomeHa. 3a 20 mer mexay 1875
v 1894 rr. B 14 pa3anyHbLIX KabaTepUIICKUX KOPITycax repMaHCKOH apMuH 6bL1a cobpaHa
CTATUCTMKA TPArHYECKHX C/y4acB, KOFAA conpat ObUT yOUT yaapoM KombiTa. CornacHo
280 (= 20 net x 14 Koprycos) HabmoneHusM, 196 conmat norn6am Takum obpasom,
T.e. B cpeaHeM 3a ron A = 196/280 = 0,7 Ecnmn 6bl 4YMCNO Tparmyeckux UCXonoB
noauMusnock pacnpeaeneumio Ilyaccoua ¢ napamerpoM A = 0,7, To MOXHO 6bt10 Obl
oXxuiath, 410 npu 280 HabnopeHHAx B 139 coyyasx cMepred HeT, B 97 cayqasx —
1 cmepry, B 34 cayvasx — 2 cMepTH M T. 1. A 4TO nokalana craTucTuka? B neit-
CTBUTENLHOCTU AaHHBIE 6bUTH cOOTBeTcTBEHHO 140, 91, 32 ¥ T. I.; MPakTMKA U TeOpHUA
OKa3aJMCh B CTONb XOPOLLUEM COrJIACMH, YTO BPAL 1M MOXHO ObLNO 0XKaaTh 00/ bLIETO.
J10 cpasHeHue mossunock B 1897 r. B Monorpaguu J1. boptkeeuya «3akoH Manbix
unces». [lyaccoHOBCKOe DacNpelie/ieHUe CTAI0 WHPOKO NPHUMEHATHCA MHb B XX B.
(no xuure (23, ¢.34)).

%
% Cociicrso soen po-
M3BOAUMOCTH

C pacnpenenerueM [1yaccoHa cBsi3aHo ewle OAHO UH-
TepecHOe OUCKPeTHOEe pacrnpeldeNiende — pacnpedeienue

Ipaanza 4

%
U Pacnpepenenne
Jpnanra.

, JagapaeMoc BepoATHOCTAMHU
N

AR Ak
e;g:cﬁ, k=01 ,N, c:(Z—k—‘)

k=0

T. €. 3TO — YCEYEHHOE CBepXy B TOuke [N NnyaccoHoBCKoe pacnpenenenue. B 1906 r.
DpJiaHT YCTAHOBWI, YTO B HEKOTOPLIX Ciyyasx jnyyuee npubanxeHue (ns Guno-
MUaTILHOTO pacnpefie/ieHs) MOXHO NOYYUTh C UCTIONb30BAHUEM UMEHHO TAKOTO
pacnpeaeseHus.

9 Apnanr Aruep Kpapyn (1878-1929) — natckuit MaTeMaTHK.
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Mpumep 3 (Awn powmpaenua [25, c. 171-172]). Kakosa BEpOATHOCTb P, TOTO,
yto B rpynmne 13 500 yenosek poBHO T ponuauck | sHBapa? Ecnv atu 500 yenosek
BbIOpaHb! CIy4aHHO, TO MOXHO NMpHUMEHHTH cxeMy M3 500 ucnviTanuit bepuym
C BEPOATHOCTBIO «ycnexa» p = 1/365. [ns NyacCOHOBCKOTo NPUETUXEHUs MONTO0-
XUM A = 500/365 = 1,3699 TeopeTnueckne GUHOMMAILHBIE BEPOATHOCTH (3)
M MX NMyaCCOHOBCKHME MPUONMMXKEHHs (8) NpHBedeHb! B clerylOWeR Tabnuie,

T 0 | 2 3 4 5 6

P, = f(z|500, 1/365) | 0,253 | 0,3484 | 0,2388 | 0,1089 | 0,0372 | 0,0101 | 0,0023

P, = f(z]500/365) 0,2541 | 0,3481 | 0,2385 | 0,1089 | 0,0373 | 0,0102 | 0,0023 | e

4, lunepreomerpuueckoe pacnpepeneHue

Cnyuvaithas Benu4MHa § UMEET 2unepeeoMempudecKkoe pacnpedenenue C napamempamu
@), @) U 1, TIe @), @) U N — HaTypalbHble YUCNA, MPHYEM

n<a=a +a L) =H(a,a,n),

ecny
T Cﬂ—I
P{¢{ =z} = f(zla, a3, n) = =2,
Ce

Takoe pacripezenedye BO3HMKaeT B C/edyiolled cxeme. PacCMOTpUM CHTyaluio,
ONUCaHHYO B npumMepe | BeeaeHWsT U NpeANoOAOXKMM, YTO 7 LUAPOB HMIBACKAIOTCA
Hayead 6e3 eozeépawenun. Torma, ecnn £ ob6o3HavaeT yucao OefblX WAPOB B BbI-
Gopxe, TO 3Ta cnyyaiiHas BenuyKMHa uMeeT pacnipeneneiue H(a,, a3, n) (cpaHu
C npumepom 1).

3aMETHM, YTO BEPOATHOCTE (9) OTAMUHLL OT HYNA UL IPH T < @ U n—zZ £ a3,
T. €. KOTZIa Uenoe & JiexXHT B MHTepsate max(0,n — a;) £ ¢ < min(n, a,).

Ecnu £(¢) = H(a,, a3, ), TO ee NepBble 182 MOMEHTA eCTh

z =01, , 7. (9)

=0, pg oo

(10)

5. Pacnpeaenetue Mapkosa—Iloia

Obobwenue nouamun 3avacmyro boieaem
NOAEIHO 0AR NOCMUNCEHUR €20 CYIHOCMU.

A. H. Koamoropos

910 pacnpeneneHye spasercs 0600WeHNEM OAHOBPEMEHHO ¥ GMHOMMAIBHOTO,
¥ TUNMEpPreoMEeTpUYECKOro pacrnpeneneHUi U BOJHMKAET OHO B CAEAYIOLIEH YPHO-
BO#l cxeme. BHOBL BepHeMcsl K npuMepy | BeedeHMa M pacCMOTPUM CAenyioltHi
aKcrneprMeHT. Y3 ypHBl, comepxaluei NepBoOHayanibHO a, Gennlx U @; = @ — a,
yepHHIX 11apos, BeIOMpaeTcs Hayran (T.e. PaBHOBEPOATHO) OOMH wap, GUKCHPY-
eTcsl ero UBeT ¥ lUAap BO3BpallaeTcsl B YPHY ¢ OOHOBpeMEeHHBIM N00aBIEHUEM C
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HOBbLIX LIAPOR TOTO XE LBeTa. 3aTeM M3 YpHbI (copepXxawei Tenepsh ¢ + ¢ wa-
POB) CHOBA MPOW3BOAMTCA CNyYyailHOE W3BJEYEHHe OQHOrO LIAPa M TOBTOPAETCS
TOT XK€ MpoLecc. 3aech ¢ MOXET OblTb JIIOOLIM Lie/IbIM YHMCAOM M, B YaCTHOCTH,
npu ¢ = 0 (HoBble Wapbl He 106ABAAIOTCA) MBI MMeeM Cy4aliHbIi BLIGOpP C BO3-
BpalIEHHEM, PacCMOTPEHHBIM B npuMepe 1, a nipu ¢ = —| (U3BreYEHHBIH 1wap
B YPHY He BO3BPaLiaeTcA) — CXeMy C/Iy4yaiHOro BriGopa Ge3 BO3BpalEHWsA, pac-
CMOTPEHHYIO B NpeablaylleM I1. 4 (B IOCAeNHEM Cydae MPOLECC M3BAeYEHHH WAPOB
KOHYAEeTCs Yepe3 a 11aroB M3-3a OTCYTCTBMSA wapos B ypHe). [Tpu ¢ > 0 3rta cxema
Bbiopa obnamaer >3ddexToM NOCNeNcACTBUA. €CNY W3BJIEKAETCS Lap KaKoro-To
LIBETa, TO WWAHC (BEPOSTHOCTH) M3BJieYb LIAD TAKOro Xe LBETa Mpu clefyloLem
UCNbITAHUY BO3pacTaeT. Taxas ypHOBasi cXxeMa MOXeT CRYXHTb MOpUOAYXEHHOM
MOOENbIO SIBNEHUH, NOLODHBIX STIMAEMMAM, KOra OCYLUECTRIEHUE HEKOTOPBEX CO-
OBITUI yBETMYMBAET WAHC UX NMOBTOPEHHUS.

[lycts € o6o3Hauyaer uvcno Genbix tiapos, HabniozaplLIMXCS NMPU 7. U3BjE-
yeHHsix. PacnpeaeneHue BepoATHOCTEH 3TOH CNydyalWHOW BeIMUMHBI Ha3biBaeTcH
pacnpedenenuem Maproea— floiia (0o6o3navaerca L£(§) = MI(n; a,, a,, €)), ¥ 0HO
UMEET BUI

z-1 n-z-1 n-1
Pl¢ =) = flalon oz cim) = G [J@1+30) [] @+50) /Tta+ o

j=0 j=0 j=0
=01, (11)

Ecnu Bocnonb3oBathcAd OGMHOMURTBHLIMM K03hDHLUHEHTAMHA ¥ yuyecTb, YTO ANA
niodoro JeACTBUTENBHOIO @ M HATYPANBHOIO I

Cg:a(a——l) :r'(a,—:c+l) ’ ng,

To dopmyny (11) npu ¢ # 0 (rorna uMcantens, W 3HameHarens 8 (11) MoxHo
pPa3nenuTh Ha c") MOXHO 3aNKCaTh TAKXKe B NHOOOH M3 caeayrouiux Asyx Gopm:

. az|/c+z—l 317:+n—z—1 Cfa./ccf;ﬁc
f(zla, a5, ¢;m) = ! - Tl (i)
ofctn-1 —afec

TMonuepkuem, yto u3 (11} npn ¢ = 0 Mbl noayyaem 6MHOMHANLHOE pacripenene-
Hue Bi(n, p), p = a;/a (Kax B npuMepe | 115 cxeMbl BbIGOPA C BO3BpalieHHEM),
a u3 BToporo npeacrasneHus B (12) npu ¢ = —1 — runepreoMeTpHYecKoe pac-
npeneneuue H(aj, a;, n) (kak B n.4 ans cxembl BoiGopa 6e3 Bo3BpalueHUs), TaK
yTo pacnpeneneHye Mapkosa—Iloia Bxilodaer B cebA Kak yacTHoie ¢nyyau oba
3T pachpereneHus.

Ecnu L(€) = MIl(n; e, a3, ¢), TO CpeHee U AUCHEPCHS UMEKT BUI

na, na,ax(a + cn)
= — H D =
ES a ¢ a*(a + c)

(13)
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HHTepecHa HCTOPHA OTKPLITHA 3TOTO pacnpeneicHHA. Bneppbie oHO NOABIsAET-

cA B paboTax BBUAAIOWErOCH PYCCKOro MaTeMaTHka, akaneMuka A. A. Mapkona

(1856—1922), xoTOpbIil NPOBEM UCUEPNBIBAKWMA aHANKI ITOTO pacipeaeseHuA

H onybankoBpan CBoU pe3ybratel B MasecTuax [leTepObyprckoii AkaneMHH Hayk
B 1917 r. Ho, no-suanMoMy, aTa nyOnUKaUHA «OCTanach He3aMeyeHHOM» 3a pybexoM,
TakK Kak, cnycta 6 set, B 1923 r. nossanerca paGora @. Srrenbeprepa u M. MMoita,
Te BBOOMTCA TAKOE XE pacnpeleieHHE W J0KA3bIBAIOTCA ANTA HEr0 HeKOTOpble 4acT-
Hble Pe3y/bTaThl. C 3TUX MOP AaHHOe pacrpeleicHUE CTaN0 Ha3bIBaTbeA B 3apybex HOH
nUTEPaType HMEHEM OJHOrO 3 ero asTopos — [lofta (BsLI2lOLIMIECA AMEPHKAHC KMt Ma-
TeMaTHK BeHrepcKoro npoucxoxueHua (1887-1985)), xora Gonee McTopuyecku onpas-
JIaHO Ha3BaHHe «pacmpedeieHne Mapkosa— [lofa».

6. NonuHoMuanbHoOe pacnpepeneHmne

TonuHomuatbHOe pacnpeneneHne M(n; 2) C NapameTpamMi n M P, Te 7 — Ha-
TypanbHoe Yucno, u p=(py,...,pn), 0<p;i <1, ¢=1,....N, pi+...+py =1,
— 3T0 pacnpefieNeHHUE Cy4ailtHoro BeKTopa ¥ = (v, ..., Vy) € LEN0YUCIEHHBIMH
HEOTPHLATE/MBHBIMH KOMNOHEHTAMH, YJOB/IETBOPSIOIIMMH YCNOBUIO

vy + + vy =n,

KOTOpO€ 340a€TCA BEPOATHOCTAMMH
n!
Ply =z} = f(zln,p) = ———p]' ¥ (14)
I Iy!

I-
rie £ = (x;, ..,Zy) — NMPOM3BOJbHBIA BEKTOP ¢ LENBIMH HEOTPHLATENLHEIMH
KOOpAMHaTaMu, mpuyeM Z; + + Ty = n. KpaTko aro 3anuceiBaetesl TaK:
L(v) = M(n; p). Ha3BaHue «NOTMHOMHATbHOE pacnpeleneHne» CBA3AHO C TeM,

yTo BepoATHOCTD (14) npeacTaBnsieT cobolt 061KMi YNeH B paVIOXeHHH MOTHHOMA
n
(pp+ +pn)° nocrenenam p;, ,Pn:

n!
s
xl+-..+zn=nxl' "xN.

3mech

Ev,=np;, Dyy=npi(1-p;) ©

cov(vy, vj) = —npip;, t,j=1, N, i#].
Takoe pacnipenencHue Bo3HHKAET B CXEMeE HOAUHOMUANbHBIX
ucnsimanull, T. €. He3aBUCUMBIX UCNbITaHHI ¢ N BOIMOX-
HBIMH HMCX0JaMH, BepOATHOCTH KOTOpPBIX HE MEHSAITCH
OT UCTILITAHUSA K HCMIBITAHHIO H PABHBI Py, , PN COOTBETCTBEHHO: €CNI¥ Mpon3Be-

AEGHO N WCMBLITAHWI M V; — YWCI0 peanu3aluii B HuX 1-ro ucxoma, t =1, | NN,
10 L(¥) = M(n;p). Ecnu N = 2 (cxema ¢ AByMf HCX0JaMu), TO Mbl MMeeM

cxemy Bepuywn (cm. n. 1), mist kotopoit L(v) = Bi(n, p)); ¢ apyroii cTopoHbi,
Tak KaK ¥; = n — V; W p; = | — p|, To AByMepHLIA BekTop (¥, n — ¥|) UMeeT
nonMHOMHanbHOe pacnpeaeneHue M(n; p;, | —p,), IKBHUBANEHTHOE, ClIefI0BATE b=
Ho, GUHOMMATEHOMY pacnipefienenuio Bi(n, p;). Otciona xe BbITeKaloT cieqylolye
CBOMCTBa NOJMHOMUAILHOIO PacnpeieeHus:

(15)

N
MNonuxommaneHele W
WUCNbITQHMS
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1} pacnpesmeneHue Kaxaok KOMIOHEHTI V; BEKTOpA V¥ ABJALTCA OMHOMUATLHBIM
Bi(n,p;). j =1, ,N,m

Y/
W Cooncrso BOCNPO- 5
M3BOAMMOCTH ’ ;
2) ecau pexkTopa ¥y, ¥ Hesaucumbi M L(v;) = M(n;;p),i=1,. ,k,T0
L+ +y)=Mn + +ngp)

(6ocnpouzsodumocms O NapaMeTpy 7).

OTMEeTHM eLle, YTO YACTO BMECTO TEPMUHA «TIONMHOMUANbHOE» HCTIONbh3YeTCH
€r0 CHHOHUM «MYLTHHOMHUATLHOEY,

B npuioxeHnsx 06bidHO BEKTOP BEPOATHOCTER p = (P,  , PN) HEH3BECTEH
— B 3TOM CNyMae Mbl HMEEM HOAUNOMUOABHYI0 cramucmuueckyo modess M (n; 8),
8 = (6, ,Ox), c napameTpnyeckum MHoxectBoM © = {8 0 < 0#; < 1,

t=1L...,N, 8 +...+6y= 1}

Npumep 4 (0606weHue npumepa 1 Baepenun). Mmeercs ypHa c wapamu N pas-
JINYHLIX UBETOB, KOTOPbIE Mb! YC0BHO o6o3Hauum A, , Ay.Tlycrb a; — uucno
wapos ugeta A;, j =1, ,N,na=a + +ay — obuwee 4yucno wapos
B ypHe. PaccMOTpHM cneaylowmil 3KCNepUMEHT; U3 YPHBI N0 cxeMe BhIGOpa ¢ BO3-
BpalleHHeM Hayrag (T.€. paBHOBEPOATHO) U3B/EKaeTcs 7 1WapoB (T. €. KaXabill pa3
MoBOI 1ap MOXET ObITh U3BJEYeH C OAKHAKOBOM BEPOATHOCTHIO | /G M HE3aBUCH-
MO OT Pe3y/IbTaToB NMpeablayuuX uisneueHmit). O6o3Haunm V; 4KCNO Habmoas-
wuxca Aj-wapos, 7 = 1, , N. Toraa Bektop ¥ = (v), ,vy) bydeT uMeTh
noaMHOMUaTsHOE pacnpenesienne M(n; p) c napamerpom p = (a/a, ..., ay/a),
T. €. BEKTOpOM Joneit usetos A;, .., Ay ECnu 3TOT BEKTOp HaMm HEM3BECTEH, TO
noaxoasueid oLEHKOR ANMA Hero OyaeT BeKTOop OTHOCHMTENBHBIX HabMooaBLLMXCA
yacrot ¥/n = (v/n,.. ,vnx/n), 12K KaK B cuny (15) Ev/n = p (o cpeaHeM
oLeHKa V/n coBnajzaer co 3HayeHUeM NapameTpa p). B nocnepyrolleM Mol 1aamM
cTporoe 060CHOBaHMe TaKOro NpaBuJia oleHuBaHua (cM. mpumep 10 §3.2). o

7. MHoromepHoe pacnpepeneHue Mapkopa—Illona

BHoBb o6paTHMCA K CHTYallMH, ONMCAHHON B npumepe 4, ¥ pacCMOTPUM TEMEpL
TaKoit 3KCrepUMEHT. NOCAEN0BATENIbHO B KaXILIH MOMEHT BpeMeHU 1 = |, 2,

U3 YPHBI Harpan U3BJeKaeTCs OAYH 1Lap, GUKCHUPYETCa ero UBeT M 1Lap Bo3BpallaeT-
cs 06paTHO B YpHY C Z06aBfieHUEM € HOBbIX LIAPOB TOrO Xe UBETa, YTO U K3BJIEYEH-
Hblit 1ap (TeM CaMbIM COCTAB YPHLI KaXAbiH pa3 YBEIMYMBAETCA HA C WWApOB, ECNU
¢ > 0, n ymennwaercs, ecam ¢ < 0; npu ¢ = 0 OH OCTAEBTCH HEUIMEHHBIM, T. €.
B 3TOM CJ/Iyyae Mbi MMEeM cXeMy BbI6Opa ¢ BO3BpallleHHEM, pACCMOTPEHHYIO B TIpU-
Mepe 4). BHoBb 0603Ha9 MM ¥; YnCcI0 A; -11apoB, HAGMONABILKXCA NPH 7L HIBITEYE-
HUAxX, 7 = 1, , N. Torma Bextop v = (v, , Vy) GydeT UMETh pachpeaencHue

n H;-vzl aj{a; +¢) ..(a; +(z; = 1)c)

Ple=g} = a(a+¢c)...(a+(n~1)c)

,  (16)
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rie £ = (Z;,...,Zx) — NPOUIBONBHBIN BEKTOP C LeNbIMM HEOTPHLIATENLHBLIMH
KOOpAMHATAMHU, NPUYEM | +  + Zxy = M, MHOXECTBO TAKMX BEKTOpOD DydeMm
0603Hayats Ky, . DTO pacnpenesieHue HablBaeTCs MKocomeprbim (N-mepHbim) pac-
npedeaeruem Maprosa—IToiia ¢ napaMeTpaMu 1, @ M ¢ ¥ 0003HAYAETCA CHMBOJIOM
MIl(n; a, c), rne @ = (@), ..., Gx) — BEeKTOp NEPBOHAYAILHOIO COCTaBA YPHbI.

®opmyna (16) asasetca MHoroMepHbIM (N-MepHbIM) aHanoroM ¢opmynst (11)
M CBOAKTCA K Hel npu N = 2. Ecnn ¢ # 0, To pa3aennB YNCTUTEND U IHAMEHATENTb
B (16) Ha ¢" ¥ ucnonbaya, Kak M B M. S, GHHOMUAIbHBIE KOIPDULMEHTHI, ITOH
tdopmyne MOXHO Npnaath ewle ase GopMbl — aHanoru dopu (12):

N N
Pl = 2) = flale, ) = [[ Cheray 1/ Ciernes =[] O/ O
j=1

j=1

OTMETHM TPH BaXHbIX YaCTHBLIX CNydyasa 3TUX COOTHOLLE-
Huit. Ecnu B opmyne (16) MOJIOXUTL ¢ = (0, TO MbI MpUAEM
K (14) ¢ p = a/a, T e. pacnpegeneHne Mapkosa—TIToita
MI1(n; a, 0) ceomuTCa K NONMHOMHUANLHOMY pacnpeaeneHunio M(n; a/a). Nanee,
ecy BO BTOpPOM NpenctasneHun (17) nonoxuts napametp ¢ = —1 (4To cooTseT-
CTBYeT cxeMe Bbibopa Ge3 Bo3BpalleHus), To npu n < ¢ (1HaYe GUHOMUATbHbIM
ko3hduuuent C; obparntca B 0) monydnM pacnpeneneHune

»
Caass ¢ apyrumn W
pacnpeaeneHnamm

N
Plu=z}=[]Cil /Ci, z€kn, (13)
i=l1

KOTOpOe SIRNAETCA MHOToMepHbIM (N-MepHEIM) aHanoroM runepreoMeTpudecKo-
ro pacnpegeneHus (9) u csoauTcss K Hemy mpn N = 2. [loatomy pacrnipene-
neHue, 3anaBaemoe BepositHocTAMU (18), HadbiBaeTca muozomeproim ( N-meprbim)
2unepzeomMempu1ecKum pacnpedenenuem C napameTpamu ¢ U nn. OHo obo3HavaercH
cumBonuyeckd L(v) = H{a,n) n xapakrepuayer coBoi cxeMy CNy4aitHOWH Bbl-
H6opku 6e3 Bo3BpalleHKA 06bEMa 11 < @ U3 KOHEYHON COBOKYNMHOCTH, COCTOALLEH
e =a + + ay 2NeMEeHTOB, pa3bWTLIX NO HEKOTOpPOMY MpU3HaKy Ha IV
HeMepeceKaIMXCA K1aCCoB Pa3MepaMu COOTBETCTBEHHO @y, . ., @y (B JaHHOM
Cllyuae V; MHTEPNPETAPYETCA KAaK 4MCI0 HabioNaBlUWXCA B BbIGOpKE 3/eMeH-
TOB j-ro Kiaacca, j =1, ,N).

Hakoneu, ecnu B nepBoM npencTasiendn (17) Bee @; TIOJIOXNTh PABHLIMY ¢,
TO GBUHOMMANBHBIE KOIPDULUMEHTB! B YACAUTENE CTaHYT paBHbI |1, ¥ Mbl NIPUIEM

K opmyne
-1
Plv =z} = (Cﬁr+n_|)

3ajatoliedl paBHOMepHOe pacnpeaeeHe Ha MHOXECTBE
Kyn = {gz (x;,. ,zn) 2;=01,2,.. ,¢=1,  N;z1+ +zIn =n}:
YUC/IO 21EMEHTOB (BEKTOPOB ) 3TOF0 MHOXeCTBa PaBHO Cpyy,_ — YHCIY pelue-

HUI YpaBHEHWa ) +  + Iy = M B lENbIX HEOTPULATENbHBIX YNC/IAX, U BCEM
UM TIPUIHCHIBAETCA OAMHAKOBASA BEPOATHOCTD.
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Takum obpaloM, MHoroMepHoe pacrpeneneHHe Mapkos—Iloiia BiiiodaeT B
cebs B KauecTBE YaCTHLIX CNYYaeB NONTHHOMHUANBLHOE paclipele/ieHHE, MHOTOMEPHOE
FHMepreoMeTpUUECKoe pacrpeleneH¥e 1 paBHOMEPHOE pacnpeneneHne Ha MHOXe-

ctBe Kyn.
U Moments MI-pac- Ecnn L(v) = MI(n; g, ¢), TO NepBbie # BTOPLIE MO-
npeneneHus MEHTBI C/Ty4aitHOrO BeKTOpa ¥ = (¥, ..., VN ) UMEIKOT BUA
a; a;{(a —a;)la+cn )
Ev,=n—, Dy=n i{ 3 i) ), 1=1 N, #

a a’(a+¢) (19)

cov(y;, vj) = na,-aj(a+cn) i, =1 N, 1#]

%2 az(a_l_c) 3 :J = 13 » 2 J-

[MonHoe ManoXeHMUe TeOpUK ITOrO pacnpefe/ieHus uMeeTcs B paboTe aBTOPOB
«O6 ypHoBo# cxeme MapkoBa—IToita: oT 1917 . no nawnx gHeit» (OBo3apenue
MPUKNALHOM Y NpoMbILLeHHOW MateMatuky. 1996. T. 3. Brin. 4. C 484-511).

8. Pacnpepenenune creneHHoro pRaa

Lenblit Knacc IMCKPETHLIX pacnpeaeeHnit MoXeT ObITL NOCTPOEH MO chelylouleit
cxeme. PaccMOTPUM NPOM3IBONBHBIA CTENEHHOH paa

00

f6)=>) a6 1>0,

z=]

C HEOTpHLIATENbHBIMY KO3DdHUKMeHTaMu (e(T) 2> 0 mns Beex T > [) 1 HeHyeBbIM
pazuycoM cxopuMoctv K. Torna npu mobom 8 € © = (0, ) MOXHO OnMpeaenu1Th
JOUCKPETHOE BEPOATHOCTHOE pacfpeneneHHe ¢ MNOTHOCTbIO

f(alf) = alz) .
1(6)
(3Tv yncna HeoTpyULIATENbHBI M B cyMMe JatoT 1). Takoro tuma pacnpeseneHue 1 Ha-
3BIBAETCS pacnpedeenem cmenentozo pada. Knacc Taknx pacnpeneneHMit BecbMa
o0WUpEH W BKAKYaeT B ceOf MHOTHE CTaHIAPTHHIE pac-
npeaefieHus. B YacTHOCTH, B HETO BXOAAT pacrnpeneneHue
Myaccona TI(8) (cm. (8)): wist nero f(8) = e’, R = oo;
OTpHUATENbHOE GHHOMHaNbHOE pacfipenencHue Bi(r, 6)
(cMm. (5)): ans wero f(8) = (1 — 0)”", R = |; aoeapugmuyecxoe pacnpedenenue,
3a/1aBaEMOE BEPOSATHOCTSIMH

f(z]8) = e;z/ln (—]jl?), z=1,2, (21)

I

z=11+1, (20)

ﬂpumepm
pocnpeneneHui
CTeNeHHOro paac

IJIs1 HETO

£0) =1In — —ig—z R=1
inl-—ﬂ— z’ -

r=I
N T AO., 4 TAKKE COOTBETCTBYIHOLUME YCE€YCHHbIE CNeBa pacnpeaencHnA.
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NpumMevanue. YceueHHBIM HA3BIBAETCH paclpencieHue, Y KOTOPOrO HEKOTOPLIE IHAUEHHUSA
JanpeweHul. HanpuMmep, yceverrisim & Hyne pacnpedenenuem [Tyaccona apnserca pacnpene-
JIEHHE, 3ANaBAEMOE BEPOATHOCTAMHM (CpaBHHM ¢ (8))

F4

f(z|®) =ce_ai— z=1,2,... (22)

e KOHCTAHTA ¢ ONpPEAETAETCH H3 YCAOBUA HOPMHPOBKH

> fzloy =1,

M B 1aHHOM ciyuae oHa papHa (1 — e %)™

Ecnu cnyyaiiHas sennyumua £ MMeEET pacnpefie/icHue

creneHHOTO paga (20), To ee nepsble IBA MOMEHTA HaXo- MomenTi
aaTca no popmynam
_ ') _ 2 :
E€ = u(f) =0——- un DE=o"(F) = 0p' () (23)

7(6)

(y6eamrecs, 4To OpMy)bl I MOMEHTOB B 1. 2 M 3 SIBNAIOTCA YACTHBIMU CITYHasiMU
9ITUX BLIPAXEHHH).

BaXHbIM CBOMCTBOM pacIipe/ie/ieH Mt CTENEHHOTO psaa
SIBJIAIETCA CTIEAYIOIIEE: eCU CyYailHblE BenvuuHbl X, . ..
X, He3aBMCUMbl M MMEIOT OAHO M TO XE PacrpelcsicHUe
(20), To ux cymma X = X, + ..+ X, TakKe MMEET Pacnpeac/iCHUE CTENEHH OT0
psina, nopoxaaemoe pyHxuuei f(0), T.¢.

H3BOOMMOCTH

91‘
P{X=:c}=f,,(:n|0)=a,,(:c)—f,—z—(aj, g=nlnl+1,... (24)
rae K03hdUUMeHT a,(T) onpeaeNsoTCca PaIOXEHHEM
ao
11(6) = aal)6”
z=nl

§ 1.2. OcHoBHble aBCONWTHO HenpepbiBHbIE MoAeNU

Hopozy ocurum udywuii.

B 3TOM naparpacde Mbl NPoJ0IKaeM 3HAKOMCTBO C OCHOBHBIMY BEPOSITHOCTHLIMU
pacrnpefesieHUAMU M WX CBOWMCTBAMHM, COCPEAOTOYMBLINCE TEMEPL HA Cnyyae abco-
JMOTHO HENpepLIBHLIX pacnpeaereHuil. [IpUHUMAN MATOXEHUA 3]eCh TOT Xe, YTo
¥ B npeanayllem naparpade o AMcKpeTHbX pacnpeaencHusx. HamoMHuM, 4to Te-
nept dyHkung f(z) umeeT cMbICH 0ObIYHOM IUTIOTHOCTH pacripeleneHus, T. €. 3TO
HeoTpuLiaTebHasd QYHKLHMA, YIOBIETBOPAIOLIAA YCIOBUIO HOPMHUPOBKH

!f(m) dz =1,

»

_ &
Ceoncreo Bocnpo- Q\
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rie £ — MHOXECTBO, Ha KOTOPOM 3allaHo pacmipeneieHue Habnonaemoii (n3yyae-
MO#) cy4aifHOM BeTHYHHbI .

1. HopmansHoe pacnpepeneHue

910 pacnpenencHue yxXe BCTPeYyaioch HaM paHee: ero dopManbHOe OnpeaeNieHne
naHo Bo BBegenun x manno# rmase (cM. (1)). Ponb HopManbHOTO pacnpefefieHus
(HOpManbHOM Monenu) B TEOPUH BEPOSATHOCTEM M MaTeMaTHYECKOH CTATMCTHKE
Ype3BbIYaHO BeNVKa W ee TPYAHO mnepeoueHUTb. HopManbHasi Modenb BO3HM-
KaeT B TAKMX CTATUCTHYECKHX SKCIEPUMEHTAX, KOTrda Ha MCXO[d IKCMNEpHUMEHTa
OKa3blBAeT BIHWAHKE OONBIUOE YNCNO HE3ABUCUMO AEHCTBYIOILMX Cly4yaiHbIX ¢ak-
TOPOB, KaXIblH M3 KOTOPBIX NUIIb HE3HAYUTENIbHO BIMAET Ha KOHEYHBIA pe3ylib-
TaT (CM. npuMepsl 2 U 4 BBeaenns). [InA Takux CUTyauuit WMeeTcst 3HaMeHUTas
//,;‘ U,eHTpcanc:sL | TeopeMa, Ha3biBaeMasn uer:mpcmwoﬁ npedensiioll meope-
i w2 MOl TEODUM BEepOSTHOCTEI (TEDMUH «LIEHTPaNbHas» OT-

npeaensHas Teapema
paXxaeT ee 3HaAYUMOCTB, TaK ee BriepBble HaiBan [bepab
Ioita), cornacHo kotopoit ecnu { X, X, ...} — nocneaoBaTebHOCTb HE3ABUCH-
MbIX OAUHAKOBO pacnpefeneHHbIX CNy4yaiHbiX BEAHYUH C NONOXNTEIBHOW AUCTEp-
cyed, TO MpelesibHOE NPU 7. — OO pacripee/ieHe HOPMUPOBAHHON HalUleXalluM
obpazom cyMmbl S, = X | +. 4+ X, sABndetcs HopManbHBIM, UMeHHO: npy n — o0

E(ST;:E) S N0, 1), (1)

roe p = EX,, ot = DX,. Bonee Toro, U3BecTHO, YTO NPH HEKOTOPLIX YCITOBHAX
npeneabHOe pacnpeaeieHne CYMMBl Sy, 0CT2eTCs HOPMATbHBIM, AaXe €CAY CAyYaii-
Hble BenuyuHbl X, X, 3aBUCHMBbI ¥ HEOZMHAKOBO pacnpeaefieHbl. Bo3MOXHO,
MMEHHO MO3TOMY HOPMabHbLIMA 3aKOH pacTipeie/eHUs BOZHUKAET KaK MOAXOMALAs
npubAUXEHHAA MOAEAb BO MHOMMX 0bacTaAX uccaedoBaHui. [To3ToMy B KOHKpeT-
HOM NpakTHYeCKOH 3ajdaye nMpH MOCTPOEHWH COOTBETCTBYIOLLEH BEPOATHOCTHOMH
MY CTAaTHCTHYECKOH MOAENM HacTO NMpeANno/aratlor, YTo pacnpeleseHue Kaxiaon
Hab1oRaeMoi BEIMUMHBL TPUONUXEHHO HOpMaibHO. B cuiny aToro cratuctHue-
CKMe METOMb!, pa3paboTaHHble A/if HOPMAIbHOM MOAETN, UMEKOT BECbMa WHPOKYIO
chepy NpUMeHEHHMI M, CleaoBaTeIbHO, XOPOWO 3HATh X — ovyeHb BaxHo. ([y-

aHkape  kak-To 3aMeTn ¢ CapKa3MOM, YTO BCE BEPAT B YHHMBEPCATLHOCTb HOP-
MaJILHOTO pacnpefieneHus: GUIMKKM BEPAT, MOTOMY, YTO AYMAKT, YTO MaTEMATUKH
AOKA3aJTH €ro NOTHYECKYI0 He0OX0AMMOCTb, 2 MaTeMAaTUK} BEpAT, TAK KaK CYUTAIOT,
yTo PHIUKM NPOBEPHIH 3TO NaGopaTOPHLIMYU BKCEpUMEHTaMHU [23, c. 49].)

o
MpeaensHbie TEOpEMbI O6wee 3amevanue. B (1) HaM BnepBble BCTPEYAETCA 3aMKCh
‘Hna L£(1n,) = £(n), XOTOpYIO Mbl AOXHbI OACHUTL. BO MHO-
TUX 3a1a4ax MATEMATHYECKOH CTATUCTHKU (M TEOPUHM BEPOSTHOCTEI) paccMaTpHBalOTCA
MOC/ENOBATENLHOCTH CIYYalHbIX BelnuuH {n,, n = 1,2, ..}, cxomdwmecs B ToM HaM
HHOM CMBICAE K HEKOTOpOMY mpedeny 7 (3va) (cnydaiiHO# BeTWUMHE MK KOHCTAHTE),

3) Myauxape Anpd (1854—1912) — Boumalolumiica GpaHILLYICKHA MaTeMaTHK, GHIMK, aCTPOHOM H

dnnocod.
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KOTaa n — 00, — B TAKHX Cy4asx roBOPAT O COOTBETCTBYIOIUX npedenbibix meopemax. MEl
OyaeM MCNONBL3OBATh B JAILHEHIUEM NHLIE ABA NPOCTEHILUMX BMAA CXOAMMOCTH, 6e3 KoTO-
PBIX HaM COBEPLUIEHHO HEBOIMOXHO 000 ATHCH: CXOOUMOCTbL RO GEPORMHOCTIU U CXOOUMOCTTb
no pacnpedenenuro, UK (CUHOHUM) crabas cxodumocme. HarnoMHum ux onpeaeneHus. [To-
CNeAOBaTeAbHOCTL {1),] Ha3bIBAETCA CXOAALLUEHCA MO BEPOATHOCTH K 1), €CAM

lim P{|n, —n|>€e} =0 Ve>0,
n—=0

P .

YTO KPaTKO 3aNUChIBAETCA TakK: 7, — 7). OueHb BAXHLIM [PH MUCTIONBIOBAHUMU 3TOM CXO-
.. P

AUMOCTH ABAAETCA Cneaylollee CBOMNCTBO: €CAH 1), — 7) K QYHKUHMA ¢ HenmpepbiBHa, TO

P
p(1a) — ¢(n). ()
[Moa cxonnmocTbio Mo pacnpeaeneHuio (¢1aboil cxoaUMocTbIo) [UTo KPaTKO 3anucuipacTca

TaK: £(Na) = L(7) wam 1, N 7| NOHMMaeTCs CXOAMMOCTb COOTBETCTBYIOWIMX (YHKLIAN
pacrpeneneHus

Fa(z) = P{n, < x}
K npeaeabHOM PyHKLWHM pacrpencieHus

F(z) = P{n < z}

B KKIOW TOYKe HempepBHOCTH mocieaneit: Fy(z) — F(z), ecan B Touke £ (yHKUMA
F(z) HenpepbipHa. K3BeCTHO, YTO M3 CXOOMMOCTH MO BEPOATHOCTH chenyet ciabas cxo-
[IWMOCTD:

P
N — 1 = L(n.) = L(n).
lMpumepoM CXOAUMOCTH MO BEPOATHOCTH ABAAECTCHA 3HAMEHUTBIA 3akox borbutux yucen:

€CNY CydaHHbIe BENHYUHDI 1)), 12, .. HE3ABUCHMbI, ONMHAKOBO pacnpesencHbl U UMEIOT
MateMaTtuueckoe oxuaanue En, = g, Tonpu n — oo

I
;(m o) (3)

npuMepoM xe cn1aboil cxonuMOCTH ABAAETCH UEHTPaNbHas npenenbHas Teopema (1), Dty
mpegenbHble Teopembl (MMM, Kak TOBOPSAT, acumnmomuveckuii nodxod) Mbl 4acto GyneM
MCMONb30BATh B AANbHEWINEM B pPa3fiM4HbIX CTATUCTMYECKWX 3ajayax, HO 3TO He ecTb
«[IPUXOTb» MaTEMaTHKA, 8 «CypOBasA» HeobXoaAuMOCTb, MBO

Acumnmomuveckud nodxod — 3avacmyio eduHcmsex-
HOA BO3MOXHOCTb, OMKPLIMAA CMAMUCMUKY 8 Cyposol

dedcmgumensHocmu,
An. Pycac

BepueMcs K HopManbHOM eNEHUIO U [po- vmwm . N
p pMalb ,y pactipenieaeHu p OMEHTH W CBOMCTBO I
JONXUM oOcyXIeHNe ero CBONCTB. YXe 0TMeuanocCh (Ho

BBULEJIAM 3TO 0COG0 BBUAY BAXHOCTY AaHHOI'O CBOICTBA),
yro ecn L£(€) = N(g, o), To

E{=p u D{=o’ (4)

Hanee, MOXHO NOKa3aTh, YTO BCAKAS AMHEMHAA KOMOMHALNS HOPMATBHO pac-

NpeSeeHHbIX CTYYaRHBIX BEIMUNH TaKXe NOAYMHSIETCH HOPMANbHOMY 3dKOHY.

BOCNPOW3BOONMOCTH
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IMycTh, B YacTHOCTH, cayyaitHble BenuyuHel X, , X He32BHCHUMEI U
LX) = Npi o), i=1, ,k
Ecnn ay, ..., a; v b — nocrosHHste, npuyeM a; # 0 xoTa 65l AR OOHOrO 3HaYeE-
HUSA 1, TO
Lo X, + +a X, +b) =
=N(a+ +appe+bd alol +  +aiok). (5)

B yactHocTH

X+ +X)=N+ +mot+ +ob), (6)

T.€. HopManpHoe pacnpeaenenne N (g, 0'2) SAIBACTCS 60CNPOU3GOOAUUM TIO Mapa-

METPaM 4 U o’ onHOBpEMEHHO.
HopmansHoe pacnpeaeneHue co cpenHrM 0 U auc-

//,,‘ CranpaprHoe nepcued | Ha3abiBaeTCsl cmMaHOapmubiM HOPMAAbHbIM pAC-
HOpMGNbLHOE npedesequeM, ero TUIOTHOCTh W (YHKUMS pacnpefciecHus
pacnpeneneHue o603HayaloTes yeped ¢ U @ (dbu Manoe u by Gombluoe)

COOTBETCTBEHHO, TaK 4YTO
T

p(x) = __\/15_;6,-:1/2 n &z) = f p(t)dt, —oo <z < o0, (7)

ST GyHKUMK npoTabynupoBaHbl U sl HUX UMEKTCA OOIIMPHDbIE CTATHCTH-
yeckHe TabnulIbL.

HakoHel, oT™MeTyM, uto ecnn L(€) = N (g, o2), o® > 0, To 1o ceoitctsy (5),
HOPMUPOBAHHAA cAYHaiinas eauuuna £ = (£ — jt)/0 MMEET CTAHIaPTHOE HOPMAih-
Hoe pacnpeaenenune M(0, 1).

C HOpMaJBHBIM PACTIPEAEEHHEM TECHO CBA3AHO OHO
WHTEPECHOE pacrpeneneHne, Ha3blBAEMOE A0ZHOPMAAbHBIM.
Mo omnpenenexuio, 3T0 pacnpeleneHne cAyyaiHON Besk-
yunsl ) = €5, e L(E) = M (g, ¢°). s nepBsIX ABYX MOMEHTOB 7} CIipaBe/UTHBhI
COOTHOLUEHUS

4
% Nornopmanshoe
_pacnpepenenme

E?’ — e}-l+0'z/2’ D"’ — (e(J'z _ l)e2j£+a'2 (8)

M3 ucmopuu: HOpManbHOE pacrnpeleneHHe, CTaBIICE KPaeyrofibHbIM KaMHeM
HAYKH O CIy4yaiHOM, ObIIO OTKpBITO (PpaHLYyICKMM MATeMaTHMKOM ADpaxamMoM
ae Myaspom (1667—1754) B 1733 ., 0 ueM OH COOGLNA HEKOTOPLIM CBOUM ApY-
3paM. B 3-M nagaHuu cpoeit kuurn «JokTtpuHa wakcos» (1756) oH Tak nucan
0 CBOEM OTKDBLITHH MHDOBOro 3HaueHus: «...Bo3sMy Ha ceba cMenoCTh YTBEPXARATH,
YTo ITO TpyAHeiwas npobnema o cnyuaitiom... ([le MyaBp, KaK 3To HM CTpaHMO,
He BKJTIOYUMJT CBOE OTKPbITHE BO 2-¢ u3naHne KHUru B 1738 r; nepsoe naganue 6m110
OCYLIECTBNEHO B AHIMA B 1718 1., Kyaa oH nepecxan i @panunu nocae otMeHst Haut-
CKONO 3IMKT4, KOTOpbIH NPeAOCTABAAA ryreHoTaM cBobomy Bepoucnosesanns) [23].
HexoTopoe BpeMsi CnycTs HOPMANbHOE PacnpeneieHune ObIO CHOBA OTKPHITO [ayccom
B 1809 r. 1 Jlannacom B 1812 r. B cB3IM ¢ pabOTAMMU MO TeOPHH OWKOOK HAGHOIE HUMA.
Jlannac pan nepsyo (cosepiuenHy0) GOPMYIMPOBKY LEHTPANbHON MNpeentHON Teo-
pemsl W npusen BoMbIIOe KOAMYECTBO BAXHBIX MPHIOKEHUA 3TOr0 pacnpencieHms.
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2. MHoromepHOoe HopManbHoe pacnpegeneHue

CnyvyaiHblii BekTOp § = (€1, ..., &) pasmepHocTH k > 2 MMEET Heaupoxcdennoe

(unu cobemeernoe) muozomepoe (k-meproe) Hopmanstoe pacnpedeneriue ¢ 8eKMopoM
cpednux p = (g1, , ) U Mampuyeii 6mopbix momenmoe (kKoeapuayuii)

£ = [|cov(é:, &)1

(o6osnavaetcs L(£) = NM(u, L)), ecau ero niotrocTs f(z|p, ) npu Beex z =
=(z1,-.. ,-’Bf.-) € Rk UMeEET BHUA

f(lp, 3) = @m) Pz exp {—%@ -#)' - g)}. )

=
3nech MPpHHATLI CICOYIOUINUE 0003HayeHHs, KOTOpbIE DneMeHTbl Gﬂl'espbl

OydyT CHCTEMaTHYECKH MCIIONB3IOBAaTLCA M B AATBHEHLIEM:

R* — 310 k-MepHoe eBkiMmoBo npocTpaHcTBO, |A| = det A — onpemenutens
matpuubl A I|a,-j||f paimepa k x k, A~' — obpaTnas marpuua A4, Koto-
pas CyulecTByeT, ecniu Matpuua A Heasipoxcdena (T.e. |A| # 0), npu MaTtpUuHbIX
OMEpalHAX BEKTOPhl MOHMMAIOTCA KaK BEKTOP-CTONOLBI, 3HAK ' (WITPUX) 03HA-

YaeT TPaHCMIOHMPOBAHHME, HAKOHELL, BhIpaXeHHE T AL €CTb NaKOHMYHas 3afHch
k

Ha A3blKe MAaTpUYHON anrebpbl KBaxpaTHYHOW POPMbI E @i;T;T; NNA BEKTOPA
v j=1

z=(z), ,z) c Marpnueh KoaddHuueHToB 4.
B (9) sextop p = E€ = (E¢y, .. ., E{) MoxeT ObiTh J11060i TOYKO R*, a ko-
BapMAaLMOHHAA MaTpuua L — TPOM3BOBHON cummempuveckoi (T.e. ¥ = )

H nofoxcumensho onpedesentol (T.e. Tz >0,V # 0) matpuueit (ee Ha3bl-
BAIOT TaKXe ducnepcuonnod mampuyeii v nuwyr DE = ¥). HanoMuum Taxxke, 4to
CUMMETPHYECKAS TTONOXHUTENLHO ONpEAENeHHaA MaTPHLA OBA3ATENBHO HEBbIPOX-
JileHa, 1 obpaTHas K HeH MaTpH1LIa TaKXKe ARIACTCA CAMMETPUYECKON MOJIOXKUTE/IBHO
OINpesesCHHOM.

Takum obpaizom, obuiee yucno NapaMeTpoB, KOTOPbIMH ONPENETACTCA HEBbI-
poxnenHoe k-mepHoe pacripesenenue N{(p, ), ¢ ydeToM cCUMMETDHYHOCTH MaT-

puubl T paBHo k+k(k+ 1)/2. BaxHeiwm1mu cBoiicTBaMu

- N
3TOr0 pacnpefefieHHs ARIAIOTCA CAEAYIOLKE: Baxweiwne W

ceoicrea N (g, X)
1) nexoppenrupoéannocms Komnonenm eexmopa £ 3Keuea- -

Aenmua ux iezaegucumocmu U

2) coXpaHeHMe CBOHCTBA HOPMAJIbLHOCTH MDY IMHEHHBIX Npeobpa3oBarUAX: ecau
n = LE, 20e L — npouseonsiasn (m x k)-mampuya, 10 L(n) = N(Ly, LXL'),
T. €. HOBBIf CIY4aiiHbIA BEKTOP 1} UMEET M -MEPHOE HOPDMANBLHOE pacrpenene-
HHE, TapaMeTPbl KOTOPOTO BLIYHCIAIOTCA 1O ONEHb IPOCTOMY NPAaBUITY: BEKTOD
cpeaunx En = Ly, a gucnepcuoHHan Matpuua Dy = LeL.
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Ilockoneky 31 ¢BOACTB2 MHOTOMEPHOTO HOPMAJIBHOTO Pacrpefe/ieHus Ype3-
BbIYAWHO BaXHbl, U MOCKOALKY HE BCE YMTATENH JOCTATOYHO 3HAKOMbI C MHOTO-
MEDHBIMH pacnpefeleHUAMU, MBI OOCYIUM MX HecKonbKo Gonee noapotHo. Mer
MOKaXeM, YTO Ha CAMOM [ele OHM O4YeHb NMPOCTO YCTa-
HABIMBAIOTCA, €C/IH BOCIOAbL30BATLCA aNMapaToM Xapax-
mepucmueckux QyrKyuil — BaXHeALWM UHCTPYMEHTOM
JOKA3aTe1bCTBA Pa3IMyHbIX TeopeM Teopum BeposaTHocTeH. Ho cHavana mbl xpatko
HanoMHUM UX OTIPENENCHUE W HEKOTOPLIE 13 KX OCHOBHBIX CBOHCTB.

XapaxrteprcTuieckas GyHKUNS NPON3BONBHOMN CyyaiiHOM BennuKMHbI (BeKTO-

%
% Xapaktepuctuieckue
PyHKLMHK

pa) X = (X, ,Xx), k> 1, onpenensercs dopmynoi
Uy (t) = Ee'tX,
roe ¢ — MHHMan exuHuua, t = (4,. ). —00 < t;<oo,3=1, k., n

FX=6HX1+  +tXy

— CKaJIgpHOe Npou3BencHUe BeKTOpoB £ U X,
XapakteprcTHyecKas (yHKUMA BCErna CYLECTBYET, ¥ A1S QMCKPETHOM chy-
YaHHOI BesMYMHE! ¢ MNoTHOCThIO f(z) = P{X = z}, £ € X, oHa BuivHc/sETCSH

no ¢opmyne y
Ux(t) =) et f(z), (10)

a U1 aBCONIOTHO HEenpeph!BHOM cnyyaitHOM BEMMYMHBL ¢ TNOTHOCTBIO f(Z) OHa
ecTb UHTerpan PuMaHa

\D;jﬁ):/eifz (z)dz, dzr = dz, .dz;. (11)
x

CoorsercTare, ycranorneiHoe dhopmyaamu (10) n (11) Mexay xapakTepucTi-
yeckoit PpyHkuueit Wy (£) n pacnpeneneHueM cnydaitHoi penuunnbt X (ee mior-
HocThio f(Z)), ABNSETCA BIAUMHO OLHOIHAYHBIM, T.&. 10 Y x () nnotHocTs f(z)
BOCCTAaHaBAMBaeTCR (OnpenensieTcs) ofHo3HauHo. Hanpumep, a1a omHomepHoit
OMCKpPETHOM cnyyaitHoit BennyuHer X ¢ mnoTHoctelo f(z), £ =0, 1,2, gop-

Myaa obpauieHus ectb
T

/ e T (t) dt, (12)

-7

1

)= —
fle)= o
eCc/n Xe cnydaiiHas BenuuuHa X uMeer mnoTHocTs f(z) u dyHkuus Uy (¢) a6-
COJIIOTHO MHTErpHpyeMa, To ¢opMyna obpalueHns UMeeT BUL

[a9]

f@) =5 [0 a (13)

—00
TaxumM 00pa3oM, pamInuHbIe CBORCTBA M3Y4AEMbIX CIYYARHLIX BEAUYHH MOXHO
hopMynnpoBaTh KaK B TEPMMHAX MX TJIOTHOCTEN, TAK U B TEPMUHAX MX XapaKTe-
PHCTHYECKUX DYHKLIMA.
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INepeuncnum teneps HeoOXoavMble HaM B NoCieny-
JOILIEM CBOWCTBA XapaKTepUCTHYeCKUX PyHXUHi. Taxo-
BbIX BCErO IBA.

. N
Caorictaa xapaxrepu- W
CTHYECKMX PYHKUMH

1. Jluneitnoe npeobpazosanue cay4aiinol sesuyursi. Eciy cnydaliHbiit Bektop Y =
= (Y),..., Y;y) nonyyaercs ns sekropa X = (X;, , Xi) ¢ nomowslo 1u-
HeitHoro npeoGpa3losanus Y = LX +a, rne L — npoun3asonsHas (mx k)-mat-
prua v g = (e, ,@p) — NPOM3IBOJLHBIA BekTOp (L U @ mocTosHHbI), TO

Uy () = 20y (L) (14)
2. Kpumepuii nezagucumocmu. Ecniy KXoMnioHeHTHI BexTopa X He3aBHCHMBI, TO

Ux(t) = VYxt) Tx(bs). (15)

BepHo ¥ 06paTHOe 3aKJIIOYEHHE: €CTM MMeeT MecTo padioxenue (15), To
KOMIOHeHTb X, ..., X HedaBucuMsbl. TakuMm oGpa3oM, npeacrasineHue (15)
ABngeTcA YIOOHLIM U1 paboTbl KPUTEPHEM HE3aBUCUMOCTH KOMIOHEHT BeK-
Topa X
TMocne 3TOro KpaTKoro 3kckypca B ofJlacTs TEOPHM BEpOATHOCTEH BepHEMCH
K 06CYXK1aeMOMY MHOTOMEPHOMY HOPManbHOMY pacnpeneneHuio N (g, &) u nanum
€r0 HOBOE (IpYyroe) onpeaeNeHHUe B TEPMUHAX XaPAKTEPHUCTHYECKO QYHKUHH.
Cryvaithbiit Bextop § = (&, &) nmeer k-mep- XapakreprcTueckas Q\\
Hoe Hopmaaskoe pacnpedenenue N(p, ), ecau e20 xapax- dyukuns N (g, T)
mepucmuveckan pyrkyua Y, (t) = E exp {at’ 3 } umeem suo -

| !
T (t) = exp {ifg - 5;’Et}, te R (16)

IT0 OnpefesieHNe LIMPE, YeM ofpeaenieHHe (9) HeBLIPOXAeHHOTO pacnpeneneHHs,

TaK KaK 3jiech He TpebyeTcs CywmecTBOBaHHMA 00paTHON MaTpHLb 5! Tem cambim
onpenenenue (16) ocraeTca B CMIE M B Clyyae BBIPOXUEHHON MaTpHubl X (T.e.
npu |L| = 0), — B aTom cnyyae pacnpeneneHve A (g, L) Ha3bIBAETCA 8bipOMCOCH-
Hoim (MU HecoBcmeenHbiM), N [T HETO YK€ He CYLLeCTBYeT k-MEepHOii MIOTHOCTH
THMAa (9). Ml He 6yaeM yray6nsThes Janiee B 3T TOHKUE BOTIPOCKHI, MOCKOMBKY B MO-
clIeLyIOUIeM Mbl 6YIeM UMETh AeJ0 JIMILL ¢ HeBbIPOXKIAEHHBIMHU pacnpeleleHHAMH.
ITog4yepkHeM aniib, 4TO B J11000M CJiyuae OCTAIOTCA CIIP2aBeIMBLIMH (OPMYITLI

EE=p n DE=X= Hcov({,-, @)HT (17)

Ec/m KOMNOHEHTbI BekTOpa £ HeKOpPeaMpoBaHbl, T.e. cov(E;, &) = 0 npu
1 7 J, TO AMCNEPCHOHHAs MaTpulia L CTAaHOBHTCA JMAaroHaIbHOM:

c:rl2 0
r= , TIe a}:ng, j=1...,k,

0 af
4 3aka3 1748
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1 opmyna (16) npUHUMaET BHI

. l
\I’é(t) = eXp {2(t1[1| ~+ + tkﬂk) - E(O'fti + + Jzti) }:

k 2
o
= H exp {itjpj - 7’)&?},
j=

T. €. NepeMeHHble £, i, pasfeNdAlTcad, U TEM CaMbIM XapaKTepUCTHYecKas
dbyHkuus ¥, (t) pacnamaercs B NpoM3BeNeHUE ONHOMEPHLIX XaPAKTEPUCTUYECKVIX
dbyHKumit komnoHeHT BekTopa £. 1o csoitcTy (15) 370 03HAYaET He3aBMCHMOCTS
KOMMOHEHT BekTopa €. UTaK, u3 HEeKOppPeaMpOBaHHOCTH HOPMaTbHbIX Cy423AHbIX
BEIMYMH CENYET MX HE32BMCHMOCTb, 3 IOCKOMBKY M3 HE33BUCUMOCTH CTYY2ilHbIX
BeTMUMH (c NioBbIM pacnipeneneHvem!) cielyeT UX HeKOPPETUPOBAHHOCTb, TO TEM
camblM COPMYIMPOBAHHOE paHee CBOHCTBO 1) 06 3KBUBAJIEHTHOCTU 3THX JBYX
CBOYICTB /1S HOPMAbHBIX BEIMYUH 0KA3AHO.

Eute npoiue ycraHaBinMBaeTcs CBOACTBO 2) 0 COXpAHEHUH HOPMATBHOCTH MPU
JIMHENHHBIX Npeobpa3zoBaHMsAX. [edCcTBUTENbHO, €CIH n= Lg , TO XapakTepUcTHYE-
ckas QyHKUMS BeKTOpa 7) paBHa B cuny (16)

V() = Ee'l? = Ee ¥ = BeEUE = 0, (L't) = exp {zt (Lp) - %g’(LEL’) t }
4TO €CTh XAPAKTEPUCTHYECKAS DYHKUMA HopMankHoro 3akoHa N (Lu, LEL').
Crnencravem 3TOTO CBOACTBA ARAAETCH CIEAYIOLLUH CDYHJIEIMCHTEUI_]:HI:Iﬁ pe3ynb-
TaT, KOTOPbli [I0K23LIBAETCA MPH [MOMOIIM BbIOOpPa COOTBETCTRYIOILEH MAaTpHLUb! L:
cosmecmuoe pacnpedeserue 006020 NOOMHONCeCMEA KOMNOKERM exmopad £ Aeanemcs
HOPMAAbHBIM, U COOMEEMCMEYIOUiUE NOOBEKMON BEKINOPU |4 U NOOMAMPULG Mampuysi
¥ Oydym gexmopom cpedHux u duchepCuoHHol Mampuueﬁﬁémoeo pacnpedenerus.
MHOroMepHoe HOpMaibHOE paclpele/leHue ¢ Hy-

CraHaapTHoe MHOro- 5
MEPHOE HOPMANIbKO® JeBbIM BEKTOPOM CPelHHUX (_;_1_ = 0) M eANHUYHOM dKC-

pacnpenenenne NMepCUOHHOU MaTpHUUEH

i 0
Yr=1-=
0 1

Ha3blBAETCHA CMaHdapmusim;, O COOTBETCTBYIOWEM CyYaitHOM Bekrope £ TaKxe ro-
BOPSIT KaK O CMaHOQPMHOM HOpMAabHoM sekmope. B 3TOM cyuae KOMNOHEHTbI
3TOT0 BEKTOpa ABAAITCA HE3aBHCMMBIMHM CTAHAAPTHBIMH HOPMaNbLHBIMU CIy4ai-
HBIMU BEIMYUHAMM, KaXas U3 KOTOPBIX MEET NJIOTHOCTb, YKa3aHHYIo B (7).

B a3akniouenue orMeTuM ellle OOHO WHTEPECHOE
CBOICTBO HOPMAILHOIO pacnpeaeneHus. B anrebpe go-
Ka3bIBAETCA, YTO /1002 CUMMETPHYECKASA TTOMTOXUTENTb-
HO OMpeneIeHHas MaTpMua X MoXeT ObITh NDHUBEICHR

Hoe npeobpa3osanue
HOPMGNEHOIC BEKTOPA
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C NOMOLULIO OPTOTOHANBLHOTO NMpeo6pa3oBaHKs, 3aA1aHHOTO OPTOTOHANBHOI MaTpH-

ueit U (r.e. U~' =U'), Kk aMaroHaBHOMY BMIY:
A 0
UTU=A= :
0 Ak

rme A; > 0,7 =1, ,k, — cobcTBeHHbIE (MM XapaKTepUCTHYECKKE) Yncia X.
Mycts Teneps L(§) = Ny, ) w = U'¢. Torna L(n) = N(U'p, A), T.e.
BEKTOD 7) 6yeT MMETb YKe HEKOPPEIMPOBaHHBIE (CIEN0BATEBHO, H HE3ABUCHMBIE)
komnouenTsl. [lanee, Tak Kak Bce A; > 0, To onpeneneHa AMaroHalbHasi MaTpHLA
-1/2
A 0
ATV o
~1/2
0 A
PaccMoTpuM Teneph cay4ailHblii BEKTOp
7= A—I/2(ﬂ B ulﬁ) _ A-l/zuf(g — ).

AT0 GyneT TakXe HOPMaNLHBIA BEKTOP C HyneBblM BekTopom cpeanux (EZ = 0)
M IMCNEpCHOHHON MaTpULEei ATVIAATI? = 1,r1.e. Z — cTaHAAPTHBIA HOPMANb-
Hblil BekTOp. TaknM 0Dpa3oM, eceeda MOXCHO ykazamb AuHeidHoe npeobpaiosatue,
nepeaodauiee Hegbipoxcdennviil (1) HOpmansHutil 6eKxmop & crandapmubili HOpMAAbHbIL
gexmop: 1N OCTPOEHHUs ITOro npeobpaloBaHus U HaAO PEWMUTL JUHEAHYIO CH-
cremy Y u; = )\jyj, j 1, ,k, nna onpenenenunsi COGCTBERHBIX BEKTODOB
U;, U U COBCTBEHHBIX YMCENT Ay, , Ay OIMCNEPCUOHHON MaTpuubl X, ¥ To-
ma i = |lu,  wll

Mbpl orpaHnunBaeMca 3TUM MHHMMYMOM CBEIEHHIT O MHOTOMEPHOM HOPMaNb-
HOM pacripenefaeHuu, n6o ckalaHo: «He noiTajica 06bLATL REOOBLATHOE — 3TO He-
BO3MOXHO!», U NEPEXOANM K cheaylolueMy (I1ocne HOpMaNbHOro) 10 3HAYMMOCTH
U WMPOTE NPUMEHEHHI HENPEPHIBHOMY PacnpeAcNeHI10, KaKOBbIM ABJISAETCS ram-
Ma-pacnpenefeHue,

3. Tamma-pacnpepenerue

Cayyaiinas BeqviuuHa { uMeeT 2amma-pacnpedenenue ¢ napamempamu a u X (a > 0,
A > 0): L(¢) =T(a, A), ecnn ee NAOTHOCTL UMEET BHA

xl—-le—z/a
f(zla, A) = T'(A)a?
0 npy z <4Q.

npu z =0,

(18)

3necs ['(A) — ramMma-cyHKUKUSA, onpenenseMas COOTHOILIEHHEM

o 9]

r@p:/}*%*dt A>0. (19)

0
4%
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TTone3Ho NOMHUTB CleAyIOlME BaXHbIE cBOMCTRA 3TOM PYHKUMK:
TA+ 1) =AC(A), A>0, T(l)=1,

cnenoBatensio, ['(m + 1) = n! wia Beex HatypanbHbix n; aanee I'(1/2) = v/,
CNEeNOBaTeNbHO, JUIA BCeX HAaTYPalbHbIX M 3HaveHue I'(n/2) rakxe Moxer GbiTh
BbIYMC/IEHO B AIBHOM BHAE; I8 OOJbIUMX 3HAYEHHH A

Dopmyno CTUPAMHIG  yyeeT MecTo acHMNTOTHYECKAA gopmysa Cmupnunea ).
T(A+ 1) ~ V2raxte™

(HaMOMHHUM, YTO «~» €CTb CHMBON aCHMATOTHYECKOH SKBUBANEHTHOCTH: @ ~ b
npu @, b = 00, ecan a/b — |; dopmyna CrupnuHra, urpalolas HCKIYUTENLHO
BaXHYI polb B MaTeMaTHke, bbuia gokasaHa B 1730 r., oHa yTBepxunaerT, yto n!
NpHBIN3uTeNLHO paBHsieTcss Vv 2mn(n/e)”; HesaBucumo ot CTUP/IMHIZ M paHblie
Hero dopMyay ana dakropranos n! X cv/n(n/e)” orkpsin Myasp, CTupanHr xe
Halllesl BUX KOHCTAHTBI ¢ = V/27).

B npexncraBnenun (18) a HaspiBaeTca napamempom macuimaba, a A — napa-
Mempom opmetr. HacTHble ciyuaun ramma-pacnpeaenetus I'(a, A) npu HEKOTOPLIX che-
LIMATLHBIX 3HAYEHMAX ITUX MApaMeTPOB MMeXT CBOM Ha3BaHug. Tak, npy A =1 pac-
npenenenne ['(a, 1) Ha3blBaeTcs noxazamenstoim (MW 3KC-
HOHeHKUANbHEIM) PAChpedeneHueM ¢ Napamempom Macuimada
a,a (1, 1) — cmandapmuoim noxazamensioim pacnpedene-
Huem: OHO 3anaeTcs noTHocTeo f(z|l, 1)=¢e"* T >0,

Eciu n — HaTypaibHOE YMCNIO, TO raMMma-pacnpe-

Pacnpegenenue x2 JeseHne ¢ napameTpaMu ¢ = 2 1 A = n/2 HasblBaercs
x2 -pacnpedeneruem ¢ n cmenenaMu c60600b 1 0b03Hava-
erca (2, n/2) = x’(n).

HakoHeu, npu HarypanisHbtx A (@, A) Ha3biBaeTca pacnpedenenuem Ipaauea
nopadxa X. DTO pacripefieleHUE CyMMbl A HE3aBUCHMBIX CAy4aHHbBIX BEMYHH C
OIMHAKOBLIM NoKa3aTeNbHeiM pacnpenenehuem (e, 1).

[IpuBeaem TaKXe BHA COOTBETCTBYIOUIEH XapaKTepu-
CTHYECKOM DYHKUMH

pacnpeaenexne

PYHKUMA 1 MOMEHTBI
U,(t) = Ee™

H MOMEHTOB:

Ue(t) = m te R (20)

n E¢® = @"I'(A + b)/T(X) npu b > - A, B yacTHOCTH,
E¢ =aX, D¢=d’A (21)

S Crupavir Jxeiime (1692—1770) — WOTAAHACKN{ MATEMATHK.
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BaXXHbIM CBOHCTBOM raMMa-pacrnpereneHs apiaeTcs ero Ceoiicrso n}\\
gocnpouszsodumocms 10 napaMeTpy GopMul A: eciiu CIy-

- BOCNPOKW3IBOOAMMOCTH
yaiiHble BesTMYMHBL X, , X HE3aBUCHUMBI U MPH ITOM

LX;)=T(a,X),j=1, Lk, 10
LXi+ +Xn)=Dla, A +...+ M)

Hakowel, otMeTHM crenyloltee monesHoe cBoitctso: ecnd L£(€) = T(a, A),
To 415 Mo6oi nocroauHoit ¢ > 0 L(cf) = I'(ca, A), B yacTHOCTH, eciM cIy4aii-
Has BenuydHa £ MMeeT CTaHAapTHOE Moka3aTenbHoe pacnpeneneque I'(1, 1), To
L(a€) = T'f{a, 1) — 3T0 CBOHCTBO WMCIONBIYETCA B ITOPUTMAX MOREAHPOBAHUA
(cm. §1.3).

Mogens raMMa-panpenaeseHus LIMPOKO MCMOMB3YeTCA B 321a4ax TEOpHM Ha-
OEXHOCTH M TEOPUH MAccoBOro obcayxuBanua. Ocobyto ponb UIpaeT MpH 3TOM MO-
KasarenbHoe pacnpenesnenye I'(a, 1). DToMy pacnpeneneHuio YacTo MOTYMHSIOTCA
CIy4aitHele IIMHBl MHTEPBATOB MEXIY MOCNeNoBaTENbHbIME MOMEHTAMHK HACTYI-
neHus coObITHI B, TaK Ha3bIBAEMBIX, TTYACCOHOBCKMX MOTOKAX, BPEMEHA «KH3HM»
Pa3AHYHBIX TEXHUYECKHX YCTPOMACTB U T. .

B 3ajayax MaTteMaTHYeCKOW CTAaTUCTHKM raMMa-pacrnpeleieHHe Urpaet 60Mb-
1yl ponb 61aroaapA TeCHOM CBA3H C HODMAIbHBIM PACNIPENENEHHEM, B YACTHOCTH,
TaM, € paCCMATPHBAIOTCA KBAIpaTHYHbIE GOPMEI OT HOPMATbHBIX CIYYaHHBIX BE-
mnuun. HauBonee spkuM mpuMepom ssaserca x°(n) = I'(2,n/2): 3To pacnpe-

OeSleHUEe CYMMBl KBaJpaToB Xlz + + X,%, rze X, ,X, — He3aBUCUMbIe
CTaHOapTHhIE HOPMaNbHbIE ClyYaiHble BEMHYUHEI (CM. ynp. 38).
IOpyroi BaxHbIA pe3yasTat coctout B caeaywoweM. Ilycrs (X, ..., X;) —

cnyyajtnas BbIGopka H3 HopmansHoro pacnpeneneHus N (u, 0'2). O603HaYUM

= _ 1 y_ 1 12
X=;:ZI:X, n S :;Zl:(x,- )
— N
Torna BenuuuHsl X 1 S He3aBMCHUMBI n NIpH 3TOM Teopemo @uwepa
— 0’2 n52 2
L = — Ll— | = - 1). 22
(X) N(ﬂ,n). a (az) X' (n-1) (22)

DTOT pe3ynbTaT U3BECTEH Kak 3HAMeHHTas «TeopeMa Puiuepa» (1925), 1 Ha HeM
OCHOBBIBAETCSI OFPOMHOE YHC/IO BAXHBIX PE3Y/ILTATOB B CTATUCTUKE HOPMATBH bIX
MOJENEeN.

4. bera-pacnpepenenue

Bema-pacnpedenenue Be(a, b), a > 0, b > 0, 3anaetcst TUIOTHOCTBIO

I'la+b) ,_, b—1
fala by = { T@E)® (| TF mem 0sEs<h ooy

0 B OCTIbHBIX CAYYasX.
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Ecan £(§) = Be(e, d), 10
e Df — ab
T a+b €F(a+b)2(a+b+1)'

B cyyae, koria ¢ = b = 1, 6era-pacnpeaenerne Be(l, 1) sBnseTcs paBHOMEPHBIM
pacripeaenesuem Ha uHrepsane (0, 1) (cM. caepyrownii nyHKT).
///« C OnMH U3 HanGonee BaXHbIX Cly4yaeB BOIHMKHOBEHMS
83b C FAMMQ-
OeTa-pacrpene/ieH s BbIPAXKAETCA CeYIOUIMM YTBEPXKE -
HUEM: ecau cay4aiinbie geausunsl X u X, Hesasucumol u
umerom zamma-pacnpedenenun U'(a, Ay) u T(a, A2) coomeememsenro, mo cayvainas
geauduna Y = X /(X + X;) umeem pacnpedeseriue Be(A, ;).
OTMETHM TaKXe, YTO HOPMMPYIOLIMA MHOXUTENDb B (23)

E¢ (24)

pacnpeaeneHnem

I'(e)T'(b) a1 -1
m:ﬂ/m (1-2)""'de

Ha3biBaeTcs! Gema-gyrxyueii v 0603HaYaeTcA

Tla)l’d

Ba. by — [@T®)
I'(a + b)

(otclona v Ha3eaHue pacnpeaeneHns Be(a, b)).

5. PasHoMepHoe pacnpepaeneHue

Pagromeproe pacnpedeaeriue U(a, b), —0o0 < e <b< 00, UMEET NOCTOAHHYIO NAOT-
HOCTb Ha uHTepsane [a, b|:

1
<z b,
flzla,b)=4 b—a 'PTEST (25)

0 B OCTaNbHbBIX CAyyasX.

a+b _(b~-a)?

= D
2 ¢ 12

PasuomepHoe pacnpenesicHue ld(a, b) onuceiBaer npouecc «Bbfopa TOUKH
Haynady» B nHTepBane [a, b]. Tak, ecnu [a, b] — uHTEpBan MeXIy NOC/1€10BaTENb-
HbIMW OTNPABACHUAMH aBTOOYCa OT OCTAHOBKM, TO BPEMs OXMWAAHHUS NACCAXKUPA,
He 3HAIOLIETO PAcTMCaHUa UM NpUlleAero Ha OCTAHOBKY, eCTh ClyyaiiHas Befu-
ypHa ¢ pacnpeaenennem U(e, b). Pacnpenenexue L4(0, 1) urpaet ocobywo pons
B METOAaX MOAEAMPOBaHUs C NOMOLIBIO KOMIMLIOTEDPOB CNYYalMHbIX BeIMYUH C 3a-
paHee 3aJaHHBIMY pacnpeaeneHUaMu (06 3ToM noapo6HO 6yaeT uaTh peun B § 1.3).

(26)
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TaknWe METONBbl ILMPOKO MCIOMB3YIOT WIS MPUOTHXKEHHBIX BHIYKCTEHN MHTErpa-
0B, pelueHus AU GepeHUHATLHBIX U HHTETPATbHBIX YPaBHEHHH U T. 1. (CM. Takxe
npumep 7 BeeaeHus).

6. Pacnpepnenenne CrbiogeHra

CrelofneHT (Student) — nceBAOHUM aHrauickoro ctatucTika Yunesama /1. Toccera,
BNEpBble HCIonb30BaBwero 310 pacnpeneneHue B 1908 r. C 1899 r. oH paboTtan B
JlybnuHe Ha nYBOBapeHHOM 3aBoAe [MHHecca, W ero HaYalbHUK HACTOAN Ha TOM,
yTo6H JocceT mucan noa ncesnoHuMom. Io onpeneneHuo, pacnpedenenem Cmoto-
derma (cuHOHMM: t-pacnpedenenue) c 1 cmenenamu c606006t S(n) Ha3bIBAETCA pac-
fpefeneHue ciydyaiHoil BenuyuHel (cmorodenmosa omuouieHus)

= 1)

VXa/n
TIe CayuaiiHble BeTHYMHB € M Y5 HE3aBUCHMBI U TIPH 3TOM L&) = N(0,1), a
L(x}) = x*(n). MnoTHocTs f(z|n) 3Toro pacnpeneneHus uMeeT BUA

| P(E‘j_l)( .

—(n+1)/2
l+—) —00 < T < 00. (28)

f(zln) =
VT n n
1" —
2
[TpupeneM THUMUYHBIA CTATUCTHYECKUH MPUMEp, TAE CTaTheTHye CKUi »\\\
BO3HKKaeT 3T0 pacnpemenenue. Iyets (X), , X,) — npumep

cyvaiiHas BeIGopKa u3 pacnipeaenenuns N (6, 6% ) (T.e. pac-

CMaTpHBaeTCs HOPMa/lbHash MOAE/Nb ¢ HEW3BECTHBIMU CPEAHUM 3HAYEHUEM W AMC-
nepcueit). Torna B cuny reopembl Puiuepa (cM. (22)) cThioneHToBO oTHOWEHKE (27)
PUMET BUA

n X-86 X-9
by = vn L =,/n(n~1) S (29)
¢, nS 02 n Y
n—1° Z(X:' - X)
i=I
u npu 3toM L(t,_;) = S(n — 1) (He3aBUCHMO OT 3HAYEHUA HEMIBECTHLIX Mapa-
MeTpoB!).
Ecnu cnyyaiinan penvuuna X vMeer ¢-pacnpenenenve S(n), To npu n > 2
n
EX=0 n DX = : (30)
n-2
B cnyuae, koraa n = |, t-pacrpeneneHue Ha3bIBaeTCs pac- Pacnpenenetue n*\
npedenenuem Kowu™ — 5To pacnpeneneHue OTHOMIEHUS Kowwu

") Kown Ortocren Jyn (1798-1857) — dbpanuy3ckuit MaTeMaTHK, MHOCTPARHLIH MOYETHHR WieH
MetepGyprckoit AH (1831). OauH M3 OCHOBOMONOXHUKOB TEOPHH BHANUTHYECKUX (YHKLIMA.
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JBYX HE3aBHCHMBIX CTAHAAPTHBIX HOPMATbHBIX BETHYUH, OHO UMEET MIOTHOCTh

flolt) =

7 1+z2

—00 < T < 00, (31)
ero xapakTepucTueckas dyukuns ecth ¥(£) = e 1 1 Hero He cywectayror
MOMEHTEI, B TOM YHC/le M MAaTEMATHYECKOE OXMAaHHe.

Pacnipesenedve Kol HHTEPECHO CBOMMH CBA3SAMM C IDYTMMM pacrpeferne-
HMAMY, BOIHHKAET B HEKOTODBIX (PH3NYECKUX 3aa4aX, CBA3AHHBIX C BAYKAAHNEM
YaCTHL, UMeEET DS OPUTHHATBHLIX aHATUTHYECKHX CBoiicTs. Hanpumep, mo 3ako-
Hy Kown pacnpesesneHa GyHKUHA tg 9, [ie CAY4aiiHAA BEAMYHHA 7) PaBHOMEDHO
pacnpeneneHa Ha uHTepBane [—-m/2, w/2].

7. Pacnpepenetue CHepexopa

Ilo onpepenennio, pacnpedereniuem Credexopa ¢ M u m cmenexamu céoboder (06o-
3Hayaetcs S(n, m)) HasbIBaeTCa pacrpeneneHne CAy4yafHONW BeTUYMHDbI
2 2

_Xo Xm _ R Xn

Fﬂ. =—_, 32
L n m nxgn ( )

. 2 2

/ﬁ The ciyyadHele BEMHYMHBL X5 U Xy, HE33aBUCHMBI U UMe-
.. 2

-W-!pcllcn'pI Sonenerve 10T X~ -pacnpeleNeHus ¢ 1 U M CTeMeHIMH CBOGOIbI COOT-

ReTCTBeHHO. YacTo 3To pacnpefieieHue HalbiBaeTCH TaKKe

F-pacnpedeneruem nnv pacnpedeneruem Quuiepa.
[notHocte f(z|n, m) pacnpepenenus S(n, m) vumeer sul

n+m
(T
2 2

u f(zln,m)=0npu z < 0.
P IJTO pacnpenciieHne HUIpPaeT B CTaTUCTHUKE BAXHYIO
) -
% Cratuctnyeckuia poJib, TAK KaK OTHOLUEHHE HEKOTOPbIX HE3aBUCUMBbIX KBa-
MPHUMED i,  PATHYHBIX (pOPM OT HOPMATLHLIX CTYYaiHbIX BETUYUH TTOA -
yuHAeTca F-pacnpeneneHH0. BoT oMH KM3 COOTBETCTRY-
IOLLUX MPHMEpPOB.
Mycts (X, ..., Xp) — cnyyaitHas BbIGOpK2 H3 HOPMANIBLHOTO paclipefeNeH s

2 y .
Ny, 0,2 (Y,...,Yy,) — HelaBUCHUMasA ¢ nepBoM CTyyaitHas BHIGOpKa M3 pac-

npeaefeHus N(uz,az). Torma mpu n 2 2, m 2 2 UM MoGLIX fy, My W o’

OTHOLIEHHE
n

ﬁ > (X - X)’
Fn—l,m—l = = (34)

m

(m_l__ﬁz(y‘__?)z

i=I
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Gyzet uMeTs pacnipeneneHue S(n — 1, m — 1), yto cneayer u3 Teopemst Ouinepa
(eM. (22)).
CpenHee u aucnepcus cny4aitHoi Benuuuusl Fy, o, umelot Bua (npu m > 4)
m 2m*(n+m—2)
EF, ,, = u DF,,= . 35
" m=2 T a(m - 4)(m - 2)? (33)

8. Pacnpepenenue Beiibynna

Pacnpedenenue Beiibyrna W (a, a, b) 3aBucuT b obuieM caydae OT TPex napaMeTpoB:

napamempa coeuza (nosoxcenus) a € R', napamempa gopmer @ > 0 w napamempa
Macumaba b > 0 u 3a0aeTcs GyHKUKER pacnpeseneHus

Fg(m)zl—exp{—(x;a)a}, T2a (36)

(Fe(z) = 0 npu z < a). 3nech

E§=a+bI‘(l+—Cl;) n Dg:bz[r(wg)—rz(wé)] (37)

YacrHelit cnyyait Wa, 1, b) uaBecTeH Kak deyxnapamempuyeckoe nokasamens-
noe (3xcnonenyuanvioe) pacnpedenenue, a Wia, 2, b) — kak pacnpedenenue Penes.

9. Pacnpepenenue Napeto

Cnyuvaiinas BenuuuHa £ uMeet pacnpedeserue Ilapemo B¢ napamempamu Ty U o

(zg, a > 0), ecnu ee NAOTHOCTb TAKOBA:

a:cf,' n r>c
PH 0»
f(eleo, @) = { 2°*! ~ (38)
0 B OCT&IbHBIX Cly4asXx.

3To pacnpeeneHue NPUMEHAETCH B KAYECTBE NOAXOAALLEH MOIENH WIS LLIMPOKOT'O
Knacca SMIMUPHYECKUX HAONMIoNeHU i, OTHOCALIMXCA, HaMpHMep, K pacnpeaeNeHuI0
NOX0Mla, pa3Mepa ropoIoB UMW YACTOTHI CNIOB B A3bIKE.

Ecnu B (38) @ > 2, To cnpaBefnuBel clenylouide GopMyisl IS T1EPBBIX ABYX

MOMEHTOB. 7

azLg az;
E¢ a-1 " ¢ (a -1 (a-2) (39)
10. Pacnpepenenue fiupuxne
Pacnpedeﬂeuueﬂupuxaeg) D(a), tne a = (ay,...,ax), a; >0,i=1, |k, —
napamMempu4eckiiii 6exmap, 3a1aeTcs MAOTHOCTLIO
Moy + + o) 4 ag—1
zla) = zy" )t r=(z,, ,Tx)€E, (40)
f( ) F(al)...F(ak) 1 k ( 1 ) (

B TMapero Bunbdpeno (1848—1923) — uTanbAHCKMI IKOHOMUCT W COLMONOT,
% Hupwxne Tetep Iycras (1805-1859) — neMeuKHi MaTEMATHK.
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rae £ — eqUHUYHBIA CUMILUTEKC:
E={£ 0<z; <, i=1, .k z,+ -|-g;k=1}_

CpapHenue dopmynst (40) ¢ dopmynoii (23) ana nnotHoctH Oeta-pacnpene-
JIEHUA 1OoKa3biBaeT, YTo pacnpenenaenne Oupuxine npu k = 2 cBoautcs K Gera-
pacrnpele/ieHuIo, [103ToMy pacnpeleneHue D(q) nHOrI2 Ha3bIBRIOT MHOZOMEPHbIM
bema-pacnpedeneruem.

Ecnu £(§ = (£,... .&)) = D(a), To nepsble ¥ BTOPble MOMEHTSI CTyYaii-

HoTo BekTOpa £ MMEIOT BUR (Aanee o603HaYeHO @ = a; +  + ag):

@ _aila - a;)
K=o D= aXa+1)’
Q; &y (4])
cov{{;, &) = _52(?:_1—)’ L # 7,

npu 3toM L£{§;) = Be(aj, ¢ — ;) (em.n.4), i =1, k.

Jamevanue. OOpaTvM BHUMAHKE HA TO, YTO B JAaHHOM C/Iy4ac KOOPAVHATH BekTOpa £ CBsi-
3aHbI TUHEHAHbIM cOoTHOWEHMeM & +... 4+ & = 1, U3 KOTOPOTo OHA U3 HUX, CKaxXeM i,
MOXET ObITh BbIpZKEHA epe3 OCTNbHbIe: =1 —& —...— &~ . ECN, B COOTBETCTBUH
¢ 9TUM, B (40) nepemenHyio T, 3anucatbKak 1 —2,—...—Z;_;,To f(z|a) Gyact oGbIyHO#M
(k- 1)-MepHoit nnoTHOCTHIO pacnpeaeneHus cayyaitHoro sektopa (£, .. ., £4- 1), KoTopas
MONOXHKTENbHA B TeX Toukax cummickea S C R* ™', me 0< ¢, < 1,i=1,.. ,k—1,
nd<z + + x4 < 1. UmeHHo npu Takoit uHrepnpeTaunu hopmynss (40) Mbl mo-
nyqaem npu k = 2 npeacrasnenne (23). Janee, Tak Kak HHTErpan ot miotHoctu f(z|a)
no cuMmnekcy S aomkeH ObITL paBeH |, TO Mbl NoJTy4aeM GopMyny

F(a,). F(a*)
Ma +...+ap)’

./1‘?‘_' ez T I —zy — )™ ey day, = (42)

5

M3BECTHYIO B AHATM3E Kak gopmyaa (unmeepan) Qupuxre (310T
Qopmyna Jupuxne uuTerpan 6bu1 Bnepsuie wccacaorad [1. Qupuxne B 1839 1
i 3TUM 0DBACHSETCA Halpauue pacnpeaencua D(a)).

11. NpeoGpazoBaHuA CAYYAHHBIX BeAUYUH U BEKTOPOB

Mul 3aBepiuaeM pa3roBop 06 OCHOBHBIX BEPOATHOCTHBIX pacnpeleseH X TeXHHU-
YECKUM, HO COBEPLIEHHO HEOOXOAUMBIM 1A NMOCAEAYIOWETO pa3aeioM, B KGTOPOM
Mbl HAMOMHUM HEKOTOPbIe POPMYJbI U3 TEOPHH BEPOATHOCTEN, KOTOPLIE YacTo HUC-
MOJb3YIOTCH LSl HAXOXAEHUS ABHOTC BUAA pacnipeaeneHUi nNpy rpeodpa3zoBaHunsx
Cny4aiubIX BEAUYMH. Brille MBI yXe BCTpeyainch ¢ NMPpUMEpaMM TaKnx npeobpa-
3oBaHHUi. Tak, B M. 2 Mbl YCTAHOBHIHX, K@K BbIYUCIUTL PacrlpeaesieHUE JHHEHHO
1peo6pa3oBaHHOTO HOPMATbHOTO C/1YYaiHOTO BeKTopa. Ho ecth U 3a1aum (C HUMM
Mbl BCTPETUMCSA TOXE), B KOTOPbIX HEOOXOAMMO MMETb Je/0 ¢ Npeodpa3oBaHUAMM
HE AMHEAHBIMY, 2 §0JIee CNOXHBIMM, Kak TOBOPAT, PyHKuUKOHaNnbHLIMU, [lo3TOMY,
XOTs COOTBETCTBYIOLUKE (POPMYJbl TOPA3A0 COXHEE, HO 083 HUX HaM He OOONTHUCS,
W MH MIX 3€Cb MPUBEAEM MUIS MOCHEAYIOUIKX CCBINOK HA HUX.



§ 1.2. OcHosHbie abCoMOMHO HenpepeiaHsie Modenu 59

HauHeM ¢ npocTeLLero c/yyas cgue- Macumabiozo npe~  Cpgyur-macwrabHoe »\\\

obpazoeanus cny4aiiHoi sennyuubl €. Tlycts £ MMmeeT He- npeo6pa3oBanme
npepbiBHYIo GyHKUMIO pacnpenenenns Fe(z) = P{£ <z}

PaccMOTpHM Npou3BosibHOe NUHeiHOe npeobpadopaHue 77 = af + b, roe a > 0,
bc R' Torna ouesnaHo, 4T0 dyHKuHA pacnpeneneHHs npeobpa3oBaHHOW clly-

YaKHOW BE/TMYMHBLI 7) PABHA
r—b

Ecau, kaK W Bobiwe, yeped f(z) 0603HayaTh MIOTHOCTh MCXOQHOM BENHYMHBI £
(f(z) F{'(:n)), a 4epe3 ¢(Z) — MIOTHOCTb NMpPeoGPA3OBAHHON BEUYMHD! 7}
(9(z) = Fy(z)), To B TepMMHaX MIOTHOCTeI! Mpe/blylLEe 3ANNILETCS TaK:

y(a:):lf(x;b)- (43)

a

B 3tom cnyyae b Ha3wiBaloT napamempom cdsuza (noaoXcenun), @ — napamem-
pom macumata. B CTaTUCTHYECKKX 321a4ax YACTO CUMTAETCH, YTO HCXOOHAS MJIOT-
HOCTb f HaM M3BeCTHa, a NapameTpb! a W b (WM OOUH H3 HUX) HEU3BECTHBI,
TaKylo Moflend (43) Ha3blBalOT cdeuzomacuumabrold. B 3TOM cnyyae HablofaeMast
clyyaHHasi BeJIH4MHA 7 NpeANOJaraeTcs NOAYYEHHON C MOMOLUbI0 HEKOTOpOro
NKHeitHOro npeoOpa3osBalua Haa «CTaHAAPTHOM» CAyyallHON BeanynHOM £, pac-
npejefieHHe KOTOpOit MOJHOCTEI0 W3BECTHO. TakuM 0Opa3oM, CABAroMacluTabHas
MoOZe/b ABASETCA CreunanbHOR opMoii obuiei nmapaMmeTpuyeckoit Moaenu. I1pu-
MepaM# COBHIroMaciuTaOHbIX MOAened ABNAIOTCS HODMarbHash MOAENb N(p,az)
(3nec @ = o, b = p, a craHaapTHbIM siBasiercs pacnpeneneHue A (0, 1), 3ama-
BaeMoe ¢opmynamu (7)), nokasarensHas Mofiens ['(e, 1) (3mech uMeeTcs TonbKo
O0KXH MapameTp MacliTaba a, a CTAHAAPTHLIM ABAKETCA pacrnpeneseHue F(l, 1,
onpeneneHHoe B 1. 3), paBHOMepHoOe pacnipedeerne U(a, b) (3nech «cTaHAapTOM>»
sipngercs 2 (0, 1)) u T a. CasuroMacurtaGHble Npeobpa30BaHMSA 4YaCTO MCTOAbIY-
IOTCS B 3aJla¥yax TEOPMH BEPOATHOCTEH M MATEMATHUYECKOM CTATHCTHKH.

[lepeiipeM Teneps K 0OLUEMY Cay4ald NPOU3IBOJILHOTO Obuwee
dyHKunoHanbHoTo NpeobpalosaHus. [1ycTh cyyanHblit Bex- byHKUMOHANbHOE
top X = (X, , Xi:) vMeeT aBCoONIOTHO HENPEPLIBHOE npeobpasosarie
pacnpeneienue ¢ MotHoctsio f{z), £ = (zy,..., ZTx) €
€S C RF u h=(h,....h) §— RF — NPOH3BOJALHOE B3AUMHO OHO3HAYHOE

M raagkoe (T.e. BCe YacTHble npouasoiHbie Oh;(Z)/0T; HenpepbiBHbI) Npeobpa-
30BaHHKe, AKOOHAH KOTOpOro

oh,(z) Ohy(z)
oz, oz,
J(z) = det ||-
Ohy(z) Ohi(z)
oz, oz,

o
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He oOpauiaercs Ha S B Hynb. Toraa NJOTHOCTh pacIipeae/IeHUs 1peofpa3oBaHHOIo
cnyvaiiHoro Bektopa Y = h{X) = (h.(l), ) hk(i)) MMEET CEAYIOLIHIA BUL:

f(b~' (@)
= = y=(y, |, h(S), 44
rae ™' — ofpatoe K h npeoBpasosaHue: b’ (_I;(g)) =z.

Jta «cTpaluHas» (B culy cBoeit oBlHocTH) dhopMyna
Ha CaMOM Jie/Ie Yalle BCEro npuMeHsercs B Golee «Ipo-
3pavyHBIX» YACTHBIX C/Y4aaX, ABa U3 KOTOPbIX Mbl BbiaenuM ocoGo. Ecnin k =1, 1o
peyb UaeT o npeobpa3oBaHuM crydailHol pemuurnbl: Y = h(X), rae h(z) — B3a-
MMHO OJHO3HayHas rlagkas QYHKUHS C HeoOpalUAOLEHCA B HY/Ib TPOM3BOLHON.
B atoM cayyae ¢opmyna (44) mis WIOTHOCTH Y npuHMMaeT Bua

o) = L (h"'))

[P (') |

® IHns cayyas nuHeidHoro npeodpazosanus: Y = AX + b
np |A| = a # 0 dopmyna (44) KOHKpPETHIHPYETCA K BUOY

Ay —
oy = JA D) )

= lal

HactHble cnyyau

(45)

npeobpasobaHmne

(s omHomepHoro cayvas k = 1 dopmyna (46) coouTtes K (43)).

9tu asa cnyyas (k = | ¥ nvHeiiHoe npeo6pa3losaHue) yallle BCEro W BCTpe-
yaloTCA B NPUIOKEHHAX. B 3akniouenne npusegem A8a WITIOCTPaTUBHLIX (HO no-
NMe3HBIX /U151 JaibHei1lero) npuMepa UCMonb3oBaHus THX GOpMYJI.

Npumep 1. Mycts £L(€) = U(O, 1), T e. £ uMeeT CTaHAaPTHOE PABHOMEPHOE pac-
npegenedue, u n=—Iné. 3aece f(z)=1,2€(0,1), h(z)=—Inz, h'(z)=—-1/z,
h_'(y) =€ ¥ y > 0, nostoMy no copmyse (45) ruroTHOCTbL TpeoBpa3oBaHHOI
cny4aiiHoit BenvuuHbl 1) ecTh € ¥, y > 0. Taknm o6pa3oM, B DaHHOM Ciyuae
L(n) =T(1,1), T.e. n MMeeT CTAHAAPTHOE MOKA3ATEALHOE pacnpeneneHue. STOT
baxT MCoAbIYETCA NPY MOAEJMPOBAHMM M0KA3aTEAbHOIO paclipeneneHus, 0 Yem

6yneT UATH peyb B ClieAylolleM naparpage. °
//,‘ Monyuenne Hopmansreix  Mpumep 2 (Hemuoro 6onee CnoXHbId, HO noyuu-
CNYNOMHBIX BEAMYMH TeNbHbIA W QYeHb mone3Hwiit!). TIycth cayyaiuble
M3 PaBHOMEPHBIX senudnusl X, u X, nesasucumsl 1 £(X;) = U(0, 1),

1 = |, 2. PaccMOTpUM HX 1npeobpa3oBaHue

Y, =+/-2In X;sin 2rX;), Yo =+/-2InX, cos (2rX,) (47)

u Haitaem pacripenenerue napol Y = (¥, Y3). 3nech

¥ = hy(z), 27) = v/ -2In T sin (27r,y),
¥ = ha(zy, 27) = \/—21Inz; cos (27z,),
(zlﬁxZ) € (0) 1)2,
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W BCe YCNMOBMS MPUMEHUMOCTH Gopmysbl (44) BuinonHensl, Mmeem

dh((zi,z;)  sin (27Z,)
5;El - Il\/—ZIDfBI,
Ohy(z1,27)  cos(2mzy)
8z, z,v/=2Inz,
oh\(z,,
.__'gj_gi) = 2w/ —2Inz cos (2mz,),
2
Ohy(z),
%@ = =2/ -2lInz, sin 27z,),
2

0TKy#a HaxoauM AkobuaH J(&,, T;) Hauero npeoGpa3oBaHUA: ITO ONPEAETUTEND

sin (27 z;) cos (2mz,)
v -2Inz, z,v/-2lnz, M

J(z,, z;) = _
(331 222) ., z)

2m+/=2Inz; cos (2w z,) —27+/—2In z, sin (2rz;)

IMocKonbky coBmecTHan naoTHocTs naps! (X, X;) B naHHOM Citydae ecTb NpPOH3-
BeNEHHE paBHOMEDHBIX ILIOTHOCTEH Ha MHTepBaiax cooTBeTcTBeHHO 0 < T, < 1
m0<z <1, 10 flzi,23) = 1, (z1,22) € (0,1)%, u B cuny (44) ioTHOCTH
g(y1, y2) npeobpasosanHoi napel (Y}, ¥3) ecte z, /21 Ocranoch BBIPa3uTh I,
yepe3 (Y, ¥2). B JaHHOM ciyyae 5TO O4eHb POCTO, TaK KaK Y Hac

yl +yl = -2Inz,.

Orcrona
|

z) =exp{—5( f+y§)},

W OKOHYATEJILHO NMOoayvyaeM, YTO HCKOMaA IUTOTHOCTE UMEET BHA

i i
9y, ) = 5y EXP {—E(yf + i } (y1,4) € R

Ho 3To ecTh AByMepHas CTAHAAPTHAas HOPMAIbHAfA MIOTHOCTE (CM. I 2), T.e.
Y =(Y,Y))

ABMSIETCA CTAHIAPTHLIM HOPMAILHBIM CAyYaHHBLIM BEKTOPOM (Ero KOMITOHEHThI
HeaaBucuMbt M L(Y;) = N (0, 1), i =1, 2).

TakuM 06pa3oM ¢ NOMOWIBI) «XUTPOro» npeobGpazoBaHus (47) MBI MOXEM MO-
Ny4aTh U3 HE3ABUCHMBIX CTaHAAPTHBIX PaBHOMEPHO PAcMpemeNeHHBIX CTyyail HbIX
BEJIHYMH (T. €. B ONpefeseHHOM NJlaHe — NPOCTEHIUMX CTydaitHbIX BETHYUMH) Heda-
BHCHMBIE X€ CTaHA2PTHbBIE HOPMANBHBIE CIIYYaiHble BEIMYUHB]. ITOT PaKT TakXKe
MCTIONB3YETCA B @ITOPHTMaX CTATHCTUYECKOTrO MONENHPOBAHMA (CM. CEIyHONIHil

naparpad). .
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Jamevanmne. B cBa3u ¢ mocneaHUM nmpuMepoM O6pATHM BHHMaHWE 3AMHTEPECOPAHHOTO
YUTaTeNA Ha CACAYIOLMH HI0AHC. B naHHOM chyuac Ham He noTpcOOBanOCH BHIMHC/ATh
MOIHOCTLI0 oBparHoe npeoGpasopanue h~'(y), T.¢. Haxo4uTb 06c O6paTHble (yHKLMH
T, = Z,(y1,y2) ¥ T; = T2(y, ¥2): NOCKONLKY IAOTHOCTL f 3AECH NOCTOAHHA, @ AKOGHaH
J(z), ;) 3aBUCHT AULb OT T, TO AOCTATOYHO 3HATL AKILL NEPBY0 06paTHYI0 DyHKUMIO
T, = (1, ¥2). NonobHoe 06CTOATENLCTBO BCTPEMAETCA AOCTATOUHO YacTO B Janayax,
CBAJAHHBIX C UCMONLIOBAHUEM (hopMyibi (44). TT03TOMY B KOHKPETHBIX 3aJauax He HaIo
TOpONUTCA BbiuucaAts b~ (y): CHauana Hamo DLIMMCAWTH AKOGHMaH J(z) ¥ moayuntsb

aBHoe BoipaxeHue ana f(z)/|J(z)|, a 3atem, B 3aBUCHMOCTH OT BHAA 3TOTO BHIPAXKEHWA,
yXe DElaTh 3anauvy ero MpencTaBIcHMA 4EpPe3 HOBYI NEpeMeHHyl0 y DB obuleM, Kak
roBOPH/IH Hawu yMHbIe Npeaku: «Festina lente» — toponuck MemenHo (OkrtapuaH Asryct
(63 r. no H.3. - 14 . H.3.), pUMCKUil UMDEpaTop).

HanvHeiiture cBoiicTBa pacCMOTPEHHbIX KOHKPETHLIX BEPOATHOCTHLIX pacnpe-
feneHui (Kak TOUHbIE, TAK M ACMMNTOTHYECKME), A TAKKE CBAIM MEXIY HUMY
00CYXOAOTCA B YIPaXHEHHUAX B KOHLE IJ1aBbl.

§ 1.3. MogenupoBaHue Bbi6opoK
M3 KOHKPETHbIX pacnpenenenuu

Tounocmes pesyssmama He moxcem Goimb
golitie MOYHOCMIL UCXOOHX aHiibiX.

Jns1 uaydeHus Y npakTUUeCKod WimocTpauuy 3QPeKTHBHOCTH PAITUUHbIX CTATH-
CTUYECKUX TIpoueayp HeoOxoaMMo uMeTh Habopbl KOHKPETHLIX 3KCMEPUMEHTANb-
HLIX JaHHbIX, KOTopbie MoXHo Obuto Db paccMaTpHBaTh B KayecTBe pealu3almi
HEKOTOPOIt CiyyaiiHOM BENMUYMHBL £ C UIBECTHBIM 3aKOHoM pacnpeneneHus L(£).
O6pabarbiBasl 3TH AaHHblE M0 COOTBETCTBYIOWEMY CTATHCTHYECKOMY aNropuTMy,
Mbl B 3TOM C/iy4ae MonydyaeMm BO3IMOXHOCTh CPABHMTb NMpPEACKA3AHME TEOPHHU C M3-
BECTHBIMM HAM I1apamMeTpamy 3TOro pacripefieleHus Y TeM CaMblM «TTOABEPTHYTb
TEOPHIO NpakTHYecKoit NpoBepKe». Takoi «urpoBofii» 371EMEHT NMPU OPraHU3aLNM
NpakTH4yeckoi paboTbl MO cTaTHCTHYECKOl 0OpaboTKe NaHHBbIX MOBBILIAET VHTE-
pec ¥ K M3YYEHHUIO CamMoil TEOPYM CTATUCTHUECKOTO BbIBOAA. [11A NOAYYEHUS TAKMX
UCXOAHBIX IaHHBIX (BLIGOPOK) LLIMPOKO UCTIONB3YETCA MeMOd Cmamucmueck 020 Mo-
0eaupoaaHUR, ¢ MOMOLLBIO KOTOPOTrO, CMOMb3YA COBPEMEHHbIE KOMIMBIOTEPLI, MOX-
HO GbICTpPo «cMosenupoBaTh» Buibopxky X = (X|,. , X,) u3 moboro 3aaaHHoro
pacnpenenenust £(£). ONUCaHUIO COOTBETCTBYIOLINX ANTOPHTMOB MOJENH POBAHMS
¥ MOCBSILIEH HacTOAWWMI naparpad.

1. MNpepsaputenbHbie 3aMeYaHHUA

OOLIMHO ANS MNOJYYCHHA PEATUIALNN TTOCIIEIOBATEMLHOCTH HE3ABUCHMBIX CYyYan -
HBIX YMCEJT C HYXHbIM HaM pacrpelesieHHeM HCIONb3YIOT peaulalnie nocnelo-
BAaTENbHOCTH HE3ZBUCMMBIX M DaBHOMEPHO PacnpeaeneHHbIX Ha untepsate [0, 1]
CIIYYaMHBIX YHUCE

Uy, Uy, Uy, ... . (1)
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B cBorwo ouepenb, ong 3TOro HeoOXOAMMO MMETb TNPAKTH-
YECKH HEOrPAHHYEHHbIA HCTOYHHMK, BbipadaThiBaOIKMA MO-
cnegoBaTensHocTy (1), — damyuk cayuadinoix vuces. B co-
BPEMEHHbBIX KOMITbIOTEPaX, KaK NPABHIO, UMEKTCA BCTPOEHHbBLIE GUIHYECKUE OaT-
YMKM CIY4aMHBIX YHuCes, MpUHUMUN paboTbhl KOTOPBIX OCHOBAH HA MCNOJB30BAHUU
B KayecTBE UCTOYHMKOB CAYYalHOCTH ObICTPO PNYyKTYHpYyHOLUMX LWYMOBBIX TpO-
LECCOB, BLIPaOaTbiBaeMbIX paano3fneMeHTaMHu. OTMETUM, YTO IIOMy4aeMbié Npy
3TOM 4YMc/la — JAMCKPETHLIE 110 CBOEH NMPUPOAE, TaK KaK NMPUHHUMAIOT 3HAYECHHA
B Mpedesax pa3psAAHOCTH KOMMbOTepa (TakK, NP IBOMYHOM NPENCTaRNEHUH YUCEN

¢ NV paspspaMu B siyeifkax cnydaiiHoe YHUC/0 MOXET NPUHMMATh 2V BoaMoxHBIX
3HaYEHH ).

OZzHaKo, Yallle BCEro B KayecTse duces (1) ucnob3ylor,
TaK HasblBaeMble, nceddocay4aiinoie 4ucaa, T. €. IETEPMUHHU-
POBaHHbLIE YUCZ, MOMyYaeMbie MO HEKOTOPOMY aNTOPUTMY
M Obnagarowe B TOH WIH UHON Mepe CBOMCTBAMM CNYYaHBLIX YMCeN, TaK CKalaTb,
«[TOXoXxue» Ha HUX. UMeloTcs pasnuyHble METOIbI NONYYEHUA N1CEBAOCTYYAHHBIX
yuces, Haubojlee MIBECTHBIM M3 KOTOPbIX SIBASETCA TAK Ha3bIBaGMBbIA AuHelHbIl
KonZpy3nmubiil Memod, B Kotopom nonaraiwT U, = Z,/m, tne {Z,} — nocneno-
BaTEJbHOCTh, ONpeacNAeMas PEKYPPEHTHLIM COOTHOLUEHUEM

N
e Latyunkm N
CAYHNarHBIX YUcen

" N
Mcespocnyuanrsie W

YWcna

Zoy=aZ,+c(modm), n=0,12,

2y — HayanbHOE 3HayeHMe, a, ¢, TN — HaTypalibHble Yucna (onepauus npuse-
AeHud uucen no moaymo (mod) o3Hayaet, ytoecnu r =sm +1, 0 <! < m, 1o
r (modm) = !). Yncna {U,}, nonyyaemble TakuM crocoGoM, KOHeYHo, He fB-
NAOTCA CNydalHbIMK (OHM JETePMMHUPOBAHHLIE), HO MPK CrieUUaTbHOM BhIGopE
KOHCTAHT @, €, M WU Zy CBONHCTBA 3TUX YHUCEJ «OYEHb MOXOXH» Ha CBOMCTBa no-
cnesoBaTeNbHOCTH (1) M NOTOMY MX UCMONL3YIOT B KayecTBE MCXOQHOTO MaTepuaia
(T. €. B KauecTBe mocegoBaTeNbHOCTH (1)) L1 PElIeHU MOIETbHBIX 3ala4, U0~
CTPUPYIOLIMX pPa3fiduHbIE BLIBOAB TeopHH. [IpuBeleM ycnoBus, KOTOPLIM ClEAyIOT
NpH NpakTHYeCKoM BbI0OOpE 3HaYeHWi OoNpeaefsAOUIUX TUHEeAHBIH KOHIPY3IHTHBbIA
METOR KOHCTAaHT:

1) ¢ ¥ m — B32UMHO NPOCThIE YUCA;
2) b=a — 1 kpatHo p &ns M060ro NPOCTOTo P, ABNAIOWEIOCH NEAUTENEM T;
3) b kpaTHo 4, eciu T KpaTHo 4.

Ho «npaBuabHbIf» BLIGOP 3TUX KOHCTAHT ELUE HE «TapaHTHPYEeT» XOpOLIUX
CBOHCTB MCceBIOCTyYaiHblx Yuces. daxe B aT4uKax, peKOMEHIOBAHHDBIX LIS LIHK-
POKOro MCNOMb30BAHUS, HEPEAKO OOHAPYXMBAKTCHA CYLIECTBEHHBbIE HEAOCTATKH.
[Mo3ToMy «KayecTBO» NCeBOOCTy4aHHbIX 4ucen TpeOyeTcA KOHTPO/IMPOBATH TIpU
MOMOLLM PadiM4YHbIX CTATHCTUYECKHUX KpHTepHeB (CM. npuMep 7 BeemeHusn), 06-
Lias TeOpus KOTOpbIX uanaraercst B 1.4 (cM. .2 §4.5).

[Tocne 3TuUx 3aMevyaHUR MepeineM HEMOCPEACTBEHHO K alIropuTMaM moje-
NTUPOBAHWS OCHOBHbLIX BEPOSITHOCTHBIX pacllpeaeieHUil, ONUCAHHBIX B TIpeAbLIaY-
WX naparpagax, cuuTas, YTo B HaLUEM pacropsAXeHUH WMEETCA HEOTPaHWYEHHas
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TNOC/EeN0BaTeNbHOCTE (1) «MpoCTeAMX> CNyyaiHBIX BEJIUYUH C pacripefeNeHHeM
U, 1) (cM. n.5 § 1.2).

2. Mopenupoaanue pacnpegeneinn bepuynnm Bi(l, p)
u 6uHommansHoro Bi(k, p) (cm. n.1 §1.1)

YTo6bI MONYYHTS peatn3aumio GepHyinueBcKoi nocnenosatenbHocth { X, X5, ...},
rie
PX,=1}=1-P{X,=0}=p

npu 3agaHHoM p € (0, 1), 04eBUAHO, OOCTATOYHO TIONOXHTh
X,=ITU,<p), n=1,2,

(smecb v manee seane I(A) oboszHayaer nxmukarop cobbitua A, T.e. [(A) = 1,
ecnn A umeer mecto, U I(A) = 0 B npoTHBHOM cnyyae). JefCTBUTENLHO, HE3ABH -
CUMOCTb cydaitHbix pesinunH { X, } obecrieunBaeTca HE3ABUCMMOCTBIO HCXOMHBIX
BeauuuH {U,} 1

P{X,=1}=PU,<p}=p mamoboro n=12,

MuMes nocnenosarensHoctst Bepnymwtu {X,} nerko cmonenvposarth BLIGOPKY
13 GuHomMHUansHoro pacnpenenenus Bi(k, p). UMenHo, nockonbky

L(X,+ +Xi) =Bik,p),
TO NOJIOXHUB
X;=Xg-er1 + -+ X, j=1, ,n,

MoTy4MM peann3aumio Beiopxu (X|, , X,) o6vema n 3 pacnpenenetus Bi(k, p).

3. Mopennpoeanve OTPUUATENLHOTO
6uHomuansHoro pacnpepenenun Bi(r, p) (cm. n. 2 §1.1)
TTOCKO/LKY YMCIO eNMHHL, 10 NePBOro HyA B nocnegosarefsHoctd BepHymnu { X, }
MMEET reoMeTpUYecKoe pacnipeaenenue Bi(l, p), To, nonoxmus ¥ = min{j = 0
Xj41 = 0}, 6ynem umers L(Y) = Bi(l, p). Orciona caeayer, 4o aIroput™ Mo-
nenuposanua sumiGopku (Y], ,Y,) u3 pacnpemeneHus Bi(l, p) MoXHO 3axaTh
dhopMynaMu
Y,:mln{jBO X}’i—|+j+l=0}' 1= ], 1, Yb:O
Hanee, nmockonsky .
LY+ +Y;)=Bir,p)
(cBOMCTBO BOCTIPOM3BOZMMOCTH OTPHULATENLHOrO GMHOMHATBLHOTO pacmpeneneHus),

To cMomenuposatk BuiBopky (¥),. ,Y,) W3 pacnpemenexus Bi(r, p) MOXHO
(kak M Brle 1A OMHOMMATBLHOrO pacnpeneneHus) no Gopmynam

Yi=Yjpet1+ +Y J=1 .,m

T. €. npocyMmuposas uncna {Y;} nocnefiosateAnHbIMH MPYNNAaMH N0 7 NOAPSA UAY-
LIAX YUCEN.
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4. MopennpoBaHue noNMHOMHaNbHbIX ucnbiTanuin (cm. n. 6 § 1.1)

Iycts TpebyeTcs cMooennpoBaTh . HEIABUCUMBIX HabmooeHui Hal OUCKPETHOM
C/1y4aitHOM BeNuYuMHOI £ C paclpeaeneHuem

P{{=l}=p, I=1, N (p+ +pv=1.
PazoGoeM otpedok [0, |] Ha N untepsanos £,, €&y, Tle
E=10,p], &=+ +p-.2+ +ml, =2, N

(tak yto £ umeer wuHy p;, L =1, |, N), v nonoxum

N
Xi=) UUic&), i=1, ,n (2)

=1

Tak kak X; onpeneaserca Tofbko Yepes U;, To clydaitHsle sennyunbsl {X;} Hesa-
BMCMMbl U OAMHAKOBO pacrnpeeneHsl, a

P{X, =1} =P{U; € &} =8| =pi,

T. €. OHM PACTpeaenenbl Tak Xe, kak &, Takum obpasom, (X, , X,) — Beibopka
u3 L(§).
3ameuanme. B cryyae npoH3BONbLHBIX UCXOOOB @;, , @y ChyvaitHylo BenHyuHy X, cne-
LyeT onpeneauTs no dopmyne
N
X,' = Z a,I(U.- € £|)

=1

5. MopenupoBaHue nyacconoBckoro pacnpefenedus II(A) (cm. n. 3 §1.1)

YcTaHOBMM npeaBapUTeNLHO Cleaylownid Qakr.

Nemma. Onpepenum cryyvannyo eennynHy € papeHcTEOM

J

gzmax{j u,-ze'*}, A>0.

1=]

Torga L(¢) = TI(A).

Aoxazamenscmeso. Ilepenuiuem onpeneneHue f B 3KBHBUICHTHOM BHIE

j
§=max{j Zlnu,-g)\}

i=]
(npu 7 = 0 nycras cymMMa, Kak 310 06BIYHO NPUHATO, CYUMTaeTCA paBHoii 0, a mycToe
Npou3seseHne NomaraeTca paeHsiM ). Toraa coBbiTus

c<m u {-

m
Inl; > )\},

53akaz 1748
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OYEBMIHO, SKBUBaNEHTHH. Janee, B npumepe | B § 1.2 ObU10 NokasaHo, yTo
L(—Inlf) =T(1,1)

— CTAaHIApPTHOE NOKA3aTeNbHOE PACHIPENENEHHE, 2 10 BOCNPOMIBOMISALEMY CBOICTBY
ramma-pacnpenesnedus (cm. m. 3 § 1.2)

(o) = rivm

=1
— pacnpedenenue Ipranea nopadka m, noaromy (cm. (18} §1.2)
o0

= l m- il —Ar
P{{(m}=P{—§InH;>A}=mfx 'e d$=§__:e '\;'!-,

A

m 2> 1.

Ho 310 u o3nayaer (cm. (8) §1.1), uto cnyyaiinas BenMyMHa £ MMeeT pacnpele-
nenue II(A). B

U3 910t TeMMbI crieayeT, 4o Butbopky (X, , X,) ud pacnpenenequs [I(A)
MOXHO CMOAERUPOBATS N0 dhopMynaMm

J
Xk=max {] HUXHH ZC—A}, k= 1,2, N, Xo:O (3)

i=1

6. MoaenupoBaHHe HenpepbIBHLIX pacnpefeneHui

A MOLEAMPOBAHUA CNYdAlHBIX BEMMYMH C HENPEPBIBHBIM PAcnpeleIeHUeM B
psle cryyaeB MOXHO MCMONMb3OBaTbL cleaylolwuit npocroit dakt: ecnn F(z) —
HenpephIBHAs M CTPOT0 MOHOTOHHO Bo3pacTaioliast GyHKUWS pacnpeaeneHus u
F~'(y) — obpatnas k Heit dpynkuus (F~'(F(z)) = z), To 115 cnyyaitHoi BesH-
unnbl = F~' (), tae L{U) = U(0, 1), nmeem

P{7< e} = P{U < F(z)} = F(a).

Takum oOpa3om, cnyqaifHad BelMUKHA ) = F-](L{) MMeeT GYHKUMIO pacnpeaene-
Hus F(z), v ecau oGparHaa dyHKUUA F_'(y) MOXeT OhITb ABHO BbIYKCAEHA, TO
F"(u,-), i =1,...,n, — Bubopka U3 pacnpeaeneHus F.

Jamevanue. Ecau dyuxuns F(zT) He spasgeTcs CTpOr0 MOHOTOHHOM, TO BbIBOL OCTAeTCS
B CMie, ecny noa obparHoH dyHkuuMeill NOHMMaTL

F~'(y) = sup{z . F(z) < y}.

3aMeTum ewe, yto ecnu (X;, ¢ = 1,...,m) — BbIGOPKA U3 HEMPEPLIBHOTO
pacnpeneneuus F(z), o (eX;+b, i =1, ,n),rtnee>0,b¢ R', 6yzer bbi-
GOpKO# U3 pacnpeaeneHns CABUroMaclTaGHOro THNa F((z— b)/a) {em.m. 11§1.2
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cootHowenue (43)). Tak, vanpumep, (ald; +b. 2 = 1,...,n) — sui6opka u3 pas-
Homeproro pacnpeaenenna U(b, a + b), a ecnn L(X;) = N(0,1), T.e. {X;} —
CTAHAAPTHbIE HOPMaTbHbIE Yncra, T L{o X;+4) = M (g, 0°); BuactHocTv, 4T06b!
cMofieMpoBaTh BeGopKy u3 pacnipenenerus Kowm (cM. (31) § 1.2), Hano nonoxuTs

T
X, =1t (nu,-—i) =—ctg(1rL{,-), i =1, , T

7. MopeauposaHue NOKa3aTeNbHOro
W CBA33HHbIX C HUM pacnpeaeneHud (cm. n.3 §1.2)

Yr06b1 cMOLENMpOBaTh BLIGOPKY (X, ..., X;;) M3 MOKa3aTENLHOrO pacnpefeNeHns
['(a, t), Hamo momoxuts X; —alnl;, 1 =1, ,n. CyMMUpYys nonydeHHbIE
yucnamo mwiyk: ¥V =X +...+Xp, Yo =X+ ..+ Xop, , nOAy4MM

BbIGOPKY U3 pacnpenenenus Jpnanra ['(a, m).

8. MogenuposaHue HOpManbHbIX Cry4arHbIX Yucen (cm, n. 1 §1.2)

Bonsiioe une1o ctaTUCTHYECKUX 33AaY CBA32HO C aHATU30M BbIOOPOK M3 HOPMASTb-
Horo pacnpeesenus N (p, 0'2), TPy 3ToM (CM. 3aMeyaHue B I1. 6) ZOCTATOYHO VMETb
MOJIEIMpOBaTh BRIGOPKH M3 CTAHAAPTHOTO HopMaibHoTo pacnpeaenequnsa A(0, 1)
(cM. (7) § 1.2). B naunom cnyyae aBHO# GOpMybl 415 06paTHON GYHKLUN q)_'(y)
K CTaHAAPTHOW HOPManbHOW (PYHKLHWM pacrnpencieHuA HE CYLLECTBYET, NO3TOMY
OMUCAHHbLIN B 1. 6 ATOPUTM MOAEIUPOBAHNA HenpuroaeH. OANH 13 METONOB MONTy-
YEHHA CTAHAAPTHBIX HOPMAJIBHBIX CTYYaHHEIX YMCeS U3 paBHOMepHbIX (1) cocTouT
B MOCTPOEHUU COOTBETCTBYIOWIET0 SIBHO BbIYMCIUMOr0 GYHKLMOHANBHOTO Npeot-
pasosaHuda. [Tpumep Takoro npeoOpaloBaHUS HaM YXe BCTpeyascs B npuMepe 2
B § 1.2 (cM. TaM cooTHoweHus (47)). U3 monyyeHHOro B 3TOM MpUMepe pe3ynsTaTa
cneayer, 4yTo Kaxaas napa (L), Ua), k= 1,2, ..., uncen nocneaoBatenbHOCTH
(1) ¢ noMoublo npeofpaioBarus

Xok—1 = v/ —2In Uy, sin (2nldy),
Xy = \/ —2In u;k_, cos (27(“2].-)

nopoxaaeT napy (Xyp—|, X3;) HEIaBUCUMBIX CTAHAAPTHBIX HOPMATBHBIX YHCEN.

Jpyro#t nyTs MOAy4€HHU HOPMANbHBIX YMCET U3 MOCIEA0BATENLHOCTH (|) pas-
HOMEDPHBIX YHCeT OCHOBAH Ha NUCIMOJb30BAHUN LIEHTPAILHON NpenebHON TEOPEMBI
TEOpHUK BEPOATHOCTEH (cM. cooTHoweHue (1) § 1.2). B cootBeTcTBHM C 3TOW Teo-
peMOil MOXHO MoA0XHTb (cM. opmynsl (26) § 1.2, B coOTBETCTBMH C KOTOPBIMH
ElU; = 1/2, DU; = 1/12)

U, +  +Uy —N/2
Xy = (k—DN 41 kN /, k=11 (5)

VN/12

ITOT ANTOPUTM, OYEBMIHO, erye peanuayem, YeM NPeablaYIIHA, 0LHAKO OH NMpH-
BOAMT JIMLUL K NPHOAHKEHHO HOpMATbHBIM YHCaM, TaK KaK JIMLIL B NIPEeNe npy
5!

(4)
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N — 00 pacnipemeneHue CrydyaliHplX BefiMYUH Xy OYyIET CT2HOAPTHBLIM HOP-
manbHeiM A(0, 1). Ho nmpakTHyecku yi0BneTBOpUTENbHOE NMPUBIMXKEHKHE K pac-
npeaeneruio A'(0, 1) nonyvaerca yxe npu N = |2 — 3710 3H2a4enue napameTpa N
B aIrOpuT™Me (5) OOBIMHO W KCIIOMB3YIOT A1 KOHKPETHBIX BbIYUCNEHHIA.

9. MeTtop cynepno3vuun

B psae ciydaes MoaenupyemMoe pacnpene/ieHue MOXeT OblTh NPEeICTaBleHo B BUIE
cmecu 00aEe NPOCTLIX pacnpejeleHuil, U Torga jUIA MoOeNHPOBaHHA TAKOTO pac-

///« Crecn NPERCIEHNU MOXET ObITb MCIIOB30BAH Memod cynepnolu-

%

i, OMUCAHMUIKD KOTOPOro MOCBSlieH JaHHLIK MyHKT. Ho
CHayata JaduM onpeiesieHue CMecH.

Nycte pr. 2 0, Z pr = |, Fi.(z) — HekoTopble ByHKLnHK pac-
k

npepeneHun. Torga dyHKUMA pacnpeneneHun

F(z) =) pFi(z)
k

Jpacnpenenenmii. .

Ha3IbLIBARTCA CMECbI0 GyHKUMI Fi.(T) C Becamu py.
AHaJIOTM4YHO OMNpenesfeTca CMeCh pacrpeleneHUi B TEPMUHAX TUIOTHOCTEI.

Mpumep 1. Pynkuus pacnpeneneHus
z/2, 0<z <],

F(z) =
() l, =21,

(cMm. puc. 1) aenseTca cMecsio ¢ Becamu 1/2 dyHKumni
pacnpeneieHus pasHomepHoro (0, 1) u BbipoXaeHHOTO
B TOYKE z = | pacnpeac/ieHHA. ®

Puc.1

Npumep 2. I1ycTs pacnpeneneHue Ha [0, 1] 3azano nnot-

MNprmep cmecn
HOCTbIO BUJa

[o.0]
flz) = Z oz’ ¢ ey 20
k=0

Toraa Tak xak
|

/f(:c) dz

00
> -
J e R

To nonoxuB pr = ar/(k + 1), 6ynem umers

1

fz)=>_plk+ 1)z,
k=0
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Ho
(k+1)z* = flzlk+1,1)

— TUIOTHOCTb Geta-pacnpenenehua (cM. (23) § 1.2), cnenopatenbHo,

fl@y=>_ peflalk +1,1),
k=0

T. €. TAKOE pacnpeaeneHue npeacrasnser coboit cmech Oera-pacripeneneHuit
Be(k + 1, 1) c pecamu p;, = a/(k + 1). .

Teneps, YTOOB! CMOAENUPOBATL CNVYANHYIO BETUUUH N
ps, JeTUp y4yanHy ¥, Meron W

(yHKLUVA pacnpenenelnus Uau NIOTHOCTh KOTOPOH SIBMS-
HOTCS CMECHIO, MOXHO UCMONb3OBATH METO/ CYNEepRO3HIMH;

1) pa3sbirpaTh 3HaUeHYe AMCKPETHOM CNyYalHON BENUYMH b, IPUHUMAIOILEN 3HA-
yeHue k ¢ BeposTHOCTHIO Py, k = 0,1,. (kax B 1. 4), ZJOTYCTHM, YTO NpH
3TOM GbLNO MONY4YeHO 3HayeHue Ko,

2) cMozenupoBaTh Cy4aifHyio Benu4nHy ¢ dyHKuued pacnpeaenenvs Fy, (nnot-

HOCTBIO fk”) HEeKOTOpbIM croco6oM (cKaxeM, METOOM 06paTHON hyHKUUH,
cM. 1. 6).

J1nsi pon3BoONbHOi HENpepbIBHOM NTOTHOCTH f (), 3anaHHoit Ha oTpeske [0, 1],
MOXHO HCMONb30BaTh Cr10CO0 NPpHONHIKEHHOTO MONENTUPOBAHMSt METOLOM CYNEpMNo-

Cynepnoanumm

3MLUH, OCHOBAHHbII Ha ANTIPOKCUMALNY noAuoMamu bepx- MoAMHOM ‘}\\

.10 _
wmeita 'V: BepHwTeiHg

< BN ke k0 n-k
fn(x)—gf(n)cnx (I-2)

OCHOBOM 1A ITOTO CNYXUT W3BECTHAsI B aHAIN3e

Teopema Beitepwrrpacca’”  Ecau dyHkuns f(z) wenpepeisna Ha [0, 1),
10 fo(z) = f(x) paeHomepHo Mo T npu m — 00.

Mo 3Toi TeopeMe HenpephiBHYI0 Ha oTpeske [0, 1] MpumeneHne
MnoTHOCTb f(Z) MOXHO PaBHOMEPHO MpuBAUIUTL TNOT- Teopembl
HOCTAMY — HOPMUPOBAHKbIMU noaurnomami bepriumetina Befiepwrpacea

Y3 fa(z)

fulz) =

1
g e dn= f fa(z) dz,
" 0

19) Beprurrein Cepreii Hatanosuy (1880—1968) — coperckuit matematuk, akanemux AH CCCP,
BbIIAIOWMICA CNELMATHCT NO TeopHH AUddepeHURANLHBIX ypaBHeHUA, Teopun Npubauxenua GyHk-
UMA MHOTOWTEHAMH M TEOPHH BEPOATHOCTEM.

" Beiiepuwrtpacc Kapn Teonop Bwisrensm (1815-1897) — HeMeuxkui MaTeMaTHK, BbUIAIOUIMACA

CMELHATHCT N0 MATEMATHMECKOMY aHANH3Y, TEOpHH (GYHKUMI KM ANHeiHo# anrebpe. TloyeTHbli WieH
MerepGyprexoit AH (1864).

>
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TAK KaK U3 PaBHOMEPHOM ¢XoIMMOCTH f(Z) k f(Z) cneayeT cxoanmocTb
!
d, —-+ff(:c)dz'= ] npu n— oo.
0

[ns mogenuposauus cnyvanHoit senuuunel &, ¢ naorHoctso f,(z) metomom
Cynepno3vunu npeactasum fo(z) B BuIe

- & f(/m) ko
fa(z) = ————|(n+ DCrz (1 - 1)
T ; do(n+ 1) [ n ’ z ]

3nech B KBagpaTHbIX ckobkax ctonT nnotHocte f(z|k + I, n — k + 1) Geta-pac-
npenenenus Be(k + 1, n — k + 1) (cm. n. 4 § 1.2), nostomy

= " f(k/
1= [Reraa= 3500
0

OTKYla

nonyym npeacCrapliceHUC

n
fa@ =D pef(zlk+Ln-k+1),
k=0
KOTOpOE NO3BOMAET NPUMEHUTH METOA CYNePnO3MUMM TN MONENUPOBAHUS CNy-
YaifHOU BEAHYUHBI &y

10. Mopenuposarune yenuw Mapkosa

MeTon0M CTaTUCTHYECKOrO MOAENUPOBaHHMA MOXHO MOAENHPOBAThL U 3ABUCUMbIE UC-
NbITAHUA C PAATHUYHBIM XaPAKTCPOM 3aBHCUMOCTH. Mbl PaCCMOTPHUM UTA HATIOCTPa-
UMM NPOCTEI{ L HIA TUN CTOXACTHYECKOiH 33BHCUMOCTH — MUPKOECKYIO 3aBUCHMOCTb.
HanoMHUM, yTO MOC/AENOBATENLHOCTb CyyaliHblX BenwduHd {y,t = 0,1,2, },
NPUHUMAIOLLUX 3HAYEIMA M3 KOHeyHoro MHoxectsa £ = {I, 2, , N}, nazel-
BAEMOTO MPOoCMpancmeom COCOAHU, ABAAETCA yenvlo Mapxoea, ecnu Ans jioboro
t=20,1,2,... pacnpeaeneHu1e BEPOATHOCTEMN CTY4aNHOH BENUYMHBL Vy4| 32BUCHT
JIULUBL OT TOrO, KAKOe 3Ha4eHHE NPUHANA NPelblaylllas BeAWUYHHA ¥}, ¥ HE 3aBUCHT
oT Gonee paHHUX BenuduH vy, 7 < t. PopManbHO 3TO MOXHO BbIPa3uTh Yepe3
YCNOBHbIE BEPOATHOCTH TaK:

P{vp =ty =8, 1< =Py =4l =4}, i, 44 €E (6)
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Ecnu npu 3TOoM BEpOATHOCTH B npaBodt YacTv (6) He 3aBUCAT OT «BpeMeHM» ¢,
TO 1enb MapkoBa Ha3blBaeTCHa 00HOpodHol. OOLIYHO PacCMaTPUBAIOT TOMbBKO O[-
HOPOAHbIE LEMNU, KOTOpble ABIAIOTCH Noaxolsllel MOAeIbI0 MHOTUX Cay4aiHbIX
ABNEeHUA; Takyio Moaens BBen B 1907 . A. A. MapkoB, MMeHEM KXOTOpOro oHa
M Ha3blBaeTcA,

Ecnu mnst oaHoponHol uenu Mapxosa {v;} 0603HaunTs BEpPOATHOCTb Mepe-
X0[a U3 COCTOSAIHUA i B COCTOSIHUE j uepe3

pij =P{uy =jln=1}, ijeE, (7)

TO 9TH YHCNA oDpa3YIOT Mampuuy nepexodusix seposmuocmeii P = ||p,-j||‘:v, 3/1eMEH-
Tbl KOTOpO# 0671a13I0T CNEAYIOUIMMH CBORCTBAMMU!

N
Croxacrtryeckos ‘

N
pi; 20, ZP:‘;'=1, i=1...,N; —
1=1 i

TaKas MaTpULA Ha3biBaeTCA cmoxacmuyeckoi. YToGbl NOTHOCTLIO OMPENENTD LETb
MapkoBa, Halo eLle 3aAaTh 8eKMOpP Ha4dnbHux éepoamuocmei p = (py, ..., PN),
rme pi = P{yy =i}, i = 1,..., N. 3Has Bexrop p v marpuuy P mMoxHo nerxo
BLIYMUCTUTh COBMECTHOE pacnpelesieHHe BEAHYHUH Vg, Yy, .. . , V7 Tipkt mobom T

P{vy =g, vy =1, 1, =1, vr =it} = PiyPiyi Piviy  Pir, (3)'

IMycTL TENEpL eOyeTCA CMOACIUPOBATHL peanu3alnio N
y pb Tpeby P P Mopenuposanue »

ogHopoaHo# uenu Mapkosa {v;, t =0,1, ,T} c npo- Lo
Mf

M3BOABHOM CTOXAaCTHYECKON MaTpHUUEH MepexoiHbIX Bepo-

ATHocTell P = llp,-j[HV M BEKTOPOM HaYanbHbIX BEPOATHOCTER p = (Pr,. , Pw).
Zns 3TOro Mbl UCITOAb3YEM MOIUDHULNPOBAHHbBI AITOPUTM MOAENUPOBaHUSA TTOJIH-
HOMHARBHbIX UCTILITAHUT (CM. M. 4), IMEHHO, NOCTPOMM CHayana CHCTeMy pa3bu-
enuii orpeska [0, 1] Ha N MHTEepBIOB B COOTBETCTBHHM C BEKTOPOM P W CTPOKAMHU
MaTpulmb P: -

5(0)2{550)’58}3)}’ g(l)={gl(3)”£](:')}’ ?'=l”N’

rae IEJ(-O)i =p;, |£J(-i)| =pij, J =1, , N, nonpeaennum cryyaiHble DeJTHIUHBI
N N (
0 X (0) i : i)
Py =3 e, M= irueE), o)
i = 1! b N’

rae cnyyaiiHas BennyuHa U paBHOMEDHO pacrnipeaeneHa Ha otpeske [0, 1].

Tak NOCTpOeHHBIE CTYy4aliHbIE BETMMUHBI ( b (n3eta) GyayT uMeThb pacripeae-
nenus Ha muoxectse £ = {1,2,..., N}, 3a1aBaemble COOTBETCTBEHHO BeKTOPOM
P ¥ COOTBETCTBYIOLIMMH CTPOKaMH MaTpuubt P:

PP =5} =p;. PV =j}=py j=1.. N, i=1... N
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[Tocne 3TOro yXe MOXHO MOAEMNPOBATH LEMb C HCMOAb3OBAHHEM CNYYaliHbIX
yucen (1) no cregyiomweMy anropuT™y:

v =¢OW), v =¢™w),

10
vy = C(Vn)(uz), yp = C(VT—I)(L{T). ( )

HelcTBUTENbHO, 31€Ch

P{vy = j} = P{¢” = j} = p;

P{VH.[ = let = 3} = P{Cm = .7} = Pij»
Y10 U TpeboBanoce.

///« Mpumeput mopenu-  TpUMep 3 (Cnyvaiinoe 6nyxpaaHue ¢ nornouteHneM).

POBAHMA LenM Yactuua, craptys B MoMeHT =0 13 Toukn k, 0<k< N,

BayxmaeT no uesnsiM Toukam otpe3ka [0, N]. Ilycts S, —
TMONOXEHHE YacTHUb!I B MOMEHT ¢ = 0, 1,2 (So = k). Ecnn B MoMeHT ¢ ya-
ctnua Haxoawnack B todke | (S; = !) unpnatom 1 < I < N I, 108
cnelyloluMit MoMeHT L + 1 OHa MOXeT okalaThCA B TOUKe [ 4+ | C BEPOATHOCTBLIO
p(P{Siy\ =1+1|S; =1} = p) uBTouke I -1 ¢ BeposiTHOCTBIO ¢ = 1—p(P{S;4| =
=1— 18 =1} = q); B Toukax 0 u N yacTuua normoimaercs ¥ 6ayxaaHHe npe-
kpauaerca (P{S;;, = 0[S, = 0} = P{S;,, = N|S, = N} 1). 3mech Mbl
MMeeM OZHOpoIHylo uens Mapkosa {5;,t = 0,1,2, ..} ¢ npocTpaHcTBOM cocTo-

auni1 {0, 1,2, , N}, BEKTODOM HayaJibHbIX BEPOATHOCTEH p= (0 010 0),
rae | cront Ha (k + 1)-m MecTe, ¥ MaTpULE NEPEXOAHBIX BEPOATHOCTEH ”pij”év,
BKOTOPOH Poo = PN = |, Piip1 =P, Piic1=¢q, et | ST <K N=-1,up; =0
npu li — 7| > 1.

Taxum obpasoM, bryxnaHHe YacTHUb MO UENBIM TOYKaM oTpe3Ka [0, N] ¢ no-
FMOEHUEM Ha KOHUAX OMMCHIBAETCS YKA3AHHOW crmeunanbHoil uenbio Mapkosa.
Yrobrl cMofienpoBaTh Takoe ONyXOAHNWE, HA0 NONTOXUTL Sy =k, Sp11 =S5 + X4

Jo Tex nop, moka 0 < §; < N, rae X,y = l,ecnmu Uy < D, u Xpyy = =1,
ecnu Upypy) > p; ecan xe S; Bnepsble cTaHeT paBHbIM O nuGo N, To npouecc
MpeKpalaeTcH. .

Mpumep 4 (CnyvaitHoe 6nympanue c orpameHunem). TycTs NepexonHsie BeposT-
HOCTH Pj i1, Pii-1 WA | <t < N —1up;;anali—j| > | ocraiotess Temu xe
cambiMu. Ecau onpenenuts ewe pog = ¢, por = P, PNN = P, PNN-y = ¢, TO
nonyyeHHas uenb MapkoBa onucsiBaeT GyXTaHUE YaCTHLLI MO LEABIM TOYKAM
otpe3ka [0, N] c oTpaxeHuem Ha KoHuax. ModennpoBaHue Takoro GAY>XIAHMA
OTJIHYAETCA OT NPEAbIIYLUEro CNyyasi TONbKO B KOHEYHBIX TOUKAxX: npu S, = 0
nojnaraemMm S.'.+I = St +X¢+] = Xt—}-ls rae

¥ { I, eenn Uy < p,
T 0, ecim Uy > p,
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anpu S; = N nonaraem Siq) = S; + Xiqp) = N + X4, rie

¥ 0, ecin Uy <p,
B ectu Uiy > p. °

11. Merop MoHTe-Kapno

OTMeTHM elle OAWH KPYT 3aJaq, NPH PEUwIeHHH KOTOPBIX MOXHO 3¢ deKTHBHO HC-
NoAb30BaTh peaTU3allUd CAYYalHbIX UCNbITAHUA. Peub MaeT 0, TaK HalbIBAaEMOM,
memode Monme-Kapao, vunn memode cmamucmuyeckux ucnsimanui (ero HazsaHue
NPOUCXOAUT OT ropoja MoHTe-Kapno B KHAXecTBe MOHako, 3HaMEHUTOTO CBOM-
MM UFOPHBIMM LOMaMH). DTOT BBIYHUCINTENbHBIA METOL YACTO HCMOJbL3YETCH NPH
OTBICKAHHMM 3HAYEHUW PAaINUYHBIX BEIUUYUH (onpeaensieMblX, HAIPUMED, HEKOTO-
pbIMM YPABHEHMAMM WM MHTErpanaMm), Koria 3TUM BENMYUHAM MOXHO NpH-
NaTh BEPOATHOCTHYIO MHTeprpetauuio. CyulHocts MeTona MonTe-Kapao coctour
B CNEAYIOLUEM: UCXOAA U3 CMbICIA BbIHUCASIEMON BENUYUHE] @, Non6UPaIOT TaKyio
cnyyaiiHylo BenuuuHy £, 4ToOBl €€ cpelHee 3HaueHWe cosnagano ¢ a: E§ = a.
DNanee mozenupyioT Beibopky (X, , X,) u3 pacnpenenenua L£(£) v B xauecTse
OLIEHKMU U1 @ UCMOAb3YIOT Bbl6OpPOUYHOE cpeaHee

— |

O6ocHOBaHMEM 3TOr0 METOAA CAYXHT C/eaylouee

Vreepwaenue. Mycte X;, X, — Heaasucumble HabniogeHua Hap cnyvaiHoM

BennynHon £, E§ =a, D€ > Owu E§4 < 00. Torpaa pacnpepenexue cnyvanHon se-
n

— 1 —
anunnel T, = /n(X —a)/S, rae § = - Z(Xi —X)z, CXOAUTCA NPpH I —> OO
i=1

K CTaHgapTHOMy HOpManskomy pacnpepenenuio A(0, 1) (cm. ynp. 44 x rn. 2).

Orciona CleayeT, YyTo ecnu Y — 3amaHHoe yucno, 6nuskoe k 1 (0 < v < 1),
W BENWYMHA ¢, yaoBneTsopsieT paeHcTBy $(c,) = (! +7)/2, rne ¥(z) — cTaH-
JapTHaA HopManbHaa GyHKuus pacnpeneneHus (cM. (7) § 1.2), To

P < o} = P{ L= <o b o 066 - 0(-e) = 2006 - 1 =

(11)
(anech ucnonsaoBaHo paBeHeTBo $(~z) = 1 — P(z), VT € R' ).

CootHowienue (11) o3HayaeT, uTo OLINOKA B ONPENENEHHH @ 3TUM METOLOM
NpUGNN3UTENBHO C BEPOSTHOCTBIO 7y He MPEBOCXOAMT ¢y S/+/n, Koraa n pocta-
TOYHO BENHKO.

[Tycts, HanpuMep, Tpe6yeTca BBIYUCIUTL HHTEMPAN

o= /.../f(t,,...,t,.)dt,...dt,., (12)
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rae o6aacTb MHTETPUPOBaHus ecTh 7-MepHulit Ky6 v, = {(f;,, ,f;) 0<{; <1,
t =1, ,r} OuesunHo, uto nonoxwus 3xeck & = f(U,... ,U,), roe {U;} —
yycna u3 nochegoatenbHocty (1), noayuum ¢ = EE. TaknM obpazom, B Kaue-
cTBE NPUBAMXEHHOTO 3HaYeHWsi uHTerpana (12) B JaHHOM CAy4ae MOXHO B3ATH
BEAMYHHY

— 1<
X:;Z‘X};g ‘Xk:f(u(k—l)f‘-f-[! !ukl")» k: ]’ ,n_
k=1
Hanpumep, 3aTHM METOAOM MOXHO NOAYYNUTL NPUBAHXKEHHOE 3HaYEHHE Uncia
I

1 n
e= [ efdz+1: E=- E 4 11,
/ + - +

B3AB, ckaxXem, n = 100 paBHoMepHbX yucen {U;} 3aech TOYHOCTH METOMA NErKoO
OUEHWTb, CPABHUB 3HaYeHHE OUEHKH € C M3IBECTHbIM HaM TOYHBIM 3HAYEHUEM
e=271828...

YnpamHeHus

Caou cnocobHocmu yeaoaex Moxcem Yy3aramb,
MOABKO NONBIMABUILUCE NPUAOIM UMb UX.

Ceneka '?

B Nycte ¢ umeer pacripenenenue Beprynan Bi(l, p). Tlokasars, 410 E{ u D€ nmcior
s (2) § 1.1, a xapakrephictiyeckan gyrkuua ¢(t) = Ee'* = pe + ¢. Yoenuteca b cnpa-
BEATM BOCTH cheaylowmx dopMyn:

B = y/0), DE=—4"() + (WO o)

INycte X umeer 6uHoMHanbHOE pacnpeaencHuc Bi(n, p). [loka3dare, uto ee cpeavee
u aucnepcus umeiot Bua (4) § 1.1, a ana ee xapaktepuctuueckoi dynkunu ¥(t) cnpasen-

nuBo npencTapnennce P(2) = (pe” + ¢)" Mpopeputb cnpaseanusocts hopmyn (1).

Jloxa3ath CBOWCTBO BOCNPOM3BOZNMOCTH pacnpeaeneHua Bi(n, p) no napamerpy n:
ecnn X, .., Xi — HedaBucuMble BUHOMKANBHBIE CayMaiibie Benwantsl u L£(X;) = Bi(n;, p),
j= ],...,k,TO £(X|++XJ_) = Bi(ﬂ| +...+nk,p).

4 Yiaszanue. Bocnons3oBaThCa KpHTEPHEM HE3aBUCHMOCTH AN9 XApAKTEPUCTUYCCKHUX PYHK-
umit (cM. (15) § 1.2) u pesynntatoM ynpaxHeHus 2. b

Bl Joxasars, uTo 6uHOMManbHBIE nepoATHocTH f(z|n, p) (cm. (3) § 1.1) npu n3MeHe-
HiuH £ o1 0 10 N cHayana MOHOTOHHO BO3pacTaIOT, 3aTeM MOHOTOHHO YORIBAlOT, NOCTHIAA
HanOOAbIIEro 3HAYEHUA NPH T = M, Te 1 ONpeAeAseTCs HepaneHcTBamu (n+ 1)p— 1<
<m< (n+ 1)p; ecnm xe m = (n+ 1)p, To HanGonbIee 3HAYEHHE NOCTHTACTCS MBAXIB!:

J(m = lln, p) = f(min, p).

12 Cenexa (4 r. g0 s - 651 H.3.) — apeBHepuMckyit dunocod), Bocnimratenb Hepona; ro ero
[pHKaly MOKOHYWI Xu3IHL CaMOyOUACTBOM.
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Yoeantsca b Tom, 4yTo dopmyna (5) § 1.1 ana nnoTHOCTH OTpUUATENLHOR BHHOMHANL-
HOW BeJAMHYMHL £ MOXeT ObITb 3aNUCAHA TAKXKE B BUAC

flzlr,p) = (-1)°CZ,p°¢ x=0,1,2,...

-« .VnaJaHue. BOCI’IOJ]bCiOBaTbCFI JaMEYaHUCM O GHHOMHEUlele KOBd)d)HU.HCHTaX 13 KOHLE
n2§L1 »

[ Nycrs £(¢) = Bi(r, p). Nokadars, 4To ec xapakTepucTHuEcKan GYHKLMA UMECT BH

oo =2 = (=)

H, BOCMOAb3oBaBWHCL Gopmynamn (1), ybeanTbea B cnpasesansocty dopmyn (7) § 1.1

Hdoxasath CBOWHCTBO BOCMPOM3BOOMMOCTM pacnpepenenust Bi(r,p) no mapamerpy 7
ecan X|,..., X, — He3IaBUCHMbIE CAYNMANHBIC BEAHYHUHDB H

E(X,-):E(rj,p), j=|,...,k,

TO
L(X]+...+Xk)ZE(T|+...+T‘;_-,p).

<« Yxa3anue. Bocnonb3oBarthesl KPUTCPHEM HE3aBHCHMOCTH AS XapaKTepUCTHYECKHX (PYHK-
umnia. »

ﬂ ycts B OepHytnuesckoit nocnenosatensioct {X;, j = 1} ¢ napamerpom p cay-
YaifHAA BEAUYMHA 7), O3HAYAET YHCAO UCMBITAHKI Z0 NMOADICHUS 7-T0 HYNA BKIIOUHTENLHO.
Brinucats NMNOTHOCTL BeAH4MHDL T}, M HA#TH ¢c CPefHEE W AWCMEPCHIO.

<« Yeasanve. 1, = € +r, rae L(€) = Bi(r,p). »

ﬂ [ycTs cayywaiiHan BenuunHa & umeer pacripeaencuue [yaccona [1(A). INokasats, uto

ee XApaKTCPHCTHYECKas (DYHKLIHA eCTh exp {)\(e" - 1)} u no dopmynam (1) BLIMKHCANTE Mep-
BHIC B2 MOMEHTA £.

Il] Hoxasats ceoiicteo Bocnponasonumocty pacnpenenchns I(A): ecne X, ..., X —
HE3aBUCUMBIC NYaCCOHOBCKHC CNy4YaiiHble BEMYIHEL C MapamMeTpaMu A, ..., A COOTBET-
CTBEHHO, TO

E(X|+-.+Xk)=H(A|+ +Ak)

< Yxazanue. BOCNO/NBIOBATHCA KPUTEDHEM HEIABMCUMOCTH UIA XapaKTEPUCTHUECKUX (yHK-
umi. »

IR Mycre cayvaiineie seanyunsl X, u X, nesasvcumel u C(X;) = [I(X), i = 1,2.
Jlokasateb clnedyoluil GpakT 1d yCNOBHOTO pacrnpeneneHus:

Al
Al + A

BF) Nokasars crenyiouryio npemenvhyio Teopemy (meopemy Myaccona) o cxoaumoctH G-

HOMHANLHOTO pacnpenefeHun K MyacCOHOBCKOMY: eclid . — 00, a p — 0 TaK, 4t0

np = A > 0, 10 Bi(n,p) = N(A), re. (eMm. 3) u (8) §1.1) flzin,p) = f(z|N),
=0,1,2,.

4 Yrkazanue. Bocnonb3opaThes CSAYIOUIMM CBORCTBOM 0 HENPEPLIGHOM COOMEEMCMEliu Mexc-
dy xapaxmepucmudeckuMu QyHKYUAMU U pacnpeoereH UM CAYHAiiNbIX 821U UK  TTYCTL UMEETCH
nocnegoBaTeILHOCTL Clly4aiHbIX BemuuH {7),} © nociesosatensHocTs {Y,(t)} coorper-
CTBYIOILMX XaPaKTePHCTHHECKUX hYHKUAME, Toraa, ecan A1a moboro L P,(t) — $(t) npu

L(X,|X,+ X, =mn) =Bi(n,p) npu p=
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n — 00 U P(f) ecThb xapakTepuCTH4HecKan HYHKUUA HEKOTOPO#H CAYHAiHOMN BENHYUHBL 7],

TO 7y, N 7. BepHo 1 ofipatHoe, T. €. u3 c1aboit cxogMMocTH 7, N 1 CAeayeT CXOOUMOCTY
COOTBETCTBYIOLINX XAPAKTEPUCTHYECKHMX hYHKL M.

B paccmarpupaemMoM Cydae BOCMONb3OBaTheA ynp.2 u 9 u npegenom (I + £,z)" — e
echun 2 00,6, 2 0,ane, 2 a>0. »

as

Hoka3aTh Caenyloulee yTeepXaeHHe O CXOAMMOCTH OTPHLUATENBHOIO GUHOMUANLHOIO
pacripeneneHus K nyaccoHosckomy: Bi(r, p) — II(A), ecaw r — 00, a p — 0 Tax, uro
rp =2 A> 0.

<« Yxasaguue. CM. ykadaHue K ynp. 12, ucnoan3osath ynp.6 u 9. »

[Mycth HelapucuMble crydvaitHbie BenuyMunl X, X, MMEIOT JoraputhMuiecKoe
pacnipenencHue (21) § 1.1, a HesasucuMmas OT HMX BeAMuydHa Y HMmeeT pacrnpenencHue

Fyaccona X(r in (1/(1 — ))). Onpeaenum cnyyaiiHyio BenUUMHY Z KaK CyMMY CAyuaiiHOro
yucna Y cnaraembix W3 nocaegosatensHoctw {X;} Z = X, + X, + + Xy, Z2=20
npn Y = 0. Jokasarts, yto L(Z) = Bi(r, 9).

< Yxasanue. YCTaHOBHTB CHa4ana, 4To XapakTepucTudeckas hyHKUMAs cyMmel Xy +...+ X,
ectb f*(9e™)/f(8), rae £(8) = In (1/(1—8)) (cm. (21) u(24) § 1.1), u mpumenuTL BopMyny
NONHO# BEPOATHOCTH; B MTOrE NonyuuTh, uto Ee''’ = ((1-6)/(1—0e"))” (cM. ynp.6). »

YcranosuTb cnpasesnuBocTh Gopmya (10) § 1.1 mis E€ u DE runepreomeTpuyeckoit
cAy4aitHOH BEAMYMHBLI.

<4 Yxka3zanue. Bocnoab3aopaswuck GOpMyNoi CBEPTKH:

>_CiCy™ =Cisp

W paseHcTBOM (ganee ucnonbayercs oGosnadenmne (z), = z(z—1) .{z—r+1),(z)y=1)
(z),Ci = (4),C4 ;. nonyuuTs obuwee NpeacTaBieHHe 405 T -0 GaKTOPHANLHOIO MOMEHTA

CiCEt ) G _ (e n)
B©) = S (ol i = (e = g

T

Hanee ucronp3orars dopmyast EE = E(£),, DE = E(£), + E€ — (E£)* »
m Myctb B (9) § 1.1 ay=ap, a;=aq, ¢g=1-p, 0<p< | YoOeanTucs B TOM, YTO TIpH

a— oo f(z|ap,aq,n) = C;ip*q""*, T.e. runepreomeTpuieckoe pacnpedenenue H{ap,ag,n)
CXOAMTCA K BUHOMUATILHOMY pacnipencieHulo Bi(n, p), xoraa @ — 00, a n v p hukcHpo-

BaHbI.

4 Yxasadue. 3anucatb dopmyny ana f(zlap, aq,n) b suze
_cxPe—V/a)...p-{z—1)/a)-g9lg—1/a) (g-(n—z-1)/a)
" (1-1a) (1-(n-1)/a)

W nepeiiTy 3dech K NMpeaeny npu a — 00. b

f(zlap, ag,n)

Ouerka wucra puib a oepe. Tlycth @ — (HemssecTHOe) uMcno poif B o3epe. [Tpeanono-
XHM, 4TO U3 03EPa BLINABIUBAOT @ PbIb, MOMEYAIOT UX 11 BRIMYCKAIOT obpaTtHo. [1pu nopTop-
HOM OT/NIOBE 7 PbIB CPeAN HUX 0KA3AI0Ch T MoMeueHHBIX. CYUTAETCSH, UTO PEIYNbTaThl ABYX
OT/I0BOB MOXHO pacCMaTpHBaTL KAK ClydaiiHble GeCrioBTOpHbIE BLIDOPKH M3 COBOKYITHOCTH
Bcex phid B 03epe. Toraa BeposITHOCTL TOTO, YTO BTOPO# YIOB COMEPXHT POBHO T NOMEYCH-
HbIX pwi0, €CTh Kak pa3 runepreoMeTpudeckas BeposTHoCcTe f(z|a|, ay, n). Ha npaxtuke
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yucha a;, n U T nabnonawTtcs. CnpauwKpaerca, Kak no 3Toi HHQOPMaUKHK OLEHHTL HEH3-
BECTHOE YHCNO & pbId B 03epe? MOXHO, HANpUMED, HAITH TaKOe 3HAYEHME &, IPH KOTOPOM
BeposaTHOCTL f(Zla), @ — @y, ) HOCTHUraeT CBOErO HaMBONbLIETO 3HAYEHHMS, NOCKOAbKY AN
TAKOrO @ Hawe HAGMI0OEHHE MMEeT MAKCHMANbLHYIO BEPOATHOCTb. 3TO 3HAYEHHWE @ HAa3bl-
BACTCA OUEHKOI MAKCUMAAbHO20 nPaeoonodobun AnA a. PaccMaTpHBasa OTHOWWEHWE

f(zla;,a —a,n) . (@a—a)(a—n)
f(zjay,a—1—a,n) al@—a, —n+z)’

yBeAHThCST B TOM, UTO OLEHKA @ eCTh HANBONbLIEE Lenoe YHCIO0, He NPEBOCXOAAILEE Tia /T.
Tak, nanpumep, npu @, = 1000, n = 1000 1 z = 100 sesuunna @ = 10 000.

m TycTb LEAOYMCACHHBIA CltydaiiHblid BekTOp ¥ = (Y|, , Vy) HMEET NOXAHOMHANb-
Hoe pacnpezenacHue M (n, p). [Tokalarsb, 4To ero npou3poastuas (PyHKLMA

N
oty =E]] ¢/
j=l

ecThb
w@) =t + +Fpytn)® t=(t,....tx),
a NpOM3BOOAILAA PYHKLMA NOABEKTOPA ¥y = (vy,..., ), k < N umeer Bug

e, +it,l,...,1)= (1 +ip,-(t,- - l))n

[MonyyuTe oTCIOAA, YTO

E(Vl) — Bi(ﬂ,Pl), C(”Zlyl = Il) = Bl(ﬂ -, D )

W BoODILe

. . P )
L=z, l=1,...,7=-1)=Biln-z,—...—x;_, ,
Wil =z 7= ( ! Y —p - = Pi-i

2< <N

m (fTpodoaxcenue). BolpecTr hopMyNel 418 CMELIAHHBIX GAKTOPHATbHLIX MOMCHTOB NPO-
M3BO/NbHLIX NOPALKOB KOMIOHEHT BEKTOPA V:

N af|+..-+1'N N r:
EH(Vj)Tj - mwl’ e )= (n)'r+---+"N HPjJ
j=1 7=l

B yacTtHoCTH,

Ev; =np;, Evj(y;—1)=n(n-1)p;, Evy;=n(n-1)pp;, i#].
Monyunrs orciona dopmynst (15) §1.1.
(fTpodoascernue). OGO3HAYUM

oo — Pi(l_Pi) npu ¢ =j,
7 —DiP; npu % # 73,

X = ||a,-j||'f, k < N. Yoenutnca B ToM, uto |Zx| = detZy = p,...p(1=p — ... — Pr),
CnenoBaTeNbHo, | S| = 0 (otpaxeHne cpasm vy + +vy =n)u |[E >0npn k < N.
[poseputs, uto Ty'y = |lgi;l1V ", rae gi = 1/pi + 1/pw, gij = Upw, ¢ £ 5.
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JloKa3aTh BOCNIPOM3IBOAMMOCTS MOJHHOMUANBHOTO pacnpeaeienns M(n, p) no napa-
Metpy n: ecnn Bektopbt X, ..., X, Hesasucumbl u L£(X;) = M(n;,p),i=1,....k, 10

LXi+ +X)=Mrn+ +n.p).

4 YrazaHue. BoCronu3oBaThCA KPHTCPUEM HEIABUCUMOCTIE NA XapaKTePHCTHYECKuX (nan,
YTO TO XE CaMoe, sl NPOU3BOAALLKX) hYHKUNA. W

Obutee 3amevanne, Panee (B § 1.2) Mbl HANMOMHUAK OMpEAENEHUE U HEKOTOPLIC CBOHCTDA
XAPAKTEPHCTHYECKUX (DYHKLUIH, KOTOpbIE MCMNOALIYIOTCA Q1A M3YUEHHA CBOHCTBE MIO0bLIX
cnyuaitibix Beanyud. Ho npu paborte ¢ AMCKPETHBIMHI CAY4AiiHLIMA BEJTHUNHAMK 4aCTO
Mpoussopaume 6onee ynobHO HCNOABL3IOBAHUE NPOUIGOORUUX YHKIUL, ONpene-

yHKLHH “ NAEMDBIX COOTHOLLEHUEM
pe(2) =Ez = > 2’P{e =z}, |z < |

I
(nna MHoromMepHO# CayyailHOi BEANYMHLI €= (& ... &) nponanoaawas hyHKUHMR onipe-
nensierca kak p(z), ..., z;) = Ezf ... z,f“ ). XapaxTepucrnueckan dyrkuus )¢ (t) = Ee**

BLIPAXAETCA 4epel NMPouIBoAAYK (YHKUMIO paBeHCTBOM Y (t) = tpg(e"), ¥ NOTOMY
CBOiCTRA Mpou3IBOAAwUX BYHKIHIT aHANOTKHUHBl CBOMCTHAM XapaKTEPHCTHUECKHX (hYHK-
uvil. Hanpumep, kputepuii HE3aBHCMMOCTH 3BYYUT TaK: KOMMOHENTL (AMCKPCTHOTO) CAy-
vaitHoro sektopa X = (X|,..., X;) He3anucHmbl TOrAa H TOALKO TOrAR, KOTIA ¢ro mpo-
uapoasatnas GyHKUUA UMECT BUA

ox(zi,...,z) = ex,(z1) ... ¢x, (21).

Joka3atb, YTo MCKIY NOJMHOMHANBHHM ¥ NYaCCOHOBCKMM pacHpene/ e HUAMU Cyie-
CTBYeT c/Ieayiolan CoA3L: €CAN CTYMalHbIE BEAUYHHLI Ty, ..., Ny HCIABHCHMBbI U L(n;) =
=II(A;), 7 =1,. , N, To 118 UX COBMECTHOTO YCNOBHOIO PacnpeacIeHUs CNPaneLInBO
npeacTanieHUe

L, ....oxlm +-..+nav=n)=M(n,p,...,pn),
rae

pj=_ j=|,..-,N, /\:A]+...+I\N.
<« Ykazanue. BbMMCAMTL YCAOBHYIO BEPOATHOCTL

P{T), =1z, w=2zyxlm+  +x = n,}

1 ybeautbes, 4to oHa uMeeT Bua (14) §1.1. »

MycTh B cXeme NONMHOMUANLHLIX MCABLITAHUIT YHCAO UCTTRITAHWIA €CTb cy4alinas Be-
nunHa Y c pacnpenenenuem MNyaccona T1(A). Tokasats, 4To 1acToTbt HCXOAOB ..., Vy
neaasucumbl u L(v;) =1(Ap;), j=1,..., N.

4 Yraszanue. Ucnonvays ynp. 18 u hopmyny NOAHOM BEPOSITHOCTH, BLIYUCTHTE COBMECTHYIO
NpoOH3BOAAWYI0 (DYHKLHIO YACTOT Vg, ...,V BOCNONBIOBATLCA KPHTEPUCM HE3ABMCHMMO-
CTH 4nA NpoHIBoAAWNX YHKUHA. W

Moka3atb, 4T0 Npon3noanilas (GyHKuusA pacnpeaeneHus cteneHioro paga (20) § L.i
ectb ¢(z) = f(0z)/f(8) v c ee nomotwsio noka3ath Gpopmynsl (23) § i.1 anra MomenTos.

4 Yro3zanue. Yeped npon3soidilyo GyHKUMK MOMEHTBI HAXOAATCA NO (DOPMYIaM:

EE = pe(1), DE=g{(1)+¢;(1) - ()" »



YnpaxHernus 79

(Tpodoaxcenue). Haiitn nponssogawyio dyHkumio cymmsl X, +  + X, HedasucH-
MBbIX CJIaTAEMbIX, HMEIOLLMX OMIHO H TO X€ PACIpeREIEHHE CTEMEHHOTO PAIA, H C eC MOMOLLBIO
ycTaHOBHTL (hopmyny (24) § 1.1

Mcxons v3 Buaa xapakTepHCTHHECKOK DyHKUMH HOPMANBHOI# CIY4aiiHOI BeaHYHbI €

¢ L(E) = N(p.o%): 2
P(t) = exp {itp - %tz}
1 ucnonw3iya dopMyan (1), ybeautbcn B cnpaseanusoctd Gopmya (4) § 1.2,

C nOMOLIbIO XAPAKTEPHCTHUCCKHX hYHKUMIH YCTAHOBHTD CBOCTBO (5) § 1.2 HOpMaIb-
HBIX CAY4alHbIX BEJIHUYMH.

m [lokasatb, yto ecii X, 1 X> — He3lanUCHMbIE ORMHAKOBO pPacnpeaciieHHbIE HOP-
ManbHbIE CYuaiiHble BENHUHMHBI, TO HX cymMa X + X, v pazHocth X | — X, HEe3aBUCHMbI.

4 Yxazanue. Boruucaute cov(X, + X,, X| — X,) v yGeautbesi B TOM, 4TO OHa papHa 0.

Boobue, ecau X, ..., X, — cnysaiinan eebopka u3 HopManbHoro pacnpeaeaeHust A (u, az)
nX = (I/n)(X;+...+ X,), 70 X usextop (X, - X,..., X, — X) Heaasucumsl, Tax
kak sce kopapuaunu cov(X, X; — X) =0, 1 = |, ..., n. Otcrona, Mexay npotiuM, creayert

neaascuMocte X n S7 (cM. (22) §1.2), Tak kak S° ecTb PHKUHA NHIUIL OT PA3HOCTEH
X,—-Xi=1...,n. »

[TycTb cnyyakimbrit Bexrop § = (&1, ..., &) nmeer HopManbHOE pacnpefeneHne
k
N(p, & = lloll})-

Hoka3satb, yto F{: L, D§ =X, re Ef; =y, cov, &) =0y, ,7=1,...,k.
o« Ywaizawue. Mcnoab3osats oOwyo GopMyay 4asi MOMEHTOB
ar|+...+l‘k

— P (0) =" T TRE(E] .. ). >

ot ottt ' k

(fTpodonxcenue). Noka3ats, 4To nonsekTop &, = (&,...,&), 1 €71 <k, uMeer HOp-
mansHoe pacnpenenenve N ((g), , ir), Ir = loisllT) -

4 Yugzauue. XapakTepHcTHUeckada (GyHKUMA [TOABEKTOPA §r ecTh
\Dg(t.,... e 0,...,0),
rae We(t, ..., b) nana B (16) §1.2. »

Mycte X = (X,, ,X;)— CTaHAAPTHbil HOPMaNbHLIH BEKTOP U U — NPOM3BOJIb-
Has k X k-opToroHanbHas matpuua (T.e. U’ = U™'). Mokasats, uto ¥ =U X TaKxke CTau-
AApTHbI HOPMANbLHLIA BEKTOD.

(Mpodoaxcenue). Tlyctb Teneps LI — npon3sonbyas m X k-MaTpuUa v @ — NPOH3BONb-
Hbii m-sekTop. [okasars, yTo m-sexTop ¥ = L X +a nMeer HopMansHoe pacnpeacneHue

N(a, LL').

Mycts BeKTOp ¥ = (¥, ..., Vy) MMEET NIOAMHOMHANLHOE pacTipenenetue M(n, p),
ree 0 < p; < 1, j = 1,...,N O6osHaunm v; = (v; — np;}/vn, j = 1,...,N,
v =(],...,vy) (3ametum, uto ¥] +... + vy = 0). lokaaats yenmpaasHyro npedensiyro

meopemy an8 MOAMHOMHANBHOMO pachpencaeHua: ecan n — oo, To L{v') = N(0, Zy),
rpe nMcnepcHoHHad mMatpulta Ly ykalana B ynp. 20.
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4 Yxazaxue. Bocronb3oBaThes CBOMCTBOM O HENpEpbIBHOM COOTBETCTBHM MEXJY Xapak-
TEPUCTUYECKHUMYU (DYHKUNAMK N pacnpefleNeHHAMK CAy4alHbiX BeAMyHH (CM. yKasaWue
K ynp. 12), KOTOpOe CNpaBe/UIMBO TAKXE M [UIA BEKTOPHbIX CAY4alHLIX BEAHYHH, H YCTAHO-
BMTb CXOOMMOCTb (Mcnonw3ya ynp. 18)

N N 2
! | 1,
lim In ‘I’y_'_(!) = —5 E p,-t? + ‘2‘( E _Pjtj) = _5! Lyt »
i=lI i=l1

R-=c0

Jamevanue, [Tockonbky Matpuua Ly BblpoxaeHa (cm. ynp. 20), To npeaensHoe HOp-
MANBLHOE PaclpeieNcHHE ABNHETCS HECODCTBEHHEIM, OfHAKO ANA moboro NoABEKTOpa
v, = (v, ,v), k < N, bynem uMeTb yXe CXOANMOCTb K COGCTBEHHOMY HOp-
ManeHoMy pacnpedeneduio: L(v° ) — N(0, ;). B uactHocTd, npr k = | nonyyaem
3HAMEHHUTYIO meopemy Myaspa—Jlanaaca o cXOAMMOCTH DHHOMHAIBHOrO pacnpedefeHus
x HopMmanbHoMmy: L(v;) =+ N(0,p\(1 — p)) nan

c( L 4 ) SN0, Y
np.(l - p1)
(nockonuky L(v)) = Bi(n, p\), c™. ynp. 18).

([Tpodonsiceriue). TlycTb TeMepb npu n — 00 BeposTHocTH p; — 0,7 =1, N -1,
unpn3toM np; = A;, 0 < A; oo, 7 =1,. ,N — 1. 310 o3Hauaer, ut0o npu 601b-
IWOM YUCNe UCTBITAHUA N ucxombl ¢ Homepamu 1, 2,. | N — | OyayT DCTpEYaTsCH pelKo
(B cpeanem Aj, ..., Ay-, pas COOTBETCTBEHHO). [10KA3aTh, YUTO KOMMOHEHTHI V|, ..., VN
ByayT acHMnTOTHYECKH HedaBucumMbl M npH 3toM L(v;) = II(A;), 7 =1,... , N = L.

« Yagiagrue. YCTaHOBWTbL CXOOMMOCTb ISl XaDAKTEPUCTHUECKUX DYHKUNH

N-i

[.
‘IIVI,...,VN_i(tII' rtN-I) - Hexp{,\J(e'J —_ l)}.

=1
(cM. ynp.9 n 1B). »
([Tpodosdicerue). JlokasaTb, YTO pacnpenefeHHe CAYMAHHOH BEANYUHB 1) = N — Uy
cxoauTcsa x pacnpepenenuio Ilyaccona IT(A, + 4+ Ay_)).
4 Yrazawue. 3aMeTutb, 4TO 7 = v+ 4 vy, W BocmonbIOBaATHCA YIp. 10 (wan npeasi-
AYLUHM PEIYALTATOM). B

YcraHoBHTb ciipaseganBocTh opmya (21) § 1.2 ana MoMeHTOB raMma-pacnpeneneHus,
npeaBapHTeNbHO NoAydns npeacrasieque (20) § 1.2 aa ero xapaktepuctudeckoi GyHKUnM
¥ BOCMOJLI0BABLUMCEH COOTHOWEHUAMH (1) B ynp. |,

Mycts X,..., X, — HedaBucHMble ciydaitHsie Benuuutnl U L(X;) = T(a, Aj),
j=1, k. Iloka3sars, yTo ansa n0GoH NOCTOAHHOH ¢ > 0

L(C(X|+.+XL)) :F(CG.A|+ +/\‘|.)
4 Yrasawue. Bocnonb3opaTsCs CBOMCTBAMYM XapakKTeDUCTHYECKMX (hyHKUNH. B
[Nokasats, yroecaun X|,..., X,, — HE3aDHCHMbIE CTAHAAPTHbIE HOPMALHLIE BEJIHUK -

o, 10 L(XT+.. .+ X2) = x'(n) = T(2, n/2). OcHoBblBasCh Ha LEHTPANLHOI NPEaENbHOH
teopeme (cM. (1) § 1.2), ycTaHOBKTh, uTO mpH ft — 00

X+ +X§—n)
L 0, 1).
( 7 N0
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’ Y]
« Ykazanue, CHayana yctaHoBuTh, uto L(X;) = ['(2, 1/2), nanee Bocnonbiosatecs cBOiA-
CTBOM BOCMPOM3BOAMMOCTH raMMa-pacrpencicHus. »

IMyeth X, , X, — He3aBUCHMbIE NOKa3aTelbHble CNY4aiHbie BEIMYMHLI ¢ pacnpe-
aencuusmu [(a;, 1), ¢ = 1, , k, coorsercTBenHo. [loka3aTs, YTO CiayvaiHas BeTv4HHA
Y = min{X|,.. , X,} umeer pacnpenenenne [((1/a, + + /ay)™", 1)

4 Yrazanue. Buluucauts P{Y > y}. »

ITycTb k-MepHbIil HOpManbHbIA BeKTOp £ nMeeT cobcTBenHoe pacnpeaenenue N (g, L).
Joka3ats, uTo KBaaparuyHaa opma

Q) =E-wz (-
umeeT pacnpenencHue x (k).

4 Yrazanue, PaccMotperb InHeitHOE npeobpaloBaHue Z = ATy (§ - L")’ riepeBopALLee
BeKTOp { B CTAHAAPTHBIA HOPMAJIbHBIA BEKTOD (cM. 0.2 §1.2), Torna

QY =22=2+ +2,
Zance MCnoabL3oBath ynp.38. »

TlycTh 0 pacnpeneneHHH cnyvaidHbiX BeanunH £ U A (namGaa Gosbluoe) HIBECTHO,
yto L(A) = I'(a, r), rae r — uenoe, a ycnosuoe pacnpenencHue L(E|A = A) = II(A).
Moxasars, uto L£(€) = Bi(r,p) npu p=a/(a +1).

<4 Yrazanue, BbMUCANTb 63yCI0BHBIE BEPOATHOCTH

AE
P{¢ =k} = ]"‘l oG e d), k=01,

u ybeauTsca, 4yto oHM umenT sua (5) §1.1. »

[TycTs cnywaiinas BennyuHa { uMeer Oera-pacnpesenacHue Be(a, b). Buuucants
EE"(1-€)", r, s > 0, u nonyyuts orciona dopmyani ana E€ u DE (24) § 1.2.

<« Yrasawue. Bocnonpiosatbea onpeneneHqeM Geta-bynkuud B(a, b) u coitcTBamu ram-
Ma-pynxunn T'(A) (cM. 0.3 §1.2). »

[lyctsb cayvaitnble Bennaunbl X, v X, neaasucumbl u L(X;) = [(a, A;), 1 = 1,2,
Hokalats, 4To cnyyaiinbe Betuyunb Yy = X, + X, u Y, = X /(X + X;) HezaBucumbl
u npu atom L(Y)) = [(a, A| + A2), a L(Y3) = Be(A}, Ay).

4 Yxazanue. Tlpumenntb dopmyny (44) § 1.2 npu BHYMCAEHHH COBMECTHON MAOTHOCTH
npeobpazosannoro ektopa Y = (Y, Y3) u ybeaurteca B TOM, Y4TO OHa €CTh MPOM3IBENEHHUE
MapryHanbHbIx (OZHOMEPHBIX) MIOTHOCTEH yKa3aHHLIX raMMa- W GeTa-pacnpeseieHuit. »

[ycTh 0 pacnpeaeneHHH CyYaiHbiX BETHYUH £ W 1) HIBECTHO, YTO

Lin) = Be( - f)

rae @y, @; ¥ ¢ — HaTYpanbHbLIE uMCna, @ ycnoBHoe pacnpenenchue L(€|n = p) = Bi(n, p).
[okazars, uTo Ge3dycaoBHoe pacnpeaeneHue € ectb pacnpedencive Mapkosa—Iloiia
MIl(n; a),a,, c) (cm. (11) §1.1); nonyunTs orcrona dopmynsi (13) §1.1.

6 3axa3 1748
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oA Yrazanue. Briumcautp Geaycnoprblie BEPOATHOCTH

I'{a/c)
P(Ch /C)F(az/C)

a=a + a,,

|
P{{ =z} =C; [p”(l —p)"? pHe (1~ p)™edp,

H, BOCIT0/1b30BaBIIUCL CBORCTBAMY raMMa~bOyHKUMH, YOEAUTBCA B TOM, YTO OHM MMEIOT BUA
(11) § 1.1. TIpu BLIYHCNEHUM MOMEHTOB YHECTD, YTO r'-i (DaKTOPHANLHBIH MOMEHT GUHOMH-
anbHoro pacnpesenenus Bi(n, p) ects (n),p" (cm. ynp. 19). »

EH Buisccru dopmyin: (26) § 1.2 11 MOMEHTOB paBHOMEPHOrO pacnpeaencHus (a, b),
a TAaKXKE NORYYUTH BUI €r0 XapAKTEPHCTHIECKOH (DYHKUKH

eith _ pita

Mycts (X,...,X,) — cnydaiinas BuGopka m3 pacnpesenexuss U(a,b) n Y
=min{X,,..., Xy}, Z =max{X,,..., X,} BuBecTd BUA COBMECTHO/ MNOTHOCTH Cly-
YaiHbIX BENMYMH Y U 2

n(ﬂ - l) n-?
—(z — mp esy<z<h,
f(y, Z) — (b — a)n ( y) p =2 y S
0 B OCTILHBIX CAydasX.
[MonyynTs caeayrome hopMyasbl Ui MOMEHTOB:
na+b a+nb
= EZ

- n+1’

n(b — a)?
(n4+1)(n+2)
[Tycrs cnyyalinas pennunna £ umeeT pasHOMepHoe pacnpenetexne U(—w/2, 1/2).

Moxa3sats, 4TO chy4aitHan BenM4MHa 1) = tg{ umeeT pacripeaencHue Koium, 3anapaemoc
naothocTeio (31) §1.2.

(b —a)

DY =DZ = m+ )2 +2)

cov(Y, Z) =

4 Ykazanue. CHayana spiucath QyHKUMK pacripenenenns F(z) = P{n < £}, andde-
PEHLIUPOBAHKEM KOTOPOH MOJYYHTD MIIOTHOCTh. B

a) Ilycts X\ n X; — HesabHcHMBIE CTAHIAPTHLIE HOPMA/ILHLIE C/TyYaHHBIC BEJHYHHDI.
[Moka3atk, yto ux oTHowenne X,/ X, pacnpeneneno no 3akony Kour.

o Yxaszawue. TInoTHOCTL OTHOWEHHA { = /7 ABYX HCIABUCHMBIX CIYUMaiHbLIX Be-
JIHYHMH, TLIOTHOCTH KOTOpBIX f¢ W f, H3BECTHDI, BLIMHCAAETCA MO opMyac

fly) = f fe e fo@)lz] de. » )

6) Pacnpenenenne Koww ¢ napametpom cunsura a (obosnavaercs K(e)) onpenensercs

TL1OTHOCTBIO | |
—— — z€R'
7 |+ (x-a)
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(Tax uyto dopmyna (31) § 1.2 cootBeTcTBYET Cyyalo a@ = 0). Y6eauTuCs B TOM, TO
XapakTepucTHYecKan (hvHKUMA 3akoHa K(a) ectb exp {tat — [{|} u nokasats crhenyw-
muii GaKT: ecnu cayqainpie sennduub X, ..., X, Heaapucumbl v L(X;) = K(a;),

j=1,...,n, 10 L{X) = K(a), rae yepra 03HauaeT cpeaHee apUDMETHYECKOE.

EB] Mposeputs, uto cThionenToBo oTHOmEeHUE t, (cM. (27) § 1.2) umeer momeHTnl Efh
nuwb npu k < n, NpH 3TOM MOMEHTbI HEYETHOrO Mopsaka pasHbl 0, a

B = 1-3...02r - n’
" (n-2n-4)...(n—-2r)

npH 2r < n.

Moayunts otciona dopmyast (30) §1.2.

< Yxasauue. YuecTs, wro ecin L(&) = N(0,1), To EE¥T =0, B¢ =1 3...Q2r - 1),
a Takxe GopMynb! A MOMEHTOB ramma-pacnpeaencHus (cm. n.3 § 1.2). »
B (71podoaxcerue). Yeranosuts, uto
L ' ) = Be z I)
| +ti/n) 2°2)°
« Yxaszanue, Bocronn3aosatbea yop.43. »
51
a) [loka3zatwb, uto ecnn X umeet pacnpeaencHue CHeaexopa Sn,m), 0Y = /X

uMeeT pacnpeaeneHue S(m, n).
6) Tycts ¢, uMcer pacnpeaencuue CTuionenta S(n). [okasate, uto L(8;) = S(1, n).

Mycts F(z;n, m) — dynkuna pacnpeaeneuus 3akoHa S(n,m), a B(z;e,b) —
(dbyHkumA Geta-pacnpeaenchiua Be(a, b). YctaHoBUTB paBeHCTBO

nt nom
FP(z; =B =, = ], 0.
(z: n, m) (m+nm 2 2) z>

Monyuntsb oTciona Buipaxenue (33) § 1.2 wis nnotHocTH pacnpesenenus S(n, m). Haitn
MOMEHTbI 3TOT0 pacnpefenexus (35) §1.2.
« Yxa3awue. 3anucats cooTHowenwue (32) § 1.2 b Brae
m Y Y2
=———, e Y= —"—r
- nl-Y X%+szn

¥ BOCNONB308aTheA ynp. 43, B cuay kotoporo L(Y) = Be(n/2, m/2). MoMmeHTb! Bbtumcnn-
10TCsl MO opMyaam

r
m
r zr e
EFn.m = (;) E(Xn) E(Xm)
MCNOALIYA nanee GOPMY/bl JUTA MOMEMTOR FaMMa-pacnpeacieHns. »

(lpodoacenue). YcTaHOBUTD, YTO

nFy m (n m)
L ———— ) =Be| =, —
(m—{-nF,._,,,) © 22

6!
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Myere X = (X, X, X4, ,Xi4tm) — cayyailHan seiBOpKa U3 NOKa3aTe/b-
Horo pacnpeaeiedns ['(a, 1) u

_1_n_ X|+ +X‘
I Xipo+ . + X

Y =

Hokazarn, yto L{Y') = §(2I, 2m).

« Yxazanue, Bocrionbiopateca ynp. 37, B CHNy KoToporo

2
L (;(x, +.o+ x,)) =T, ) =x(2)
H aHANOIrHM' HO

2 )
£(E(){l+l + +Xl+m)) :X_(zm) >

IMycTb cnyvaitHas senuuMHa £ MMeeT pacnpencacHue Beitbynna Wia, a, b) (cM. (36)
§ 1.2). Jokazate copmyasl (37) §1.2 ana EE u DE.

(Mpodoaxcenue). Nycte (Xy,...,X,;) — cayuaitnaa Bufopka H3 pacnpemeneHus
W(e,a,b) n Y =min{X,,..., X,}. Nokasars, uto

L(n"“Y b"a) =W(l,a.0)

W TIONYUNTb OTCIAA CleRyowMre GopMybl 44 MOMEHTO! Y

1
EY =a+ bl‘(l + ;)n"’“,

2 , 1
DY =B [r(r + —) —I“(l + ~)}n'1’°
a a

< Yxazawue. Bomucants P{Y > y}. »

Mycrs £ nmeet pacnpeseneyue [lapero ¢ napamerpamnn o u a (cs. (38) §1.2). [as

KaKuX HaTyPIbHbIX 3HAYCHHH K CYWIECTBYIOT MOMEHTEI E{k? Moka3arb, uTo npu a > 2
cnpaseatnnbl dpopmyasr (39) § 1.2 ain E£ w DE.

B (/7podosxcenue). Nokasats, 4to cayuaiinan penuumna 1 = In (€/z,) HMeeT nokasa-
TensHoe pacnpeaenesne I'(1/a, 1) (cm. n.3 §1.2).

<« Vxazauue. [pumenuts dopmyny (45) § 1.2 nuGo HenocpeaCTBEHHO BBIYMCIAHTL (yHK-
unio pacnpegeneuun F(t) = P{n <t} »

IMycTe 0 pacnpeaeaeHHH CAYHAHHbIX BEAMYHH £ W 1) M3IBCCTHO, YTO € WMEET pac-
npeneaesue [lapeto ¢ napaMeTpaMu T, ¥ a, a YCAOBHOC PAacNpCACACHUE 7) NPH YCIOBHH,
aro ¢ = 6, asnaerca pasHoMmepHbiM (0, 4). Jlokasats, UTO ycnobHOe pacnpegenexue
L(€|n = z) ectb pacnpenenenue [Mapeto ¢ napamerpamu max(z,,z) v a+ 1.
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« Yxazanuve. Ecnu fe(6) u fo(T) ccTb MapruHanbHelC NAOTHOCTH BeWuHR € H 77, 2
Jne(zl6) — naotHocTs ycnosHoro pacmpencaenus L(nl¢ = ), 1o nnotHocTh fgi0(6]T)
ycnoeHoro pacnpeaenerua L£(£|n = z) seiyucnsetcs no gop- N
myne baiieca ) Ycnosneie )}\}
pacrnpegeneHus
fenole) = LD, (3) ¥ $opmyno bofieca
n

MpH 3TOM
(o) = [ Fue(al6) 1) 00

ABNACTCA <«HOPMHUPYIOIIMM» MHOXHTENEM, He 33BMCAWMM OT NEPEMEHHoil 8 ycnoBHOW
naoTHOCTH fg,(61Z), M NOTOMY BEINMCNATE €ro ABHOE 3HaueHWe B KOHKDETHOM 3aiave
He 06s3aTeABHO (MNOTHOCTL N1060ro pacnpeneeHHs A0CTATONHO BBIYUCAATL C TOUHOCTHIO
no Hopmupylowero MHoxuTens: f(z) = ep(z) = p(z)).

B Hawem cayvae lanncatsb

fe(8) = 07°7'1 (8 > =), Foie(10) = 8~'I (6> z),

rae (HanomunMm) I(-) — uHaukatop. »

m Mpennonoxum, yto X, ..., X} — HelaBUCHMbIE CyyaiiHbie BeIHuMHbl U X UMeeT
ramma pacnpenenerue '(a, A;), i = 1, ..., k. [Tycrs cnyvaiiublii pektop Y = (Y, ..., %)
onpenensercs COOTHOLUCHUAMH
Y, Xi k
i = , , K.
Xi+ +X;
Jlokaszatb, yto Bektop Y W cayvaiinaa seaminHa X = X, + 4+ X He3aBUCHUMDLI M NIpH
atoM Y umeet pacnpeaenenne dupuxne D(A = (A, ., An)) (pacnpeaenenne X ykasaHo

B ynp. 37).

4 YHazanue. D10 ynpaxwucHHe ssnsercs obobuieHHeM ynp. 43 M [0Ka3biBAETCR aHAN0-
rMYHO. P

m Jlokasats thopmynsl (41) § 1.2 mns moMenToB pactipenenenus JIupuxne D(a).

4 Yvazanue. Ucnonbiosars hopmyny (42) § 1.2 ang nuterpana Jupuxite 1 CBOMCTBA ram-
Ma-(hyHKUHH. B

[MycTs 0 pacripencncHuH CayvaiiHbix BexTopoR ¥ = (V... vn) € = (£, ..., En)
u3secTHo, uto L(£) = D(a/c), rae @ = (@, ...,ay) H Bce @; U € — HATYPaNbHLIC YHCAA,

a ycaobHoe pacnpenenchue L(v|§ = p) ects noanHomMansHoe pactipenenenne M (n; p)

(cm. m. 6 § 1.1). Moka3ark, uTo Ge3ycnopHOE pacnpencneHHe sekTapa v ectb N-mepHoe
pacnpenesicine Mapkoea—I[loiia MI(n; a, ¢) (cM. n.7 § 1.1); nonayunTs otcroma GpopMynt

(19) § 1.1,

4 Yrazanue. DTa ynpaxHeHUe ARIAESTCA MHOTOMEpHLIM 0006WeHneM ynpaxHeHHsa 44 1
[I0KA3bIBACTCA AHANOTHUHO € UCNOJb3oBanucM hopmMyinl (42) § 1.2 ana uxrerpana dupnxne
H CBOKCTB raMMa-(MyHKUMH: B RAHHOM CNYy4ae Haa0 BbIYHCAHTE GEIYCNOBHBIE BEPOATHOCTH

Pl{y = }— n! fﬁ Zy T(G/C) al a,']c-ld d
le=z2})= z)!...zp! j_lpj I'(a,/c) ..T(ax/c) J,_lpj P - OPN-i
< i= =

'3) Baitec Tomac (1702-1761) — aHIIHICKHUIT MATEMATHK-BEPOATHOCT UK.



4

86 [nasa 1. OcHosHbie pacnpedenerun u ux mModenuposaHue

(3zecb obnacte uHTErpHpoBaHus § onpesencHa b (42) §1.2, py = | — p, — — DN-1
¢ = @ + +ay U L (z), ,z_v) — MNPOHIBOAbLHLIH UETOYUCIEHHBIH BEKTOP
CZy+...+Ty =n), uybeantsca b TOM, uTo OHK umetor BuA (17) § 1.2. [pu BvicneHnM
MOMEHTOB y4ecTh OopMyny 1A (PAKTOPHRNbHBIX MOMEHTOB MONHHOMUANLHOTO pacnpese-
neuus (cM. ynp. 19). »

3ameyanme. B 3ToM ynpaxHeHUM peub HACT O MOACAM CMeCU BepPOsMHOCMHBIX pachpe-
desenul. 8 DAHHOM Cjlyyae paccMaTpUBacTCs CMeCh MOAWHOMHANLHBIX pAacnpeae’cHui
M (n; p), rac BeXTOp p NpeanoNaraeTca CAYMANHHbIM BEKTOPOM, HMEIOIINM Pacn peaeicHue
Jlupuxie, no 3T0My «CMEILHBAIOLUEMY»> PacCnpeacIeHHI0. TaKuM 06paioM, YCTaHOBACHHBI
pe3yabTaT MOXHO ChOpMYNHpOBaTh B 3THX TEPMHMHAX CNEAYIOWUM 00pa3oM: MHO20MepHOe
pacnpedenetue Mapxoaa—Iloiia RensemcR CMecor0 NOAUHOMUGABRLIX paCnpedetentil no pac-
npedeaeruio Jupiuae.

CooTBeTCcTBYIOIMIA «OQHOMEDHBIH» pe3ynLTaT YNPaxXHeHWA 44 Tenepb 3ByvIIT TaK: pacnpe-
nenedne Mapkosa—TIloita MI(n; a;, @, ¢) ABAsieTcs cMeCbi0 GHHOMHANbHBIX pacnipene-
nenuit Bi(n, p) no Gera-pacnpeaencunio: L{p) = Be(a,/c, ar/c).

[lyct 0 pacnpesenenun cayyaiubix sektopos ¥ = (v, ,wy) M€= (&, ., €x)
nisecTHo, yro € wuMeer pacnpesenchue Jupwae D{(a), a ycnosHoe pacnpencieHue
L(v|¢ = 8) ectb nonuHOMUaNbHoE pacnpeaenenine M (n; 8). [NokasaTo, 4TO YCAOBHOE pac-

npeacieHUe
Ly =z)=D(a +z).

« VYxazanue (Cm. ykazanue k ynp.59). Ecan z, , Ty — UECALIE HEOTPpHUATEIbHLIC
UHCNa, YAOBACTBOPRIOWME YCAOBUIO ) +. ..+ Ty = M, TO B HALIEM CayYyae YCI0BHAH N10T-

HOCTb
Fug(zl0) = 6" 6

a f(@) = 67" 03, cnenosatensho,

e (812) = £((0) fig(zlB) = 677" ggv et

3ameuvanue. B cTtaTucTHUECKHX MPHIOXKEHHAX YACTO NpEANoJaraerTcst, 4ro HabawaaeMan
BbtGOpKa (1aHHbe) X MMECT pacnpeaeNCHHE H3 HEKOTOPOTO NapaMeTPHueckoro ceMeicTea
pacnpesenehuit F = {F(z;0), 0 € ©} (b nannom cayuae X =y u F = M(n; 0) —
CEMENACTBO MONMHOMMANBLHLIX pacnpeieNeHdii), a O mapamerpe
3TOTO CeMeHCTBA NPEANoaraeTcs, YTo OH CAYYaeH, W ero anpiop-
noe pacnpegeneuuc L£(#) € F' — aanaHHoMy ceMeiicTny anpuop-
HbiX pacnpencnenuit f (B Hawem caysac F* = D(a)). CemeiicTBo
F' HasbiBacTca conpaxcenuvim X ceMeiictsy F (o6o3navaercst F' a4 F h,ecuunpu X =z
anocmepuoproe pacnpedenete napamerpa L£(8|X = z) € F' T.e. HaX0AHTCA B TOM Xe
KjdcCe pacnpele/icHHi, YTO M afpUopHOe pachpeleieHUe napaMerpa. B atux tepmuHax
MONyYeHHBIH pedyavtar 3pysut tak: D{a) a M (n; 0), T.e. pacnpedesenue dupuxie conps-
HEHO K NOAUHOMUAABIOMY PACNDEDeACKU).

AHanoruuHbIM pe3ynbTaT Mbl MMeAU U B yrip. 59: pacnipeacneHie [apeTo CONpsixeHO K pas-
HoMepHoMY pacnpeaeachinio U(0, 6).

ConpsxenHblie
cemencTaa
pacnpefiengHmni

YoeauThea B CNPaBefIMBOCTH TAKXKE CAEAVIOWMX YTBEPXIACHH i
(hmxe X = (X, ... , Xn) — cnyyaitHas puifopka W T = T + + z,):
1) Be(a, b} <« Bi(m, 6), npn atom

L(0|X =z)=Be(a+z,b+nm - z);
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2) Be(a, b) a Bi(r, 8), npu 3Tom
L0 X =z) =Be(a+ z,b+nr);
3) T(a, A) <II1(8), npu 3TOM

L(BX = )—'F( 2 A+ )
— — _——— T
4 =1I R )

4) T'(a,A) «T(87', 1), npu 3tom
LOIX =2) = r(——" A+ n);
az

5) Mg, o) aN (8, ), npu atom
LOBIX =z)=N(u,ob), rne

-
7 T | n
ﬂ1=(;-2‘+53)0'|2, 0'|2=(;_—2+'b—2')

6) pacnpenencuue [Mapeto ¢ napaMeTpamMH Iy M @ COMPAXEHO K PaBHOMEpPHOMY pac-
npenencuuio U(0, #), npn 3ToM anocTepuopHoe pacnpeaeneHue # npn HabnoneHny
X = z ecrtb pacnpeneneuue IMapeto ¢ napametpamMn max(zy, £,, ,Z,) K a+ n.

4 Yrazawue. TIpu HaxoXOEHUM anOCTEPHOPHBIX [IOTHOCTEH (3) craeaoBaTh yXa3aHWIO
K ynp.59. »

m flycts cayyaitubiit Bextop £ = (£, {2) umeeT aByMepHOE COBCTBEHHOE HOPMaNbHOE

pacnpeacnacHue
N ((pl: ﬂ2)$ )

rne —1 < p = corr(§), §;) < 1. loka3ats, YTO YCNOBHOE pacnpeac/ieHne

L(&l& = z) =N (M(z),07),

2
a po, o,
2
Po0a &,

rle YCTOBHOE CpedHee
o
M(z)=E&L)E =1)=pr + J—TP(I — i)

— gpynruus pezpeccuu £, Ha €, ABAAIOWAACS B JAHHOM ClyYae IMHENNOI NO T, 2 YCNOBHASA
AHCREpCHs ) e

0" =D(&{€ =2z) = (1 - p)o;
He 3aBucuT oT T. CywiecTpyIOT i Apyrue pacnpenencHus L(£), OTAHYHBIE OT HOPMATIBHOTO,
ofinanaoiume TAKHMY Xe CBOCTBaMY ycnosHoro pacnpenenenus L(6|€ = z)?

4 Yxozonue. BblMUCTUTDL YCNOBHYIO NIOTHOCTL BETHYHHBL & NPH YCNOBUM £, = T no ¢op-
myre fou, (W|T) = foe (T, y)/ fe, (2) n ybeautses B TOM, 4TO OHA paBHa

——ow {5~ M)} >

m (0O6061wenne Ha MuoroMephbiii cayvait). Mycts X = (X, ..., X}, Y =X, , r > 2,
M COBMECTHOE pacripemeneHue

LXY) = N((ﬂh e ) B = ”ffu'j”’;).
rae Marpuna ¥ we uipoxaena n 7' = ||o'7||}. Jokasars, 4to
LYX=z)=N(Mz),!/s),
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roec

M(z) =EY|X=2)= Z(z, p, —, z= (T, Te).

« Yxazawue. 3anucab cOBMeCTHYIO mIoTHocTh B Bune (cm. (9) §1.2)

r

fll’(zl"" ,1:,-_|,IB,) = CCXD {_% Z ajj(zl' —[Ji)(mj - ﬂ])} =

1, j=!

=Cexp{—%[ar( ~ w )+ 2z, — ) Za"(m. #s] }

MONY4uTb, YTO NMEPEMEHHAA I, BOMNET B BBIDAXEHHE YCIOBMOR MIOTHOCTH fy x(Z.|Z)

B BUAe
a.rr #1
exp{—T(z, p,+ o' - ) } »

i=|

OueHuth MeTonOM MonTe-Kapno sennunHy niolasn a = /4 noa ayroi eannuy-
HOH OKPYXHOCTH  + y2 =1,z,y=20
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NepBuyHan o6paborka
IKCNEPUMEHTANbHbIX AlaHHbIX

Heno we & yudbpax, a 6 mom, uno et ¢ HuMu deaaeme.

JaHHas rnaBa npeiacrasnsieT cobol obulee BBeleHHWe B TEOPUIO BbIBOpOYHOrO
(cTaTUCTHYECKOro) MeTofla. 3/1eCh PACCMATPUBAETCS CMUTYALMs, KOTAa MCXOJAHbIE
nauHble (BbIGOpKA) MOJYYRIOTCA B PE3Y/LTAaTe MPOBEAEHHMSI MOBTOPHBIX HE3IABMCH~
MbIX HabnioneHWH (MIMepeHNid) Hal HEeKOTOpO# Clyd4alHOM BeTUUMHOM £, 3aKOH
pacrnpelenesusi KoTOpoi B TeYeHHe BCEro 3KCMEPUMEHTA OCTaeTCH HeM3IMEHHbBIM.
Kak yxe oTMeyanoch BO BBelewvu, B 3TOM cayyae BhIOOpPKa NpPeLCTaBIfET CO-
60ii n-mepHbiit sektop X = (X,,. , X,), rae n — yucno HaGmopeHui (o6bem
BBIGOPKH), a KOMMOHEHTH! X; — HelaBUCHMMBle KOMUM HabniogaeMoit BeNHyKHbI €,
T.€. UMEIOUME TaKoe Xe pacrpeneneHue, Kak ¥ . B atom cnyyae rosopst, UTO
X =(X,, ,X,)ectbcnyyaitHas sbi6opKa (N1 MPOCTO BbIGOPKaA) U3 pacrpene-
nexns € (uau u3 L(§)). B reopuu BLIG0pOYHOro MeToRa (MMM KPaTKo: BbIGOPOYHOI
TEOPHUH) H3IYYaIOTCA PAVTUYHBIE CBOMCTBA CTy4aiiHOM BLIGOPKHM U GYHKLMHA OT Hee.
B oToil rnaBe Mbl BBeAEM OCHOBHBIE MOHATHA BLIGOPOUHONU TEOpHH, MpHUBEaEM
(byHIamMeHTaNbHbIE TEOPEMbl MATEMATHYECKON CTAaTMCTHKH, HccleayeM B TOYHOR
W aCUMMTOTHYecKOM (T.e. npu BonbLIOM 06beMe BBIGOPKH) MOCTAHOBKAX CBOHCTBa
OCHOBHbIX XapaKTEPHCTUK CY4aiHON BbIGOPKH.

§ 2.1. BapuaunoHHbli pap BbIOOPKU, IMNUPUYECHAA HYHKUNA
pacnpeneneHua U rucrorpamma

Bepro onpedeaniime caoea, u ébi ocaobodume
MUDP OmM NOA0BUHB HEDOPAIyMeENRUil,

P Hekapt %

1. NopAaaKoBble CTaTUCTUKKU U BAPHALMOHHBIW PAR BbIGOPKM

HUtak, nyctb X = (X, , X,) — BbiGopKa 13 HexoToporo pacnpeneneHus L{£).
Mpoun3sonsHO i peatusaumu £ = (T, ..., Tp) 3ToiA BLIGOPKH MOXHO MOCTaBHTE
B COOTBETCTBUE YMOPALOYEHHYIO MOCAEAOBATENLHOCT

T ST S < Iy, (1

) Hekapt Pexe (1596-1650) — ¢paHUyICKuit MaTEMaTHK, GUIHK.
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pacrionarad £, ,ZIn B IOPSIKE HX BOIPACTAHHS, TAK 4TO Ty = min{x),...,T,},
I(; — BTOpOC N0 BEJMYMHE 3HAYEHMUE, L) = max{z), ,z,}.

OGo3snaunm uepes Xy clydaiiHylO0 BETUUUHY, KOTOPas [UIsl K&K10H peannsa-
unu T obibopkn X npuHMMAET 3HaveHue Iy, kK = 1, ,n. Tak no ebibopke
X onpeaensoT HOBYIO NOC/EN0BATENLHOCTD Cyvaiinex Benuunn Xy, X,
Ha3bIBAEMbIX HOPAOKOGuiMu camucmux asu BeIGOPKY; npn 310M X (1) — K-51 nopso-
kogas cmamucmurda, a Xy n Xz — axcmpemansiisie (COOTBETCTBEHHO MUHUMAAb-
HOE U MAKCUMAAbHOR) SHaHerUA 8b100pKu, NX Pa3HOCTL p = Xy — X1y HadbiBawOT
pasmaxom Bolbopku. M3 onpeseneHus MOPAAKOBLIX CTATUCTHK CACAYET, UTO OHU
ynopsiioueHsl 110 BOIPaCTaHUIO UX 3HAYEHUM, T. €. OHU 00pa3yloT BO3PACTAIOILYO
Nocnea0BaTebHOCTD

XpnysXps <Xy, (2)

4
@mdh?fw ﬁ;ﬁn KOTOpast HA3HIBAETCS GdpuayuonHsiM padom Bbidopku X
CUMMETPHYHLIE OTHOCUTENBHO KOHLOB 3/IEMEHTHI moce-
nopatenbHOCTH (2) X(p) U X(n_m41) MHOTIA HA3BIBAIOT COOTBETCTBEHHO M-M
MUHUMAALHOIM U TN-M MAKCUMAAbHbIM 3HAYEHUSIMUA BbIGODKH, UMM 7M-MU HUWKHUM
u gepxnum sxcmpemymamy (m = 1,2 ). BaXHOii XapakTepHUCTHKO! BapHalm-
OHHOTO psiiia BLIGOPKW SIBASIETCH €ro meduawa (MWW cepeiuHa), KOTopas pasHa
Xks1y, ecmnn=2k+1, u (X + Xgqny)/2 npn n = 2k. B nansHeiwem nog
TEPMUHOM «OCHOBHbBIE XapaKTePUCTUKH BLIGOPKM» ByaeM MOHUMATbh COBOKYMTHOCTh
ee 3KCTPEMAaNbHbIX JHAYEHNH, pa3Maxa U MeJHaHbl.

UTaK, BapualMOHHBIN pajg — 3TO paciloNoXeHHble B MOpSIAIKE BO3IPacTaHUs
MX BeJIUYUH 3neMeHTbl BbiOopkK. TloguepkHeM, yTo AN 3aJaHHOM peany3auuu
z=(xzy, ,x,) suibopxn X = (X,, ,X,) peanusauneil nocienoBaTenbHO-
ctu (2) seasercs nocaenoparensHoCTs (1). BapuauuoHHBIN psi ABASETCS OZHNM

M3 CTAHAAPTHbIX CNOCco0OB npeacTaBaeHUsl BLIOOPKH.

2. IMNUpunYecKas pyHKUKA pacnpeaeneHus

BeeieM Tenepb (pyHOAMEHTANLHOE TNOHSITHE MAaTEMATHYECKOW CTATUCTHKH, KaKo-
BbIM SIBJUSIETCS IMRUPUHeCKan QyuKuua pacnpedeaenus. [1ns1 3T0ro onpeiennM cHa-
Yana L1s Kaxaoro AeiCTBUTENBHOMO T CAYYalHYIO BETHURHY s (Z), PABHYIO UHCHY
anemeHToB Bbibopkn X = (X, , X,), 3HAUEHHS KOTOPLIX HE MPEBOCXOAAT T,
T.C.

pn(z) =D I(X; < z), (3)

e |

-~ ]
u nonoxuM Fp(x)  —p,(z) — 970 U ectb aMmupuuecKas (GyHKUMS pacnpe-
n

fefeHus (1anee MCMOMb3yeTCs COKPAIEHWE 3. ¢. P.}. COOTBETCTBYKOLUAS BbIGOP-
ke X. @ynkuuio pacnpenencHuss F(x) HaGmiogaemol crnyyaitHo# BemnumHbl €
B 3TOM KOHTEKCTE Ha3blBalOT meopemu4eckoil gyukyuel pacnpederesus. [1o coe-
My onpelefneHUIo 3. ¢.p. — cayyaiHas QyHKuUns: AN Kaxmnoro T € R' 3nave-
Hue Fn(x) — cNyyailHas BeNMYMHa, TIpUHUMatowas 3uayennn 0, 1/n,2/n, ...,
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(n—1)/n, n/n =1, npu 5T0M

P{Rufo) = © } = Plinle) = 1}

C kaxzpiM X; , MOXHO cBa3ats 18a coOsitust: {X; < z} u {X; > z}. BepositHocTu
3TUX CODOLITHIT, OYEBUIHO, PABHLI

p=P{Xi<z}=F(z), g=P{X;>z}=1-F(z)

Ecnn cobeimne {X; < £} Ha3Barth YCIIEXOM, TO fiy(Z) SBAAETCS YHCIOM YCTIEXOB
B 7. HE3ABMCUMLIX MCIbITAHHA DBEPHY/IM C BEPOATHOCTBIO YCMEXa P, 1OITOMY
ft.(x) nmeeT Guxomnanboe pacnpenenexyne Bi(n, p) ¢ p = F(z) (cM. m. 1 § L.1).
CiegoBaTe1bHO,

P{ﬁn(m) = -E} =CiF¥ ) (1 - F@)™™" k=0,1,...,n. (4)
WTaK, 3. 0. p. (KaK ¥ BapHALMOHHBIN PRI) — HeKo- Pacnpenenenme l‘\\\

TOpasi CBONHAsA XapaKTePUCTHKA BLIGOPKH. [1sl KaxXno# pe- 2 . p.

annzaunu z Beidopkn X dyHkuma F(z) onHo3HayHo

orpeaeseHa u obnanaet BceMH CBOMCTBAMM (DYHKLHMM pacnpesesieHis: HIMEHAETCH

or 0 10 |, He yOblBaeT M HenpepblBHa cripasa. IIpW 3TOM OHA KYyCOYHO NOCTOAHHA

M BO3pACTAET TONbLKO B TOYKAaX nocnegoBaTenbHOCTH (1). Ecin Bce KOMIOHEHTDI

BEKTOpA T Pa3IMuHbl (B nociefosaTenbHocTH (1) Bce HEpaBeHCTBA CTPOTHE), TO

(yHK1NA Fn(:n) 3a7aeTCA, OYEBHAHO, COOTHOWEHUAMH
0 npu < I,
ﬁn(ﬂf): k/n mpn zgy <z <2Zpyy, k=1. ,n-1
1 MpH T 2 T(n),

T.€. B 3TOM C/Y4ae YMC/IO CKAUKOB PABHO 7. M BENMYMHbI BCEX CKAYKOB paBHbl 1/7;
TUNHYHBIHA rpaduk bynKunn Fy(z) nmeer Bul, H300paxeHHbIA Ha puc. |

4 £ )
"""""""""""""""""""""""" A/n
—
—tT : + >
oy T U I Ty T *
Puc. 1
Mpumep 1. Peanuszaumeil ppibopku X (X1, ,Xs) sBnawTcs cneayouine

gauHsle: —1,5;2,6;1,2; =2,1;0,1; 0,9. HaiiTh ee ocHOBHbIE XapaKTEPHCTHKH Y 10~
CTPOUTb 3IMIIMPHYECKYIO (DYHKINIO pacnpeleieHuUsl.
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A EB(2)
R e .
5/6+ , '
2/3 T r—-’-l
1/24 —
—1/3
r—.-l- -------- 1/6--
' ' : — t >
-2,1 -1,5 00,1 0,91,2 2,6 T
Puc. 2
[Tpexne Bcero CTpoMM BapHaUMOHHBIN pap: —2,1; —1,5;0,1;0,9; 1,2; 2,6. OT-

CIOfla BUOHO, YTO MUHMMAIBHOE (MAKCHMANbHOE) 3HAaYeHHE BLIGOPKKM paBHO —2, |
(2,6), pa3max pasen 2,6 — (—2,1) = 4,7, a MeavaHa paBHa

Z@3) + ) _ 0,1+0,9 _

0,5.
2 2 ’

OMnupuueckas GyHKumus pacnipenesenus Fg(T) sansercs cTynenyarton, poa-
pacTaeT ckadkaMM BenumyuHON |/6 B TOuKax BapHALMOHHOFO PAAA, MPU ITOM

fﬁ(m) =0npuz<zyy=-21mu ﬁ,(z) =1 npu ¢ 2=z = 2,6. Takum oBpa3om,
(1/2 npu 0,1<z <09,
0 npuy < -2,1,
Fy(z)=< 1/6 2,1<z< 1,5, Fyz) 42/3 e BIs el
Ir)= npH —., r< —1,], X)=
6 P N ¢ 5/6 npn 1,2<€x<206,
1/3 npu —1,5<z<0,l,
L npu T 2>2,6.

Ipadpuk stodi GyHKUMn n3obpaxeH Ha puc. 2.

Mpumep 2. Tycrs X = (X,
BbIbOpKa M3 pacnpeaeneHust bepuynnu

\Xﬂ)—

Bi(l, p) (cm.m. 1 §1.1). O6o3naunm v, =
=X;+. +X, 4yncno eauHnu B Bbl-

i
I
| Gopke. Toraa ckauku 3. ¢.p. F,(z) 6yzyt
I MMeTb MecTO NHLb B Toukax 0 u | v oue-

b F (@)
) S —
vﬂ
b= Buano (puc. 3)
Puc. 3 Fu(z)=q 1-—

npw



§ 2.1. Bapuauyuonnsili pad 8sib60pku, 3. ¢. p. v 2ucmozpamma 93

F(z)
1 ------------------------------------------ —
L oy/n
’,
V) e
—_
n .
'_'J
]
Do
n .
I : : +—t —
0 1 2 3 N-IN

Puc. 4

Npumep 3. MNycts X =(X,..., X,,) — Buibopka U3 auc- 3, b. p. o anckpet- l\\\\
kperoro pacnpeneferust £(§) = (pll },22 ,‘,X, ) . O6o3Ha-  Horo pacnpepenexus

n
YUM Y = 2 I{X; = j) uncno peannzauni ucxona «j», 5 =0,1, , N, Toraa
i=1
BEKTOp ¥ = (V,...,Vy) MMEET NOAMHOMMAILHOE pacnpencnenne M(n;p =
= (p;, ,pwn)) (cM.n.6 §1.1), a oTaentHas yacToTa v; — GUHOMULILHOE pac-

npeaenetimne Bi(n, p;).

B naHHoM cayuae 3. . p. F,(z) Gymer umertb ckauku Iuwb B roukax 1,2, ., N
W TIPY 3TOM BEJTMYMHA CKAYKA B TOYKE } €CTb

. . . b .
AR() = Fa() - FaG -0 =—, j=1 N

TeM caMbIM rpaduk ﬁn(m) OyneT MMETh BMA, YKa3aHHBIA Ha puC. 4.

3nech P{AFn(j) =0} =P(v; =0) = (1 —p;)" 4r0 Mao npu GonbLunx 7,
T. €. B 601bLONA BEIOGOPKE CKAYOK B TOUKE j HapepHAKa GymeT uMmeTh Mecto. bosee
TOro, TaK KakK

N N N
P{ U {aF() = 0}} <) P{ARG)=0} =) (1-p)" =0,
3=1 =1 7=I
npu N — 00, TO B GoOMbWKX BbIGOPKAX C BEPOATHOCTBIO, BANIKON K |, CKayky
3.¢.p. Fn(.’s) OyayT UMETb MECTO BO BCex Tovkax |1, 2, , IV, a cnydaitHbIMH ByayT
JTAUIb BENHYMHBI 3THX CKAYKOB. .
Ecnu xe teoperuyeckas ¢yhkuusa pacnpenefienus Fe(z) = F(z) Henpe-
PBIBHA, TO C BEPOATHOCTHIO | Bee 3nemenTnl Bbolbopku X = (X, ..., X,) Gyayr
Pa¥IHYHbI, ¥ rpaduk 3. ¢. p. ﬁn(:c) GydeT UMeTb BMI, M300paXeHHbIH Ha pHC. |,
T. €. CNyvali HbIMM Tenepb OYAYT TOYKH CKAYKOR, BEHYKMHBI XKe CKAYKOB HE Cly4aii-
Hbl M paBHbl 1/7.



94 Mhasa 2. flepsuyHas obpabomKa IHCNEPUMEHMANbHbIX OQHHbIX

Taxum ob6pa3om, ans BeIGOPOK M3 AUCKPETHLIX W HEMPEPBLIBHEIX pacnpeaene-
HHIA XapakTep COOTBETCTBYIOLUMX 3MNUpPHYeckuX GYHKLUHIA pacnpeneneHus Oyaer
Pa3InYHbIM. TeM He MeHee B J11o0oM ciyyae 3. 4. p. Fn(:c) C yBeJauyeHUeM o00bEMA
BLIOOpKM 78 cONKMXKAETCH B KaXI0M Touke T ¢ TeopeTHyeckoit dpyHkuueh pacnpe-
zenenva F(z).

/ AN ] o
| Cxopmocts no Teopema 1. [ins nwboro ¢ (—00 < £ < 00) ¥ Moboro
sepostHocTH 3. b.p. € > 0 npun — oo

P{|F.(z) - F(z)| <e} — |,

= P
T.e. F,() — F(z) (cxoaMmocTs no BepoATHOCTW ¢M, n.1 §1.2),

HAoxazamenscmao. ITo yTBepXKIEHHE ABNSETCA MPOCThIM CIAEACTBHEM YTOMHHAD-
werocsi paHee 3akoHa Gombwwux yucen (cMm. (3) § 1.2), Tak Kak, 0Bo3HaywuB,
ni = I(X; < T), j =1, , b, Mbi NOAYYUM MOCNEXOBATE/IBHOCTh HE3ABUCH-
MbIX, OJIMHAKOBO PAacnpede/ieHHbIX CYYalHBIX BETMYUH C MATEMATHYECKHUM OXH-

- | —
manuem En = P{X, < z} = F(z), a F,(z) = — E 1;. Takum oGpaszom,
n
j=!
F.(z) = F(z), yto v yrBepxaaercs B Teopeme. W

/ A T R O T ,.' o &
Y ”E’“Kbpo'cm’6n‘w“$e"ﬂm“ﬁ” _ MoxXHO ycTaHOBHTb W CKOPOCTb COMUXKEHHS 3. . P.
anm 3. ¢ p. F,(z) ¢ F(z). Tak kak u3 (3) cneayer, uto (cm. (4) § 1.1)

EF,(2) = ~Epa(z) = F(2)

(5)
~ 1 I
DF,(z) = ;Dpu(:}:) = T—IF(:E)(I ~ F(z)),
TO COTNIaCHO HepaBeHCTBY YeObiwena (s M060M cliydailHOM BENUYHHBI €
P{|¢ — E¢| > e} < D{/ez) uMeeM 11s1 moboro £ > 0
-~ F(z)(] - F(z
P{Vn|Fu(z) - F(z)| >t} < @) 5 (=) <7 (6)

(nocnemHee HepaBEHCTBO CAEAYET M3 TOrO, YTO Ans A000H hyHKUMM pacnpenene-
Hua F(z) umeer mecto ouerka F(z)(1 — F(z)) < 1/4).

[MonyyeHHas oueHka (6) yHuBepcansHa, TaK KaK OHa HE 33BMCHT HMW OT TeO-
pETHYECKON GYHKLNM pacnipeneneHus F(T), HU OT TOMKM T, HW OT 06beMa Bbl-
6opkK 1. B yacTHOCTH, U3 HEE CNEAYeT, YTO

P{|F‘n(:n) - F(z)| > %} < 0,01,
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bonee Toro OLUECHKY MOXHO NOAY4YHTL, €C/IH YHHCNO Ha-

i eopeMG

GnoaeHNit T BEJUKO U B 3TO/ CHTYaUMM BOCMOAL3ODATS- Myoapo—ﬂonnoca
cA Teopemoit Myaspa—Jlaniaca 0 cXOIMMOCTH GHHOMM- ann 5.6, p.
ANBHOTO PacHpeleNeHus K HOPMATbHOMY (CM. 3aMevaHue
kynp.33 . 1):ecnn 0 < F(z) < 1, Tonpu n = o0
r » -
V@)1 - Fa)

B tepMunax 3. ¢.p. F,(z) = pa(z)/n 310 cooTHOE- 3 3
HHe MOXHQ MEpenucaTh B CeayloLleM Buae: 0003HaYHM MNHPHHECKUH

npouecc

Whiz) = Jﬁ(ﬁn(z) — F(z)) TaK Ha3viBaeMbiit amnupu-
weckuil npoecc, TOTAa

L(Wa(z)) — N(0, F(z)(1 - F(z))). (7

OTciona MOXHO 3aMHCATh CAERYIOUIYI0 LEMOYKY COOTHOLIEHUH:

P{|W,(z) <t} = P{ (m)——j—.(F(z)(F )+\/Lr_z}z

¥ ‘I’( \/F(:c)(f = F(z))) - (' \/F(z)(f - F(z-»)
= q)( i )—1;~2¢(2t)—1.
VF@( - F)

Ecnu Mbl XOTMM caenath NpaBylo YacTb PaBHOI 3aaHHOMY 4HCy <Y, OM3KoMY K 1

(nanpumep, ¥ = 0,99), To pewns ypasaenue 2® (2¢) — [ =y, nonyuyum
I,/ 1+
t,=-&"'" —},
=+ (F)
ree ' — o6parnas GYHKLUMA K CTAHIAPTHON HOPMaAlib- Hosepurenshuii
Ho#t ¢yHkuun pacnpenenenns (cM. (7) § 1.2). B utore  yurepsan ana Teope-
Mbl NIOTYYHM COOTHOLUEHHE TH4ECKON DYHKUMM
. - t’)‘ i pocnpeneneuuﬂw
P{ F, :c——<F <EF(x)+—=3>7v, (8 o
{R@- L <ro)<h@+ =]z ®

KOTOpOE 03HAYaeT, 4TO 1A GONbIIMX BLIGOPOK C BEPOATHOCTBIO, NPUOIM3NTENb-
HO paBHOi#l 7, 3HaueHue TeopeTHuecKoi (GyRKUMM pacnpeaeneHus OyleT OTIU-
yaThCA OT COOTBETCTBYIOLIErO 3HAYEH NS IMIIMPHYECKOH DYHKUMK pacTipeaeneHus
He Dostblle, YyeM Ha t,,/s/_ TakuMm 06pa30M B (8) onpeneneH cyyaiiHbIi HHTEpBA
(F Z)Fl,/v/n) C UEHTPOM B TOUKE F,(z), xOTOpbI#i C BbICOKOI BEPOATHOCTBIO Y
HaKPbIBAET 3JHAYEHHE TEOPETHYECKOI yHKUMM pacnipereterus F(z), ecnn B aToi
touke F(z) # 0. Takoit uHTepsa (ﬁn(z) Fi,/v/n) HaseiBaeTcs acumnmomu-
ueckum -y -0ogepumensruim unmepeasom s F(z). LllupuHa 3T0r0 MHTepBsaia Nnpu

o

»

»
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GONBIIMX 7@ MUMEET MOpsaoK |/v/7, T. €. 3TO OYeHb Y3KMI MHTEPBa, C BLICOKOM
TOYHOCTLIO JIOKAM3YIOL M 3HaueHue F(z), ecnn oHo HaM HeuspectHo. Hanpu-
Mep, npu £, = 2 BenuyuHa 7 = | — 6 107

M3 3TUX paccyxIeHUWH MOXHO cAenaTh CAeAYLMA MPUHLUUNWANBHBIR Bbl-
BOA: €cau oObeM BbIOOPKH GOALWOMH, TO 3. Q. p. ﬁn(w) B KaXIO#A Touke T, rae
0 < F(z) < 1, ommuaerca ot F(x) Ha ennunny nopsiaka 1/v/n, Te. E,(z)
cOonmxaercss ¢ F(z) ¢ pocTOM n U TeM CaMbiM 3. . p. MOXET pPacCMaTPHBATLCH
B KAYecTBE NPUOMMXKEHHOTO 3HAYeHUs! (OyewKu) TEOPETHUECKOR (DYHKLMMU pac-
npenefenus F(z), ecin oHa Ham HewspecTHa, ®yHkunio Fy(z) mosromy uacro

Ha3bIBAIOT cmamucmudeckaum ananozom 1na F(z): Fy(z) ~ F(z).

COCTOSTENbHOCT 3amevaHue. YKalanHOe B TeopeMe | CBOMCTBO CXOAMMOCTH

- P e
5. ¢. p. F,(z) — F(z), n = o0, HA3LIBACTCA B CTAaTUCTUKE COOW-
CTBOM cocmosmenstiocmu 3. ¢.p. Fy,(z) Kak ouenkn anst F(z).
Takum obpaloM, Teopema | yTeepxaaert, uto 3. ¢. p. Fy, (T) ABaseTCa COCTOATENbHOM OLCH-

KOIt 117 TeopeTHUeCKOoH (PYHKUMH pacnpeneneHun F(T) B KaxroH TouKe I.

3. lanbHenwHre cBOACTBA 3. ¢. p.

(3T0T Marepuan ANA Tex, KTO XO4eT 3arnAHyTL nornybe
B 0BCcyXaaemylo npobnemaTury)

Boiwe Mbl 0OcyXxaany OIHOMEPHbBIE CBOMCTBA 3. . . Fn(w), T. €. €€ NoBeleHUe
B8 QUKCHPOBAHHON TOYKE T, M IUIA 3TOr0 HaM ObIIO0 JOCTATOYHO 3HATH KWL CBOM-
cTBa GUHOMManbHoro pacripesenetuns Bi(n, F(z)). Bonee ryGokue 0cobeHHOCTH
3. ¢b. p. NPOSABAAIOTCA, €C/IH pacCMaTpUBaTh ee NoBeAeHHEe HE B O0TAeALHON HUKCHU-
POBAHHOH TOYKE T, a B NPOU3BONBHOR KOHEYHON CUCTEME To4eK T < T3 <.
< Ty-1, T.€. €CTH paccMaTpupars caydaiubiit sektop (Fu(z)), , Fa(zn-1))
[lycTe Ty = —00, T)y = 00, TOYKK Z|, .., Ty-_] TAKOBbLI, YTO

0=F(zy) < F(z;) < < F(zy-)) < Flzy) = 1.

0O603Ha4YUM
pi = AF = F(zy) - F(ziy), i=1, N,
W BBEIEM Cly4YaiHble BEJIHYRHBI
Vi = Bjpn = pn(Ti) — pn(Tio1) E Iz < X; <), i=1, N

3aMeTHM, YTO V; €CThb YUCIIO peanuaauuﬁ cobuiTHA A; = {Z;—; < £ < z;} B N He-
3aBMCUMBIX MCNBITAHHUAX, @ TAK KaK coOblTHA A, , Ax 0DOpa3ylOT NONHYIO Fpyn-
My MONapHO HECOBMECTHBIX HCXOL0B C BEPOSITHOCTAMMU HX PEATU3AUMIA B OTACTEHOM
UCNbITAHUH Py, , Dy COOTBETCTBEHHO, TO ClyyalHblil BeKTOp ¥ = (¥, , VN)

UMeET ITONMHOMHaNbHOE pacnpelesieHne M(n;p = (p1, ,pN)) (cM.m6§1.1).
Ho u3 onpegeneHus 3. . p. cnefyer, 4To

~ 1 1 .
Fo(@i) = —pn(@i) = ~(n + ...+ w), i=1...,N,
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M TeM CaMbIM MHOTOMEpHbIE CBOHCTBA 3. §. p. Fyy(z) onpe- T \4 000 ie0ne »

OeNAIOTCA MONMHOMUANbHBLIM pacnpenenetiveM, ns nonu- ceoicTsa 3. . p.
HOMMABHOTO pacrpele/ieH A M3BECTHA UEHTPATbHASA Tpe-

Oe/bHAsA TEOPEMA O €r0 CXOAHMOCTH MPU 7t — 00 K MHOTOMEPHOMY HOPMaNbHOMY
pacripegeneHuio (cM. ynip. 33 K o1 1), Bocno/b30BaBIUIMCL KOTOPOIt MbI ceifuac ner-
KO ONHULLEM MOBeIeH e MoObIX MHOTOMEDPHBIX pacripeaeneHuit 3. ¢. p. AN 6onbLmrX
Bbibopok. 18 3TOro BbIMHCAUM CHayana NpHUpalleHus 3. . p. ﬁn(m) M IMITUPU-

yeckoro npouecca Wy(z) = \/ﬁ(ﬁn (z) - F(z)) Ha untepBanax (z;—|, T;):
-~ 1 V;
AF, = HAiI-"n =

Vi — np; *

Vn

Il
"I:

= v;
AiWn = \/‘TI(A,FR - A;‘F) = \/h_(; _pi) —
CnenoBatenbHO,
LW, AW, ANWa) = L1, 03, vi).

[Tocnennee xe pacnpelenieHme Mo yap. 33, ra. 1, CXOOUTCA NMPU N — 00 K HOp-
ManLHoMY pacripeneneduo N (0, ), roe AMcnepcHoHHas Matpuua Ly = IIJ,-J-lHv
MMeeT 3NeMeHTsl 0y; = Pi(8i; — pj), 0;; — cumpon Kponekepa (6;; = 1, 8;; = 0,
i FJ).

TakuM obpa3zoM, COBMECTHOE pacrpeaeneHne JIo0bIX MpUpaLLeHNA IMITUPU~
yeckoro npouecca (T. €. UEHTPUPOBAHHON U HOPMUPOBAHHOW 3. ¢. P.) aCUMIITOTH-
YecKH (Npy 7. — 00) HOPMATBHO:

LIAW,, AW, ..., AxW,) — N(0, Zx) 9

(3TO 3HAYMTENILHOE YCUIEHWE CBOMCTBA acCUMNTOTHYECKOW HOpMatbHOCTH (7) 3M-
MUPHYECKOTO MPOLECCa B PUKCHPOBAHHOI TOUKE).

PesynbTaty (9) MOXHO NpHAATL CNEAYIOWYIO MHTENPETaUM 0. OG03HAUMM Wo(a:)
cnyyaiinyo gyHxuuio (npollecc), obnanaioiuyio TeM CBOHCTBOM, YTO

c(AWe, AW°, AxW?) = N(0, Ty),

T. €. COBMECTHbIE pacripeieeHusl BcexX ee NpypalleH it HOpMaTbHbI (Takas GyHK-

unst W () HasbiBaeTCA 2aycCcosckuM npoyeccom, i OHa MOXET GbITh KOHCTPYKTUBHO
ONpedeNeHa, HO 3TO yXe BLIXOAMT 33 paMKH Haluero nocobus). Torna (9) o3Havaer,

4TO NpH GONBLINX N IMIIUPUYECKHUI pouece Wi (z) MpenensHsie pacnpene-
npubAMXEHHO YCTPOEH KaK raycCOBCKUM Tpolece nexus CbYHKuHOHGnOB oT
0 0 2MNMpHHeCKoro npouecca

[ToaToMy cnenyet 0XMAaTh, YTO U pacripefeneHns «xopoltux» GyHKUMOHAO0B g(-)
OT aMITUPUYECKOTO TpoLlecca 6ynyT cnabo cXOAUTLCH K COOTBETCTBYIOLIMM pacnpe-

nenermsam g(W*):

L{g(Wy)) — L(gW’)) mpu 7 — co.
7 3axca; 1748

s
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Ecnu 370 Tak, M ecinu pacnpeiefieHue npeaensHoro GyHKUMOHaNa g(WO) MOXHO
BBLIYMCIUTL B ABHOM BUJE, TO Ha 3TOM NYTH MOXHO MONYy4aTh Npele/bHbIe TEOPEMBI
s pacripeneneduii pa3nnunbix dyHkuoHanos g(W,) oT aMIMPHUYECKOro npo-
Lecca. UMeHHO Ha 3TOM MyTH nonydyeHa 3HameHnTas Teopema A. H. KoaMoroposa
(1933) o npenensHOM pacrnpesieJleHUM MaKCUMATBHOTO OTKNOHEHHS

D, =Dn(X)= sup |Fi(z)~ F(z)] (10)

-00<T<N

3. 0. p. oT F(z) na Bcei ocw.

Teopema 2 (Teopema Konmoroposa). Ecau dyHkuna F(z) venpepsiBHa, To npy

MobomM hukcuposaHHom ¢t > 0
oo

: 12,2
lim P{VnD, <t} =K()= > (-1)e™" (11)
=00 ,
j=-00
Pacnpenenenne Konmoro- Pacnpenenenve K (t), onpenenennoe 8 (11),
DPOBA ¥ AOBEPUTENSHAS Ha3blBaeTcA pacnpedeneniem Koamozoposa, 1 OHO He

30HQ ONR TEOPEeTHUECKOf  JABHCHT OT BMIA TEODETHYECKOW PYHKLIMM pacripe-
$yHKuMn pacnpepenerus  ACJIEHUA F(z).

[1pu 3TOM MpeaenbHy0 QYHKLUIO pacnpesene-
HuA K (L), xoropas nmoapoGHo NMpoTabyAupoBaHa, MOXHO C XOPOLIUM NpUGIHXe-
HUEM UCTIOMb30BATHL IS MPAKTUYECKUX PAcyeTos yxXe npu n > 20.

Teopemy Konmoropoea 0GbI4HO NPUMEHAIOT AN TOTO, YTOOLI ONPeae T Ipa-
HMLIBL, B KOTOPbLIX € 3aIaHHON BEPOATHOCTHIO HAXOAMTCA MpadUK TeOpPeTUYECKOM
¢yskumy pacnpeleienus F'(z), ecnn oHa HeussecTHa. [lyctb 118 3anaHHoro
v € (0, 1) uncno t, onpenensercs ypasHenuem K (t,) = . Torna us (11) umeem:

P{VnD, < iy} = P{Fu(z) - t,/vn < F(z) <
< F,,(z:) + t.,\/ﬁ onA ecex 1:} —_— K(t.,) =

n—00

‘Takum obpa3oM, npu 00bIINX 72 C BEPOATHOCThIO, BNU3KOI K ¥, 3HaYeHUA byHK-
uun F(z) ans scex T ynoBNETBOPAIOT HePABEHCTBAM

F.(z) - t,/vn < F(z) < Fy(z) + £,/ V7.

Tak kak 0 < F(z) < |, To 3TU HEpaBEHCTBa MOXHO HECKO/IBKO YTOYHMTH:

max{0, Fy(z) - t,/v/n} < F(z) < min{F,(z) +¢,/vn. 1} (12)

OGnacTs MIOCKOCTH, ONpefenseMas BepxHel W HMXHei rpaHuuamyu B (12)
Ha3bIBAETCH ACUMIMOMUHEcKOU <y -008epumeasioli 30HOU 1L1A TEOPETUYECKOH DYHK-
unn pacnpeleneHus. [Ina onpeneneHna YUCIOBLIX 3HAUEHUI £ TIDY PAINHYHBIX Y
MOXHO BOCMOb30BaThCs TAOYIMPOBAHHBIMHU 3HaYeHUAMH dyHKumn K (1), Hanpu-
MEp, to_gs = 1,3531, to.gg = 1,6276.
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[Tone3Ho 3HaTh Takxe CNeAYOLWMA pelyabraT, NnpHHamnexawHid B. K. n-
BeHko 2 (1933).

Teopema 3 (Teopema MuseHKo).

P{lim D, =0} =1.

n—o00

Jpyrumu cinoBamu, MaKCHMaJbHOE OTKJIOHEHHE AMIIMPHYecKoit byHKLNH pac-
npeleneH s OT TeoPETHYECKOM PYHKUMM pacnpeleneHUst Ha Beel OCH ¢ BeposT-
HOCTbIO | OyaeT cKoJib YTOAHO MaNo NpHU AOCTaTOuHO GosiblIoM 00beMe BHIOOPKH.

HaxoHen, chopMynupyem elle oJMH BaXHbIA PE3y/bTaT BhIGOPOYHOA TEOPHH,
npunapnexawnit H. B. CMupHoBy (1939), KOTOpbIA pacKphiBaeT ADYTHE CBOICTBA
IMIIUpUYeCKUX QYHKUMI pacnpeleneHHs.

Teopema 4 (Teopema Cmuprosa). Nycis F,(z) v Fop () 3. . p. ana neyx ‘\\\\
— pBe 3. . p., NOCTPOEHHbIE H3 OCHOBE [ABYX HE3aBUCUMbIX BLI6opoK
BbIBOPOK 06LEMOB T8 U T U3 OQHOTO W TOTO Xe pacnpepe-

newna L(£), n R
Dpm= sup lFln(l‘) - F2m($)|- (13)

—0<T <

Torpa, ecu Teopernyeckan dyHKuna pacnpepeneiunn F(T) nenpepbisHa, To 4R
nwoboro pukcuposartoro ¢ > 0

im Pd./— 2 b <tb=K(t 14
ﬂ.ﬂllrl..lw n+m R.m = - ()’ ( )

rae ¢yHkuna K(t) onpepenera s (11).

Ty TeOpeMy 06bIYHO HCNONL3YIOT TS NPOBEPKH THITOTE3bI OAHOPOIHOCTH O TOM,
4TO IBe BBIGOPKM NOJy4eHbl U3 OMHOTO M TOTO Xe pacnpeneneHus (cM. npumep 5
Beepenus m n. 1 §4.3).

MoxBoast HTOr OGCYXIEHUIO aCHMITTOTUYECKUX CBOHRCTB (CBOHCTB AnA GOnb-
KX BBIOOPOK) IMMUPUYecKoH GYHKLUMHM pacmpefeNeHus, MOXHO caenath cie-

aylolee obuiee saknioderne. To, uto npu Gomsunx n Fy(z) = F(z), naxoauT
OTpaXKeHUe B cneayoueM GyHaaMeHTAIbHOM NpUHLKLNE
MaTeMaTUYECKON CTATUCTMKU. N8 N1000W XapakTepu-
CTHKKM ¢ Hab1l0gaeMoil CNyyalHOR# BeaHMHMHbI £, Ko-
TOpas eCTb HEKOTOpLIW YHKUHOHA OT TeOpeTHYeCcKoH
¢yHkuMy pacnpeaeneHus F(z) ¢ = g(F), MOXHO MOCTPOUTH €€ cmamucmuye-

ckuti guano2 (ouenky) gn = g (Fy), ¥ Toraa wis GoablIMX N MOXHO MCNONb30BATH
Jn B KAYECTBE MPUGAMKEHHOTO 3HaYeHHs (OLEHKM) U § Gn X ¢.

PyHaaMEHTANbHBIA »\\\
NPHUHLUMN MATemaTHue-
CKOW CTOTHCTHKM

2) Musenxo Banepuit UsaHosuy (1896-1940) — poccMHCKWA MaTEMaTUK, CMIELHATACT B 061acTH
TEOpPHMN BEPOATHOCTEH W MATEMATHHECKOrO aHAU3A,
7‘
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4. NMonuroH Yacror, rucTorpamma

IToMMMO BAapHALLMOHHOIO Psila U SMMUPHYECKOH (PYHKUHUH pacrpele/ieHus cyuie-
CTBYIOT M IPYrHe cnocoObl HaMIAAHOrO MPEJACTABJEHUA CTATUCTHYECKUX QAHHBIX,
obrneryaloux paboTy ¢ HuMM. Tak, ecay HabniomaeMas B 3KCIIEPUMEHTE Clydyai-
Hafl BeIMMMHA § IMCKpPETHA M NPHMHUMAET JHAYEHUA a(, 4y, .. To GoJee Haral-
HOe TIpEAcTaBi€HHe 0 ee 3aKOHE pacnpeleneHrsl AalyT OTHOCHTEJIbHbIE 4aCTOThI

v, = vp/m, tae v, — uucno snementos seibopku X = (X, , X;), npuuas-
n

WMX 3HAYEHUE Qy: V, = Z I{X;=a,),7r=12, B aTom ciyyae, COrnacHo
j=I

3aKOHY GONBLUMX YHCEN, MPH T — 00 U} —b P{¢ =a,},7=12, T.e. U,

cONMMXKAETCA C POCTOM T C TEOPeTHYeCKoit BeposTHocTsio P{¢ = a,}, u notomy,

no kpaitHeil Mepe [A1s GOBLIINX BLIGOPOK, OTHOCHTENBHBIE YACTOTbl Yy MOXHO

PACCMATPUBaTh B KAYECTBE NIPUOITUXEHHBIX 3HAUEHUM (OUEHOK) AUIA HEMIBECTHLIX

sepoaTHocTeil P{{ = a, }.

ﬁ?oznaaamenwan yeHHocms meopuu seposmHocmel obycnoanena meD
4mMO Maccossie cAyqalHble AgneHus 8 Coem COBOKYNHoM delicméuu co-
3darom cmpozue 3akoHomepHocmu. (amMo noHAmMUe MamemMamuyecKou
geposmHocmu 6biio 661 6ecnnodHo, ecau bbr He HaXOdU0 C80e20 OCy-
ujecmaneHus 8 8ude 4acmMomsi NOABNEHUA KAKO20-nU6GO pesynbmama
npu MHOZOKPAMHOM NOBMOPEHUU 0FHODOOHbIX yCa08uLl.

& A.H. Konmoropoaj

Av, WcxonHble DaHHblE AUCKPETHOro THI2
41 06bIYHO 3aNMUCBLIBAIOT B BHAE NOC/EL0BATEN b-
3L noctu nap {(a,, v;)}, rme v, > 0, unu B Byze
5 | Tab/1 Libt
1+ GLI a» | .

— v ||

o 1 2 3 4 5 &

HA3bIBAEMO crmamucmudeckum psdom (nom-
YyepKHEM, YTO B ITOM Clyyae Z vy =1).

Av, HarnsagHsim npeacTasneH MEM TAKUX JaH-

1/3+ HbIX SBASIETCS HOAUZ0H YACMOM, KOTOpbIH

T npelcTaBaseT coboit 10MaHyIo C BEpILUMHAMU

l;{g-‘- B Toukax (a,,v;), 7 =1,2, (cM. puc.5).
ey . MOXHO paccMaTpMBaTh TaKXe CTATUCTH-

0 12 3 45 % yeckuii pan {(a,, v;)} (3necs Zr v, =1)u

.5 COOTBETCTBYIOILIMIA TMOMUIOH OTHOCHTENbLHBIX
HacCToT.
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Mpumep 4. Habnonenubie 3HauYeHUsT LENOYMCIEHHON BeAryrHb! € 1S 12 OTBITOB
oKa3anuch paBHbiMK 5, 1, 4, 0, 1,4, 3, 5,0, 5, §, 2. CratucTyeckue paasl U
NOJMIOHB! YACTOT 3THX AAHHBIX TAKOBBI:

20345

1124
e | 0| 1| 2] 3 ]|4]s5|=
| 1/6 | 1/6 | 1/12 [ 112 | 1/6 | 1/3 | 1

Jnis HerpepbIBHOM clyyaHOA BeudMHbl £, 00NANA0-  Merop TPYNNUPOBKM l‘\\\
Lite#i HEMPEPLIBHOM MIOTHOCTBIO f(T), TaKXkKe MOXHO MOCT- W TMCTOTPOMMO
POMTb TI0 COOTBETCTRYIOILEH BriGOpKe X = (X, ..., X,)

CTATHCTHYECKNH aHANOT fr(Z) 115 TOTHOCTH f(Z), KOTODBII Ha3bIBAETCA 2UCMO-
2pammoti. J11s1 3TOro UCTIONb3YeTCsl Memoo pynnuposKkY, B COOTRETCTBHH ¢ KOTOPIM
061acTb A BO3MOXHbBIX 3HayeHHUH § pa3dupaeTcs Ha HEKOTOpoe 4yHcao N Hene-

N
peceKaiolMxcs MHTEpBanoB Ay, ..., Ay (rak uto A = U Ay), TIOACYNTLIBAIOT
r=|
ydcna vy, , vy Habmonenuit X;, , X, TOMaBLIMX B COOTBETCTBYIOIIME WUH-

TEPBAJIb:
N N
v,,=2 I{X;ed,), r=1, ,N (TEIK'—ITO E V,=n),
j:] r=1]
Y CTPOAT KYCOUHO-TIOCTOSIHHYI0 (PYHKUHIO

falz)

— Vr
n|A|

npu €A, r=1 ,N (15)

(3mech |A,| — minHa unTeppana A;). To, YTO MOCTPOSHHAA MO TAKOMY NPABMIY

rucrorpamma f, (T) AEHCTBUTENBHO «[10X0XA» HA TEOPETHYECKYIO MIOTHOCTE f(Z),
CNIENlYET U3 3aK0Ha OOMbIUIKMX YUCESI, COMMIACHO KOTOPOMY TIPH 2 — 00 OTHOCHTEb-
Has yacToTa Vp/n cOMMXAETCA ¢ TEOPETHYECKOM BEPOSTHOCTLIO

P{E € A} = / f(z) dz.
A,

Ho 10T MHTErpan no teopeme O cpeaHeM paseH f(a,)|Ar|, rae a, — Hekoropasn
BHYTpeHHSS TOuka uHTepsana A, (Mpu MaioM A, B KayecTBe @&, MOXHO B3ATH,
HampuMep, cepeAvHy UHTepBana). Takum 06pa3oM, pu GONBLWIKX 1 M AOCTATOYHO
«menxom» pasdnernn {A,} fa(z) = f(a,) npu T € A,, T.e. rucTorpamma fn(T)
GyIeT MOCTATOYHO XOopowo npudnuxars rpaduk naotHoctu f(z), cnenosarenb-
HO, ﬁ(m) MOXHO pacCMaTPHBATh B Ka4ecTBE Cramucmu4ecko2o anaicea (OLeHKN)
s f(z). o
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7 g

Puc. 6

Hapsaay ¢ rucrorpammoit, B kayecTe npubmikeHus IS HEU3BECTHON Teope-
I THueckoit nnoruoctu f(z) MO)KHOU UCIIONL30BATh KYCOLIHO-HMHBI?‘IHI:IFI rpadux,
Ha3bIBaEMBbI it nOAUSOHOM yaCcmMOM, Y KOTOPbIA CTPOUTCH TaK:
€CY NOCTpOeHa TucTorpaMma ﬂ(:c), TO OPAMHATEI, COOT-
BETCTBYIOLWIME CEPENHAM HHTEDPBATOB IPYNNHPOBKH, MTOCAEN0BATENbHO COEUHSAOT
oTpe3kamu npameix (cM. puc. 6). TTocTpoeHHsIH TaKM 06pa30M KyCOYHO-NUHEH -
HBIA TpaUK TaKXe ABISETCH CTATUCTUYECKUM aHANOrOM TEOPETHYECKO MIOTHO-
cTd. IpynnupoBaHHbie gaHHble YIOOHO MPEACTaBASATH B BUIE COOTBETCTBYIOUIETO
cratucTudeckoro pana {(a,,v;)}, rae a, — cepeavHa 7-ro MHTEpPBAIA IPyn-
NUPOBKH.

MeTon rpynnUpOBKH MPUMEHSIETCA W [UIA AMCKPETHBIX AaHHbIX, KOTAa, Ha-
MpUMeED, MHOXECTBO BO3MOXHBIX 3HAYEHUH HabmogaeMOH cnyyaHHOR BEUYKMHBI
CYeTHO (KaK [ myaCCOHOBCKOM MMM reoMeTpUYecKoit BemuunHpl). OTHOCHTEND-
HbIE YaCTOTHI Yy /N BJIIOOOM c/iyyae SIBAAIOTCA CTATUCTHYECK MK aHanoraMy (OLeH-
KaMH) 1A TeopeTHYecKux BeposiTHocTeit P{£€ € A, }.

MeTox rpynnupoBKH HabiiogeHH#A — yroOHbIt 1 yacTo Honee SKOHOMHBIH
criocob 3anucu tHbopMauui, cofiepxaiueica B Boibopke. Ecnu, Hanpumep, n= 10*
3 TOYHOCTL M3AMepeHHit HabntogaeMpIx 3HaYeHHH Ha wHTepBane (0, 1) cpaBHuMa

[MonuroH yacror

4 .
¢ 0,1, To sficHO, yTO MpaKTHYeCKM Becrone3Ho 3KaTh Bee 107 M3MepeHunit, a KocTa-
TOYHO YKa3aTh s 10 yactort v, , v)p NONaiaHKA B UHTEPBAIbI

r—1 r
A, = — =1, 10,
r ( 10’10]’ =

T. €. 3HaTb JIMIUEL THCTOrpaMMy BbibopKH. OaHAKO, 2TOT crnocod 061a1aeT 1 OYEeBUI~
HbIMH HEJZOCTATKaMU, CBA3AHHBLIMM C HEKOTOPOH HeOomnmpeneNeHHOCTHIO B cnocobe
pazbnenua {A;} v yacTuyHOI moTepeit MHGMOPMALIMK IPU OTPYONEHUM HAHHBIX
(Beab hakTyecku Mbl Bce HabnromeHMs, MonaBluMe B MHTEpBAN A,, 3aMeHseM
Ha CPeIHIOI0 TOYKY a, 3TOr0 MHTepBana). [103TOMYy rHcTOrpaMMy UCMOMB3YIOT
MPaKTUYECKH JIYLLL HA NIPEABAaPUTENILHOM 3Tare aHAIu3a CTATUCTUYECKUX TaHHBIX.

Npumep 5. Habnronenust Hap HermpepbIBHOW Cy4aiHON BenuyuHOil £, OKpyr/ieH-

Hble C TOYHOCTbIO 10'2, okazanuch paBubiMu 0,59; 0,16; 0,44; 0,48; 0,90; 0,19;
0,65; 0,42; 0,35; 0,84; 0,28; 0,63; 0,54; 0,12; 0,18; 0,67; 0,94; 0,63; 0,33; 0,03.
[TocTpouM rUCTOrpaMMy M NOJUIOH YacTOT 3THX JAHHBIX, B3S4B B KAYECTBE UHTEp-

BI0B IpYNNNPOBKH
r—1 r

A, = ,— |, r=1..,I10.
10 10
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A
3"!‘
24+ .
l + 7'%‘
i N
0 1 2 3 4 5 6 7 8 9 10
Puc.?
YacToThl HHTEPBAIOB 3J€Ch PaBHbI
rf1]2]3]a4|s|6]|7]8]9]10]|x
v [ 1]af1]2]3]2]4]0]2]1 |20

1A= 107" n|A,|=2, nosromy no dopmyne (15) 3HayeHMe rUCTOrpaMMbl fao(T)
B 7-M WHTEpBane A, paBHO V,/2. Bul rvcTorpaMMs! W TMONMIoHa 4acTOT YKa3aH
Ha puc.7 .

5. ApnepHble OUEHKH TEOPETHYECKOH NNOTHOCTH

(3ToT MaTepuan TakKe QNA MENnawnx 3arnanyTe nornybxe B npobnemy
OLEHMBAHMA TEOPETUYECKOW NNOTHOCTH)

On1H U3 COBPEMEHHMIX MTOAXOAOB B 331a4€ OLEHWUBAHUS HEH3BECTHOM Teope-
THYECKOM MIOTHOCTH f(Z) OCHOBAH Ha UCIONBLIOBAHMH TaK Ha3bIBAEMBIX F0EPHBIX
OYENOK, T. €. OLIEHOK BUIa

P =13 k(”'x‘) (16)

[IPH COOTBETCTBYKOILEM Bhlfope siapa k(t) u mocnenoBaTenbHOCTH 4ucen @, — 0
mpu n —» 00. B kauyecrBe sopa k(t) 3meck BoIGUPAOT rNTaAKME OrpaHUYEHHBIE
[AOTHOCTH (HAMpUMeD, PABHOMEPHYIO I1OTHOCTD Ha uHTEpBaTe (—1/2, 1/2)), yt0

obecnieunpaer xopoiuee cOnmxenne f,(z) ¢ f(z) npu n — oo. Bynem manee
CYMTATh, 4TO BbIMOJHAETCA YCIOBHE

f=fﬁmm<m (17)

W a, — 0 npu » — 00 Tak, uTo Na, — 00 (Hanpumep, a, = n% 0<ac< 1).

Torza MOXHO NMOKa3aTb, YTO ITPM ITUX YCNOBMSX ISl HEMPEPSIBHOH M Orpa-
Hiu4yeHHO| roTHocT f(Z) > 0 npu n — 0o

L(via: (Jule) - Efule))) - N (0, X (), (18)
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rae ,
o’(z) = d’ f(z);
TpH TOM
Ef,(z) = Ea—l-k(ma_ﬂg) - al f k(ma_ﬂt)f(t) dt =
[ k@)1 )iz - 1),
TaK Kak

/k(z) dz =1,

Takum o6pazom, (18) o3navaet, uTo fn(z) cnuxaercs ¢ f(z) npn n — oo:

otknoHenue fr(z) ot Ef,(z) (xoTopoe, B cBOIO Ouepenp, 6aU3KO X f(Z)) uMeer
nopsinok 1/./na,, KoTopslit Ma1 npu GONbLIINX T,

Jloxa3aTenbcTso yreepxaeHms (18) cOCTOMT B NPUMEHEHMH LEEHTPATLHOI Npe-
fenbHOM TeopeMel K cyMMe (16) HE3aBHCMMbIX W OQMHAKOBO pacnpeeneHHbIX
CMaraeMbIX B «CXeMe Cepuil», T. e. KOTAa cllaraeMsle (a, CNeIoBaTeNlbHO, W X pac-
NpeleNeHue) 3aBUCAT OT YUCNa 7t (OHO BBIXOAMT 33 PAMKH HaLUEro Nocobus, 1 Ml
€ro onyckaem).

Bonpac 06 onTUManbHOM BEIGOpE «CBOOOOHLIX» MapaMETPOB a, W QYHKLHH
(sapa) k(t) 3aBMCUT 34eCh OT CBOWCTB MIAAKOCTH TEOPETUYECKO! MoTHOCTH f(T).
Tak, ecmu f(z) vMeeT HenpepeIBHBIE MPOU3BOAHLIE MOpAAKa 2mM > 2, TO MOX-

HO BbIGOpOM @, ¥ k(t) ZOGUTHLCH CKOpPOCTH COMMKEHUA ﬂ(:c) ¢ f(z) nopaaxa

n”m/GmED) pou n = 0.

Ha npakTuxe 4acTo MCTMONB3YIOT «NPAMOYTOAbHbIE»
YLoneHoe SApOo

{1pamo AT

Y

0 B MpoTUBHOM Cly4ae.

B Takom ciyyae f,(z) = v, (z)/(na,), roe

. an a
— yucno HaGMiofeHUi B uHTepBANE T — > Ty

HmeroTca Takxke pe3ynbratht BAJa:

P{ lim sup|f(c) - f(z)| =0} =1

n—o00 g

(Npu cooTseTCTRYIOWMX ycnoBusAX Ha f(z), k(t) u a,) 1 BUna

P{ SL;p'f;(:r) - f(:c)l > En} ~ O,
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NMO3BOASAIOILIME PaCCYMTHIBATh aCHMNTOTHYECKHE AOBEPUTENbHBIE 30Hb 1A f(I),
OCHOBaHHbIE Ha AOepHON oLeHKe fr(z) Buma (16).

§ 2.2. BbibopouHble MOMEHTBI:
TOYHAA ¥ aCUMNTOTHYECKAA Teopun

Mycts X = (X,, , X,)— BeiGopka u3 pacnpeneneHus L{£) u F(z) n ﬁn(a:) —
COOTBETCTBEHHO TeOpEeTHYecKasi U IMNUpUdeckas dyHkuUun pacnpeneneduns. Ha
F,,(T) MOXHO cMOTPeTb KaK Ha (YHKUHIO pacTipee/leHHs HEKOTOPOH IHCKpeTHOI
Cly4yarHoO# BeJWYUHBI, NpUHUMAKWWeEeH n 3Havenuit: X;, , X, — c BepoaT-
HOCTSMH, paBHbIMU 1/n (ecau kakoe-nubo 3HaueHUe BCTPETUTCH B BbiBopke k
pas, TO 3TOMY 3HAYeHUIO COOTBETCTBYET BEpPOATHOCTL k/m). O6 3TOM pacnpene-
JIEHUY TOBOPAT KakK 06 amnupuueckom WNu esi6opoyHoM pacripefeneHun (oTcioaa
M TEDMMH IMRUPUHECKAA YHKIUA pacnpedeneHdus INs F, (z)). Kax ang ucxonHoro
pacnpenefeHuss L(£) BBOATCA paduyHble YUCAOBbIE XapaKTepHCTUKK (MaTeMa-
THYECKOe OXHWAAHME, WIH CPEeIHEE, NUCNEPCHs, MOMEHTBI M T.4.), TaK U 115 3M-
NIMPUYECKOTO PacnpenesieHMs, CBI3aHHOTO ¢ BbIGopKoi X, BBOIATCS aHalOTHYHEIE
XapaKTEePUCTUKK, Ha3blBAaeMble amnupudeckumu (Any evibopouneiMu): asibopoytoe
cpednee, entbopounas ducnepcus v T. 1. Takum oGpasom, sMnupHyeckan (Uan BbIGO-
pOYHAsn )} XapaKTePUCTUKE ABIAETCS CMIAMUCMUMECKUM AHAA020M COOTBETCTBYIOLIEH
TEOPETUUECKOH XapaKTePUCTUKH, AHATOTMYHO TOMY, KaK IMMHpUYecKas (yHK-
UM pacnpeaeneHus ﬁn(a:) SIBJIAETCA CTATUCTHMYECKUM aHATOTOM TEOPETHUYECKOM
¢yHKumun pacnpeneneduns F(x). B obuiem cryyae, ecin g = Eg(£) ects HekoTo-
pas TeopeTUuecKast XapakKTepUCTHKa Hab/lonaeMoit cayyaiHoi BeuduHbl €, TO ee
CTATUCTUUECKUI AHANON, T. . COOTBETCTBYIOLAS IMMUpHYecKas (Mau BeiGopoyHas)
XapaKTEPUCTHKA, BhIYUCIsieTesa Mo GopMyne

IR
gn = ; Z Q(Xi)- (])
i=]
1. Boi6opoynbie MOMEHTbI

Haun6osee BaXKHBIMH XapaKTepUCTMKAMU CTYYaHHON BEANYUHbI £ ABASIOTCA €€ MO-
MeHTbl o = E€* | a Takke weHTpaTbHbie MOMeHTB! gy = E(€ — o)* (xoraa oHu
cywecTByioT). Mx CTaTCTHYECKHMH aHANOraMH, BBIYUCTAEMbIMHU 110 COOTBETCTBY-
joute sbidopke X = (X, , Xy,), ABAsioTCA @b460poYHbIe MOMEHMbI COOTBET-

CTBEHHO 00bl4HbIC
~ I Lk
o =~ E Xi (2)

i=1
W yeHmpaibHble

By = ! Z(Xi -, (3)
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Y Oco6eHHO BaXXHbl MOMEHTbLI NEPBOrQ M BTOPOro NOPSAIKOB,
4 BubopouHoe ~
coeanee [lpu k = 1 BennunHy Qf Ha3bIBAIOT 8u6:60pOUHbIM CPEOHUM W
P 0603HaY4aI0T CTAHAAPTHBIM CUMBOJIOM X (UepTa 03HAYaAeT cpes-
Hee apHdMeTHYECKOE):
l n
X=a =- ’ 4
-3 X, 0
=1
/’/« BeiGopo4Has [Tpu k = 2 BeAn4MHY 13 Ha3LIBAIOT 8eibopovHoll ducnepcuel v
2 2
aucnepcus TakXe 0003HAYAIOT CTAHAAPTHBIM CuMBOOM S° = §°(X):
l n
1 -~ 712
S=p2=H§:(X,-—X) ()

i=1

TakuM 06pa3oM, BbIGOPOUHBIE CPEIHEE W NUCNEPCUA ABIAIOTCH CTATUCTUYECKUMMU
AHANOraMM TEOPETHYECKUX CPEAHETD (MaTeMaTHyecKoro oxugaHus) E€ n ancnep-
cur DE, KOrna oHM CyLIEeCTBYIOT.

Mexny BbIGOpOYHBIMM Qf ¥ BLIGOPOYHBIMU LIEHTPAILHBIMU T MOMEHTaMM
COXPAHRIOTCA TE Xe& COOTHOLIEHUS, YTO U MeXIy TEOPETUYECKUMM 0OBIYHBIMU Q)
W UEHTPAIbHBIMH g MOMeHTaMH. B oGuiem cnyyae npu k > 2 u3 (3) umeem mo
dopmyne 6MHoMa HeloToRa

k
ﬁk = Z(_l)r Clt X’ ap—r,
r=0

T.€. BLIOOPOUYHBIE UEHTPANbHbIE MOMEHTBI ABIATCA MHOrOYACHAMM OT OOBIYHbIX
Bbl60p0'—!Hb[X MOMEHTOB. B HYaCTHOCTH,

] e _
SP=m3-X'=-Y x}-X°
a ﬂ; i ’
_ ., (6)
I; =0y - 3X & +2X°,
iy = Gy — 4X @3 + 6X°a@, - 3X°

Ecnu BbIGOpOYHBIE HaHHbIE MPELCTAaBIEHbl B BMAE CTATUCTHYECKOro pAaa
{(a;,v;)} (xorza nabmonaemas BeTUYMHA § AMCKPETHA WM KOrAa NMPUMEHAETCS
METOJI IPYINHUPOBKK), TO BEIGOPOYHBIE MOMEHTBI BHIYUCAAIOTCH No (hopMynam

| ]
a, = — a, vy, = — ar — Q) vp;
nEr:r L nEr:(

B 4aCTHOCTH,

r
7
~ 2! 2. 2. =2 ™
pz—S—EE (a,.—a)v,.-—ﬁ a vy —a .
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B 3ToM cmyyae anst ynmpoweHUs BIMUCAGHHH UCXOLHBIE JaHHbIE YacTO YIOOHO
npeoGpa3osatk, nonoxus b, = (a, — @)/c, rae CABMI @ eCThb 3HAYEHUE A, C MaK-
CAMANBHOM YacTOTOM ¥, ¥ eamHHUa MacwiTtaba ¢ > 0 — npoussonsHa. CpeaHue
@ u b, u aucnepcun S(a), S?(b) COOTBETCTBEHHO MCXOIHBIX ¥ NPEO6PAIOBAHHEIX
JaHHBIX CBA3aHbBI [PH 3TOM COOTHOLUEHUSAMH

g=cb+a, S(a)=c"S(D). (8)
Mpumep 1. Briuucanm BeiBOPOYHbLIC CcpelHee U JUCTIEPCUIO TTO UCXOIHLIM U IpyIl-

NUPOBAHHLIM 1aHHBIM, NIpUBeeHHBIM B puMepe 5 § 2.1. TTo dopmyaam (4) u (6)
UMEEM
9,37

X =" 20468, S’ ~0,067.
20

Hanee, cepenvHel UHTepBanoB A, B AaHHOM cnyvae pasHel @, = 7 - 0,1 — 0,05,
npy 3ToM a = a; = 0,65; KpoMe TOro, 31ech y1o6HO BbIGPaTh B KaueCTBE EANHU-
ubl maciTada ¢ = 0,1. TakuM 00pa3oM, CTATUCTAYECKUIA psim NMpeoGpa3oBaHHBIX
o dopmyne b, = (a, — @)/c = (r - 0,1 — 0,7) 10 = r — 7 KaHHBIX UMEET BUA

b, | -6 -5|-4|-3]-2]-1]0o]2]3]=x
vy | L4 0] 23 ]2 ]4[2|1]2
Teneps yxe sbiuuciseM (cM. (7)-(8))
N by = =37, b= -2l = _1,85
- 20

W, crenopatenbHo, @ = 0,65 — 0,185 = 0,463,
AHanoruyHo,

] 201
E,. by, =201, S°(b) = ‘n Er by, — b° = 20 1,85 = 6,628

W, ClTEe10BATELHO, Sz(a) = 0,066. o

Npumep 2. [1poBOANIUCH OMBITHI C BPOCAHMEM OTHOBPEMEHHO |2 UrpaibLHbIX KO-
CTEH, NIPY 3TOM HabaoIaNnoch YUCIO £ KOCTei ¢ YyMcnoM 0ukoB 4, 5 ynu 6. [JanHble
g n = 4096 onbiToB NpuBefieH bl B TaGauue, rae ¥ 0003HAYaET YNCAO OIBITOB,

B KOTOPBIX Habmonanock 3HaueHue £ = r (r = 0,1, , 12)
rlofit] 23] 4] s|e] 7|89 |wjn[n|z=
v, |0 7]60]198 430|731 (948|847 536|257 |71 ]11] 0 | 4096

Hasosem ycnexom BrimageHHe Ha OAHOM KocTH 4, 5 Mnau 6 04KOB — BEpOAT-
HOCTb 3TOTO paBHa 1/2, Torma HaGnogaeMas ciayyaiiHas BenuuriHa £ paBHa uncay
yCIexoB B 12 MCMBITaHuAX DepHymniu ¢ BepoATHOCTBIO yerexa 1/2, T.e € umeeT
6rHOMManbHoe pacnpenenetue Bi(12, 1/2). o dopmynam (4) § 1.1 TeopeTyeckoe
cpefHee ecTh E€ = 6, a Teopernyeckan aucnepeusa DE = 3.

BeluMcavM Teneph BhIGOPOYHOE CpeqHEe M IUCMEPCHI0 YISl NMPUBEAEHHLIX
AAHHBIX. 31eCh Mbl UMEEM NEN0 CO CTaTMCTMdecKum pamsoM {(r, v,)}, noatomy
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BbIYHCIEHHA npon3BoauM no dopmynam (7)—(8), npeapaputensHo npeobpazosar
faHHble, NOJIOKNB b, = r — 6 (NockonbKy 3nech @ = 6). CTATHCTHYECKHUI pAA T2K
npeoOpa3oBaHHEIX JAHHEIX MMEET BUI

b | =s|-4|-3]-2|-1)o |1 ]|2)3|4]s5] % |
ve | 7 | 60 | 198 | 430 | 731 | 948 | 847 | 536 | 257 | 71 | 11 | 409 |

3mech
- 569
Er brl/r = 569, b W% ~ 0,|4

H, CIeNOBaTeNbHO, & = @ + b = 6,14,
AHal0THYHO,

. |
> by =120 u i =50)= ~ > by, - b 293
T r

B naHHOM ciyyae PadTHYHE MEXNY TCOPETHYCCKUMHU H BblﬁOquHblMH MOMEHTaAMH
HEIHAYHUTEJIbHO. ®

Bbi60OpoyHbIE MOMEHTH — 3TO (PYHKUMH OT BbIGOpKH X, T. €. OHU ABARIOTCA
CNY4alHbLIMH BeJHYMHAMH, NMOITOMY BAXHO 3HATH HX BEPOSATHOCTHBIE CBONCTRA,
T. €. YMETb HaXOMUTh X pacnipenescHaA (KOTOpbie HHOTAA HA3BIBAIOT 8b100P0YHHbIMU
pacnpedeneHuamu) U U3yyaTh Pa3nUUHbIe XapaKTEPUCTUKU ITUX PacMpeleseHuit.
PaccMOTpMM CHayala HEKOTOPBIE XapaKTEPHCTHKH BHIGOPOYHBIX CPEAHErO W AWC-
MepCHH.

2. MomeHTbl BbIOOPOUYHBIX CPeAiHero U aucnepcHu

Tak kKax X; He3aBUCHMBI ¥ pacripeaefeHbl TaK Xe, Kak £, To
E)T—'Zn:EX-—Eg—a DX = linx-—lng—‘“ )
_n:‘=1 e Hn2i=1 " onon

PaccMOTPHM Tenepb BhIGOPOYHYIO AUCRepcHio S° (eM. (5)). Tlonoxus
}/I-.:'Xi—ala 1':]) , 1L,

sanuieM (5) B Buae
n

1 — | — _
F==> W-¥)="3 v-7 (10)
i=1 i=|

Mockonsky EY; = 0, EY;" = u; u EY;Y; = EY;EY; = 0 (i # §), To

., 1 & | — u
2_ V.o 2_ 7
EY _n2§jEY,Y,_n2§jEY, ==

i, j=1 =]
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Orciona U u3 (10) HaxoanM Cpennee enibopou- »

n—1 HOHM AMCnepcum

ES? =

. (11)

Tepeitnem x Buiaucaenuio DS? M3 (10) Haxoanwm
(§%)? = L Z Y;? T Iy Z Y? +Y* (12)
n? ' n = '

Tak kax cnyyaiiHsle BeAWuMHL Y, ..., Y, He3daBucuMbl U EY; = 0, To B npa-
BOM 4YacTH paBeHCTBa

— 1 .
4
EY' = — Y EYYhY
k=1
OTAMYHBI OT HYJ/IA TOJILKO 7L CNaraéMblx EY,-4 = [4 ¥ CﬁC} = 3n(n— 1) cnaraeMpIx
EY,—ij2 = p%, t # j. IoaTomy

pe +3(n = )il
n3

— 1
7" = L (mua+ 3n(n — 04 =

AHaJIOTMHHO HAXOIUM

we( ) -E e e(m )

1=1 i=1

C yueroM 3THX cooTHowWweHui n3 (12) u (11) no dopmyne

2 _ §($Y)? - (ES?)

LTl il bt i N\
oMM ﬂncnepcun BbIBOpOY- »
DS? — s = 13 _ 2(/—‘4 - 2[‘%) 4 — 323 _ i oA ancnepckn

= — ,” + =
RS po— k2 ) (13)

AHaIOTHYHO MOXHO HaxXoAWTb MOMEHTHI X 60nee BBLICOKHMX NOpAAKOB, XOTH
C YBEITUYCHHMEM TMOpAIKaA BUL, d)opmyn N UX BLIBOJ YCITOXHAKTCA.

3. CxoANMOCTb 1O BEPORTHOCTH BLIGOPOUHBIX MOMEHTOR M (PYHKUMH OT HUX

B 3ToM nmyHKTe Mbl NpoaHaNM3IUpyeM CBOKCTBA BbIOOPOYHBIX MOMEHTOB, OTIPERe-
neHHbIX papeHcTBamu (2) u (3), A GonblMX BLIGOPOK, T. €. MX ACHMNTOTHYE-
CKOE TIOBe[IeHHe TTPY HEOTPaHMYEHHOM BO3pPacTaHHU ofbeMa BblbopKY m. YTOGbI
NOAYEPKHYTh 3aBUCHUMOCTb MOMEHTOB Q) M [ OT obbema BbIGOpKH, Gylem Mx
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B JanbHeilleM cHabxXaTb MHIEKCOM 7, T.€. NUCaTb Qpy M Hnk. [lepBble IBa MO-
MEHTa CTY4aiiHOH BEJUYMHBI O COOTBETCTBEHHO DaBHBI (Be3ne Janee Ipeanona-
raeM, YTO BCe COOTBETCTBYIOILME MOMEHTBI HAGMI01aEMOIt CyYyaitHON BeMYMHDI §
CYUIECTBYIOT)

R 1 <& . .
EG,; = - Z—; Ex! = E¢f =G,
“n (14)
- 1 P T SR R K\ 2 ay — af
D@, = ;ZDX" = ;DE = ;(Eﬁ — (E£")*) = ——=.

. n
1=1
Ha ocHoBaHuu HCPaBEHCTBRa Yebbiwena (HﬂﬂOMHHaHHe CM. TIEpEad d)opMy-

no# (6) §2.1) otciona creayet, uto 4na nwboro € > 0 npu 7 — o0
P{Iank—akl <E} — 1, (15)

T. €. BbIOOPOYHBIA MOMEHT Qipgx CXOAUTCS 110 BEPOSTHOCTH [MPH 7. — OO K COOTBET-
CTBYIOLLEMY TEOPETUYECKOMY MOMEHTY (). TeM CaMbIM (i, MOXHO MCMNOJb30BAThH
B KayecTBe NpHOMKEHHOTO 3HauyeHust (OLleHKH) Ansl @y, KOTda YMCio Habnwo-
JEHUH T [JOCTATOYHO BENMKO. AHANOrMYHOE YTBEDPXIAEHUE CMPABELIMBO Y ANS

BbIGOPOYHBIX LIEHTPATbHLIX MOMEHTOB! Iin) LN iy, v BooBiLe Ans MobbiX BbIGO-
POUHBIX XapaKTEPUCTHUK, KOTOPbie MMEIOT BUI HEMPEPLIBHBIX PYHKUMI OT KOHEY-
HOTO MMCAA BENTMUNH Qg (LLEHTPANLHBIH MOMEHT fi,), KAK MOKA3aHO BbILLE B 1. |
(cM. (6)), BoipaxaeTca yepe3 &p),  , Gint B BMIE MHOIOuJEHa cTeneHu k). DTOT
BbIBOJL, SIBAETCA ClIEACTBUEM cleaytoleii oOweil TeopeMbl 0 CXOAMMOCTH PYHKUMI
OT CNYYaiHBIX BETUYUH.

Teopema 1. MycTb caydaiHbie Benvuunbl 7y (n), , 7.(n) cxopaTca no BeposT-
HOCTU NPU . — OO K HEKOTODLIM NOCTOAHKLIM €|,  , ¢ COOTBETCTBEHHO. Toraa
pA N0BOR HenpepulBHOW DyHRUWA O(Ty, .. , T,) CAyYaiiHaA BENM4MHA

() =p(mn), () —pla, e

Joxazamenscmso. [1ockoabKy (¢ HenpepbiBHa, TO Mg awboro £€ > 0 HalpgeTcs

g = 6(5) Takoe, 410 l(lo(m]! . ;mf') - 90(01, ,C!")| < € npu !mi - cil < 6a
it =1, ,r. Beemem cobuitua B;  {|mi(n) —¢| < 6}, i =1, ,r Torma
cobsiTie B = B, B, Bneuer cobbiTHE

C={[¢(n) - pler, o) <e}

Otcwona
P{C}>P{B}=1-P(B} =

T

=1-P{B,U...UB,} >1-) P{B;}. (16)

i=1
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P
Jdanee, n3 cxomumocTn 7;(n) — ¢; MMeeM, YTo Ans AaHHoro & M no6oro
v > 0 Haitzeres n; = 7n;(y) Takoe, 4To

P(B.} = P{|ni(n) - > 6} <

npu n > n;. [ycts ng = max{n,,...,n,}, TOrIa Npu © > 7Ny BLINOIHAKTCH
OAHOBpeMeHHO BCe HepaseHcTBa P{B;} < y/r, i = 1, ,r. CnexoBateisHo,
u3 (16) nonyuum

P{I((n) —gp(c.,...,cr)] < s} >1-v nmpn n2>ny.
Ho 3To 1 o3Hauaer yrBepxaerne Teopemel.

Jameyanue, QueBHAHO, YTO AN CNPARELTMBOCTH TeopeMul | JOCTaTOMHO NOTpeboBaTh
HEMNPEPBHIBHOCTH DYHKUHMU ¢ TONLKO B HEKOTOPON OKDECTHOCTH TOMKH (¢, ..., Cp).

2
B yacrHoctu, Teopema 1 1aeT, uTo BeIGOpouHan aucriepcus S° (cM. (5)) cxo-
IINTCS 110 BEPOATHOCTH K TEOPETHYECKOM qucnepcun

2 = D¢ 32—5*142-

OzxHako, B oTanume ot dopmyast (14), rae MaTeMaTh-
YeCKOe OXWIAHUE Qnj COBMAIO € COOTBETCTBYIOLUMM
TEOPETUYECKMM MOMEHTOM ¢, B (1) npaBas yacrb

CMELUEHA OTHOCUTENBHO U;. Ecnu BMecTo 52 BBCCTH BENNYHHY

N
MoanpaeneHHas N
8bIOOpOYHAR gucnepcus

2 n 1 - =\2
= = X;-X), 17
R e DIC R (1)

TO AN HEC NMONYYUM

2
ES; =, DS; = (n_f_f) DS’ (18)

W3 HepaBeHcrsa Yebnlwesa n dopmyn (18) u (13) cneayet, uro st moboro
e>0npu n— o0

P{IS; — mal <€} = 1, (19

)
T. €. Sg L 2. TaknM 06pa3oM, noanpas/ieHHast BLIOOPOYHAS ANCNEPCHS 55 B (17)
yxe OyZeT MMeTb MaTeMaTHYeCKOE OXMAaHUE, COBMajaroliee C TEOPETHHECKOI
INCTIEPCHEN W), COXPaHSAR MPU 3TOM CBOMCTBO CXOAMMOCTH 110 BEPOATHOCTH K )
¢ pocToM 00beMa BBIOOPKK (YTO BHOJHE eCTECTBEHHO, MOCKOJBKY MONPaBOYHbIH
ko duumeHT n/(n — 1) — | npu n — 00).
Tenepb HacTano BpeMs BBECTH HECKOJIBKO HOBBIX MOHATHI, KOTOPBIMH WIMPOKO
OnepupyeT COBPEMEHHAs MATEMATUYECKAs CTATUCTUKA — 3T0 NOHATUA cmamucmu-
KU, HECMEULEHHOCU U COCIMORAMENbHOCU.

WL T EI N Jlioban cnyvaliHas senuunHa T, ABNAKWAEACA DyHKUMER OT
Bubopkn X = (X, ..., X;): T = T(X), naswiBaerca cmamucmuxod.
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[TprMepaMy KOHKDETHBIX CTATUCTUK SABMSIOTCS BbIOOPOYMbIE MOMEHTHI Q.
M BLIGOPOYHBIE LEHTPANLHBIE MOMEMTHI i, CTATUCTHKOM sABRseTCsl BHIGOpOUYHAA
xapakTepucTrka g, B (1). [1prBeneM elle ABa npruMepa KOHKPETHLIX CTATUCTHK,
MCIO/Mb3YEMbIX B PAXTUYHBIX CTATUCTUYECKUX 3aJa4ax.

[1pu nccneaoBaHMM CBOMCTB rpadvKa MIOTHOCTH PacnpeleeHUA HENpephlB-
HOH CllyYailHOW BETMYMHbI YACTO PACCMATPHBAIOT TaKUE XapaKTEpUCTUKU, KaK Ko-
aghhuyuerrmor acummempuu -y, V 3kcyecca y;, onpenensieMole opmynamu

M3 M4
N==p M=737 3. (20)
Hy 2
Ecnn rpaduK MIoTHOCTH CHUMMETPUYEH OTHOCUTENLHO HYaA, TO ¥, = 0 u

M0 3HAYEHHIO 7 CYAAT O CTENEHH OTKNOHEHMS OT CUMMETPHU. AHANTOMMYHO, ANA
HOPMaNBLHOTO pacripeneneHus 4y; = 0, MO3TOMY 0 KpPHMBBIX TUTOTHOCTH € ¥; = 0
TOBOPAT, UTO OHU UMEIOT HopManvhbild axcyecc. Ecnim xe 4, > 0 (7, < 0), To roso-
PAT, 4TO 3KCLECC KPUBOH MIOTHOCTH NoJjoxuTeneH (oTpvuateneH), Ecnn 3azana
geibopka X = (X,, ,X,p) u3 abconwTHO HenpepsHoro pacnpeneneHus L(£),
TO 86160 pO4HbBIC KOIPPuiguentnsl acumMMempuy ¥, ¥ 3KCHecca ¥,y ONpeaensiioTcs KakK
CTATHCTUKH

- Eﬂ.} ﬁﬂ:’ - ﬁnd
Tl =35 = 57 M m=gr =3 (21)
n? S 5

DTH CTATUCTHKHU KaK HeNpepbiBHbIE GYHKLUNH OT BbIGOPOYHBIX MOMEHTOB B CH-
Ny Teopembl | CXORATCA MO BEPOSTHOCTH MPH 70 — OO0 K COOTBETCTBYIOUMM Teo-
PeTUYECKUM XapaKTepucTHkaM (20).

WL LD Cratuctuka T = T(X), ucnonbayeman B kavectse npubnu-
MEHHOMO 3HAYEHWA [NA HEKOTOPON (HEN3BECTHON) TEOPETUYECKON XapaKTepu-

cTuk g : T = g, Ha3bIBAETCA HecMeweHHOU 8 cpedHeMm (UAN NPOCTO HecMelweH-
HOU) oyeHKoi g (ANA ¢), eCAu BbIMONHABTCA YCIOBUE

ET(X) = g. (22)

CBONCTBO HECMEIIEHHOCTH WHTYHTHBHO NMPHBNEKATENIbHO: OHO 03HAYAET, YTO
No KpaiHeil Mepe «B CpeIHEM» WCMOAbL3YEMas OLEHKA NPUBOIMT K XKETaeMOMYy
pe3yabtaty. [T03ToMy B KOHKPETHBIX 3aa4ax OLEHWBAHMS YacTO MLLYT MMEHHO He-
cMeLLeHHYI0 oleHKY. C npuMepamMy HecMeLLie HHBIX OLIEHOK Mbl YK€ BbiLLE BCTpeya-
nuce, Tak, nepBoe cooTHolweHue (5) § 2.1 o3HauaeT, uTo IMIUpHYecKas QyHKIUS
pacrnpeneneHus ﬁn(:c) ABASETCA HecMeLLe HHOM OLeHKOM TeopeTUUECKO#H QyHKUMN
pacripenenenns F(z) B kaxnoi Touke ¢ € R'; ananornyno, ssuay (14) sei60pou-
HBI MOMEMT Oy ABASAETCA HECMELLEHHOH OLEHKOM [ TEOPETHYECKOT0 MOMEH-
Ta @y, @ BBUAY (18) cTatreTHKa 33, onpeaeneHHas B (17), ABaseTCA HECMELLIEHHOR
OLEHKOM TEOPETHYECKOI AUCTIEPCH U (1. BeibopouHasg xe ancnepcus $? B KauecTBe
OUEHKH Ans iy = DE CBOMNCTBOM HECMEILEHHOCTH He 001aNaeT; OHa MMEeeT CMewe-
nue ES® — yy = —pp/m (cM. (11)), KoTopoe cTpemutes K 0 pu 1 — 00 — TaKHe
OLIEHKW Ha3blBAKTCH dcumnmomuyecku HecmeweHHoimy. TeM caMbIM BbIOOpOYHas
JUCNepcus S? SIBNAETCA NULLL aCHMIITOTHYECKH HECMeLLeHHOM OLIEHKO 1. TouHo
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TaK XK€ ¥ APYrde BhIGOPOYHbIE LEHTPAILHBIE MOMEHTBl [nr (cM.(3)) saBnaioT-
CA ACUMITTOTHYECKM HECMEILEHHBIMH OLIEHKAMM JUT5 TEOPETUYECKHUX LIEHTPATbHBIX
MOMEHTOB fig, TIOCKOJbKY LISl HUX U3BECTHO, YTO E fin; — py, — 0 npu n — oo,

WL TSI LI Cratuctuwa T, = T,(X, ..., X,,) Ha3weaerca cocmoamens-
. y . P
HOL OUEHKO AN TEOPETUYECKOW XapaKTepucTuku g, ecnn T, —> g npu . — 00,

TakuM 06pa3oM, COCTOATENBHOCTb B CTATUCTUKE — ITO IKBUBAJIEHTHOE MOHA-
THE UIA CXOMMMOCTY O BeposTHocTH. OHO 03HayaeT, 4To 41 BribopoK 6oblloro
06beMa 3HAYMTEIbHAA Pa3HALA MEXJY 3HAYEHUAMU OLEHKH M OLIEHUBAEMOil xa-
PaKTEPHCTHKU MaJOBEpPOATHA, U NOTOMY Pa3yMHo (1o kpaiuei Mepe ans 6onbLIMX
BbIGOPOK) NPUHATL cTaTHCTUKY T, 32 NpUOMMXKEHHOe 3HAYEeHUE HEU3IBECTHON Xa-
pakTepUcTUKH ¢. COCTOATENBHOCTD ABNAETCA 06A3aTENLHBIM TPEGOBAHHEM JU1A NTIO-
6oro npaBuna oueHuBaHus. [ToguepkKHeM, YTO 3TO CBOMCTBO OLEHOK MMEET aCUMII-
TOTHYECKHMI XapaKTeP W CBA3AHO NHLUb C GoNbIIMMHU BbIGOPKAMU (C yBETMYEHHEM
HHGpOPMALIMY, JOCTABNAEMOM BHIGOPKON, TOYHOCTL OUEHKM M0/IXKHA BO3PAcTaTh!).
B oTnnuKe oT 3Toro cBOWCTBO HECMEIUEHHOCTH HMKAK HE CBA3aHO C YUC/IOM Ha-
6nrogeHuit, OTMETUM TAKXe, YTO BCe BbIOOPOYHBIE MOMEHTHI (Kak OObIYHbIE, TAK
H UEHTPAIbHbIE) ABIIOTCH COCTOSATENbHBIMHY OLIEHKAMH COOTBETCTBYIOLMX TeOpe-
THYECKUX MOMEHTOB, BbIGOPOUHBIE KO3DDUUMEHTH acHMMETPHH U IKcuecca (21)
TAKXe ABJANTCA COCTOATENLHBIMA OLEHKAMHM COOTBETCTBYIOLUMX TEOPETHUYECKMX
xapakrepuctik (20).

Hakoner, nonuepkuem, 4to 41 npoepku cocTos- RSN K ourepui »
TETBHOCTH HEKOTOPOA HeCMEWeHHoW oueHkH Iy, anga g COCTOATENLHOCTH
A0cTaToyHO ybeanuTheA, Yro ee aucnepcusa DT, — 0 npu
N — 00, TaK KaK B 3TOM CAy4ae No HepaBeHcTBy Yebbiluena

DT,
P{lTn—g|>£}§?"—>0, Ye> 0. (23)

Ha ocHoBanuu 3Toro Kpurepus u Bauay (5) § 2.1 MOXHO 3aK/TI04YHTB, YTO IM-
nupuyeckas GYHKUMA paclipeleneHun fn(a:) ABRNAETCA COCTOATENbHOM OUEHKOI
TeopeTH4ecKoit hyHKUuM pacnpeneneHus F(z) B mo6Goii Touke T € R'

Beuny ocoboi npaKTHYECKOR BaXHOCTH OLEHA BAHUHA TEOPETUYECKNX CPEAHETD
a, = E{ v aucnepcun y; = DE cymMupyem nosmyyeHHBbIe Bbiie pe3ynstaThi (9),
(18) u (19) B dopme oraeNBLHON TEOPEMBI.

Teopema 2. BribopouHoe cpegHee

H CTAaTUCTUKA

n-1

i=1
ABAAIOTCA HeCMeWeHHbLIMKU U COCTOATENbHLIMA OLleHKaMK COOTBETCTBEHHO ANA E€
u DE.

83akaz 1748
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Mpumep 3. PaccmoTpuM cuTyauurw, onucaHHywo B npumepe | § 1.1, B manHom
cyyae peyb MaeT 06 OLeHUBAHWK TeopeTHyeckoro cpeaHero @ = E£ (nonu Gensix
wapoB B ypHe) B cxeMe Bepuynawn Bi(l, #) mo swibopke X = (X, , X,), roe
X; =1, ecan B j-M ncnbiTaHnu nisneveH G6ensidt wap, 1 X; = 0 8 NpoTHBHOM
cnyyae. 3aech BbIGOPOUHOE CpeAHee

— 1 X
X:'_'—(X],+ +Xn)=_1
n n

rne X — yucno HabnogaBwmnxca Gensix WapoB, ABAAETCH HECMEULEHHOM U COCTO-
ATeNbHON OUeHKoit & = a,/a. °

4. AcuMmnToTryeckan NOPMaNbHOCTD BblﬁOpOHHbIX MOMEHTOR

[MpononxuM uecaenoBaHe CBOWCTB BbIGOPOYHBIX MOMEHTOR ANs1 GOMbILKX BbIOO-
POK W 00CYINM TENepb aCUMITTOTHYECKOE TIPA 7L~ OO TIOBEAEHHE MX BbI6OPOUYHBIX
pactpeneneHnid. Ho cHavana BBeseM HEXOTOpbie HOMOIHUTENBHbLIE 0003HAYEHMA
W onpeleneHus Ans ynobcTea AanbHeiwero uanoxeHus (cm. Obwee 3amevaHue
Bn.l§1.2).

Ecnu pacripeaeneHue cny4alHON BEMYNHbBI 7}, CXOAMTCA NPU I — OO K pac-
MpeeNeHIIO CTy4aitHON BEMHYMHBL 7 1 1pn atoM L(n) = N (u, o), To Gyaem
mucath L(9,) — N, d?). danee nxorna Gynem romopuTb, 4TO clyvaiiHas Be-
NTUYUHA ), GCUMRIMOMUYECKYU HOPMAAbRG C NApAMeMPami [ W OF nnu, Kopoue,
acumnmomvecku Hopmansha N (i, 0,21), W 3aTMCLIBAaTh 3TO CIEAYOWMM 00pa3om:

L(7,) ~ N (g, 0L),  ecnn E(u) = N(0, 1).

Op

HaitzeM cHayana acMMNTOTHYECKME pacnpencieHHst BbiIGOPOUHbIX MOMEHTOB
n

Qni (M. (2)). Bennunna nay, = Z X} snnsercst cyMMOM He3aBUCHMBbIX ONHHA-
i=|

KOBO pacMpeaeeHHbIX CAyualHbIX BeIMuHH. Ecnn KoHeueH MOMEHT ay = E{”‘

TO K 3TOM CyMMe MOXHO TMPHMEHHTL LEHTPUTLHYIO TIPENEAbHYIO TEOPEMY TEOPHH

BepoATHocTel (cM. cooTHoweHMe (1) § 1.2). Tak Kak EX!‘ = oy, DX,-"' = —ai.

(cM. (14)), To BennunHa

g, — NAY Apl — QA

nlay — ai) \/(Tfrzk ~ap)/n

aCUMTITOTUYECKH HOpPMAbHA N'(O, 1). TaxumM obpa3zoM, cripaseyiuBa cleayilollasn
Teopema.

Teopema 3. Ecn KOHe4YeH TEOPETUUECKUIA MOMEHT g, TO NpU L —+ OO Bbibo-
2
ay — ak>

POUHBI MOMEHT @y aCUMNTOTUYECKM HOPMa/eH N(ak,
n
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[ToneaHocTs 3TOM TEOPEMBI COCTOKT B TOM, YTO OHA MOIBOAAET OUEHWBATh AJIA
Honblurx BeIGOPOK BEpOSATHOCTH 3aJaHHBIX OTKIOHEHWH JHAuYeHUIt BLIOOPOYHBIX
MOMEHTOB OT TeOpeTUUYeCKHX. JeACTBUTENbHO, U3 ITOH TeopeMbl UMEeM, YTO NPHU
AwboM puKcuposaHHoM £ > 0 u nn — 00

T
P{ ——— | Gs — a| <t e " 2dg = 3(t) - B(~t) = 20(t) - |

l
_)._____.
;. — } \/2—71’ .

(obo3HaueHus cM. B (7) §1.2).

B 4acTHOCTH, U3 TeopeMbl 3 CNeAYeT, YTO €C/IU TeopeTHYeckas AUCnepeuUs
f2 = DE cyulecTnyeT, TO Npu 1~ 00 BLIBOPOUYHOE OpeaHEe X = @, aICUMNTOTHYe-
¢ku HopmanbHo N (@, gy /n) . OTMeTHM B 310 CBA3M, uTo ecnun L(€) =N(ay, 1),
TO Cny4aiiHas BenM4MHa X, KaK CyMMa HE3aBUCHMbIX HOPMaNbHBIX CAYYaAHBIX BE-
NMYUH, TaKXe HOpMabHa ¢ NapaMeTpaMu a; 1 gy /n (cM. cootHoweHue (5) § 1.2),
T.¢. B naHHoM cnydae £(X) = M(ay, p2/n) npu mobom n,

Cnpaseiub Takxe Gonee oOuLMii pe3ynbTaT 06 aCHMNTOTUYECKO HOPMaIbHO-
CTH MOHOT0 KOHEYHOTO yHUCAa BhIGOPOYH bIX MOMEHTOB &, . HO 17151 DoKa3aTennCcTRa
3TOr0 Ha0 3HATH MHOTOMEPHBLI M BapUAHT UEHTPATLHON NPeaeAbHON TEOpeMbl, KO-
TOPhIl POPMYNUpPYETCSA CAEAYIOLUM 0Opa3oM.

MHoromepHan ueHTpanbHan npepenbHan reopema. [yCTb T-MEpHbIe CNy4YanHble
BEKTOPbI 7] = (M, o) k= 1,2, HE33aBNCHUMBbl, OAWHAKOBO pacnpe-
QleNeHbl ¥ UMEIOT KOHEYHBIE MOMEHTH
a; = Enui, by =covim,miy), 4,5=1, .7
Torpa npn n — 00
;
E((ﬂly ’ Cnr) — N(Qs B = ”bijlll),

ni — \/_ ¥ ‘l 5 ,’

(onpepeneHne MHOrOMEPHOTO HOPManbLHOTO pacnpefeneHua AaHo B n.2 §1.2).

Paccmotprim Tenepb Bektop A, = (&1, , Qpur), COCTABAEHHBIA U3 NPOU3-
BOJILHOTO YUCNA 7 MepBbiX BbIOOPOUHBIX MOMeHTOB. O003HAYUM

a=(a, ,o0)=EA, n Z=|o;lll, e ;= ai; - oay,

Jlerko y6enuteca, uyro aucnepcuoHHas Matpuua DA, = (1/n)X (cm. ynp. 21). Bee-
2

ZeM, nafee, BEKTOPbI 1), = (X, Xi;,. ,Xp), k=1,.. ,n, — oHu 9BAAIOTCS

He3aBUCHMBIMU U OJMHAKOBO pacrpeleneHHbIMU, Tak Kak X, ..., X, He3aBu-

CMMbl ¥ OAMHAKOBO pacnpeiefeHbl, NpU 3TOM EQk = a, ng = ¥. Ocranochb

JAMETUTL, YTO NA, = 1, +...+ 7, ¥ PUMEHUTD K 3TOH CYMME MHOTOMEPHYI

al
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LEHTPAIbLHYIO MPENeSbHYI0 TEOpEMY:

L(nA,i/—ﬁng) » M(0, )

uny, yto akBuBwIEHTHO, L(A,) ~ M(a, (1/n)E).
TakuM 06pa3oM, CnipaBelMBa CAEIyOLIAs TeopemMa O COBMECTHOM pacnpese-
JIEHUM BHIOOPOUYHBIX MOMEHTOB.

Teopema 4, Ecnu KoHeueH TeopeTUYECKMHA MOMEHT Cyr, TO NPKU T — OO COBMECT-
Hoe pacnpepeneHue BLIBOPOUHbIX MOMEHTOB (ty ), . . . , Bipy) ACUMNTOTUYECKHM HOD-

manbho M {(a = (a;, ,ay), (I/n)E).

2T1a TeopeMa mosie3Ha OobLIe He caMa Mo ceGe, a CBOUM BaXHBIM CNeACTBUEM,
KOTOpOoe MBI NMpUBOAMM Oe3 aoKalatenbcTsa. MMeHHO, cnpaBegnyba

AcCHMNTOTHYECKAR HOP- Teopema 5. [Ina nwobont anddepeHuynpyeMon yHK-

MQMbHOCTb DYHKUMA OT UMK @ OT 7 nepeMeHHbixX

BLIBOPOUHBIX MOMEHTOB ﬁ(\/ﬁ(ﬁf’(én) _ SD(Q))) —s N(0, 02)

npu ycnosuu, 4to o = b'Th > 0, rge

dp(z) dyp(z) )
B:B] ’ 3171-

b=grad p(a) = (

Z=a

2 2
Bonee Toro, ecnn o = ¢“({@.}) — HenpepbiBHan dyHKUMA OT TeopeTUUECKUX

momenTor {a.} n o2 = 02({&ﬂ.}) (T. €. MOMEHTB (. 3aMEHeHbl COOTBETCTBYK-
WAMK BLIBOPOLHBIMM MOMEHTAMK &y,.), TO

£(vR AP o

On

M3 TeopeMbr 5, B YaCTHOCTH, CAEOYET, YTO ACUMINTOTHYECKH HOPMabHbIMU
ABNAIOTCA W UEHTPANIbHble BbIGOPOYHbIE MOMEHTBI fipy , TTOCKONBKY OHM SBNAIOTCA
HeNnpepbIBHbIMK QYHKUHAMK (MHOTOUNEHAMU) OT OObIYHBIX BbIGOPOUHBIX MOMEH-

ToB. Hanpumep, cooTBETCTBYIOLLEE YTBEpXAeHUE IS BbIOOPOUHOH AUCMEPCHH s?
hopMy/npyeTca cneqyrolm obpasom (cm. ynp. 23).

ACHMNTOTHYE CKAS Teopema 6. Ecnu KoHeueH TeopeT4eCKUA MOMEHT Lg,
2
HOPMQAHOCTb BLIGO- 70 npu 1 — o< BeiBopoyHan gucnepcua S° acumnTo-
. 2
POYHOM AUCNEepCHM Tudecku HopmanbHa A (pa, (14 — p13)/n) . Bonee Toro,

V(S - m)\
z:( m) L N(0,1). (25)
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5. AcuMnTOTHYECKNE fOBepUTENIbHbIe WHTEPBaNbi
ANA TEOPeTHYECKUX MOMEHTOB

TeopeMbl NpeABIAYLIErO NMYHKTa, B OCODEHHOCTH TeOpeMa 5 B BapuanTe (24), uc-
MONb3YKTCS B CTATUCTUKE IS MOCTPOEHHUS IOBEPUTENLHBIX MHTEPBAIOB A5 TEO-
peTHuecKUX MoMeHToB. C NnpMMepOM JOBEPUTENLHOTO MHTEPBAIA Mbl YXKE BCTpPeyva-
muce B 1. 2 § 2.1, rae Gbin MOCTPOEH ACUMNTOTHYECKHH Y -L0BEPUTENbHBIA HHTEDBA
N4 TeopeTHYecKoit pyHKLMU pacnipenenenust F(T) B Npon3BoNbLHON TOUKE T, e
F(z) # 0. Janum Teneps obliee onpeaeneHue N0BEPUTENLHOro nuTepsana. [Tycts
HAC MHTEPECYET HEKOTOPas TeOPETHYECKass XapaKTePUCTUKA ¢ HabiogaeMoit ciy-
yaitHon BennunHbl € u nmeercs suibopka X = (X, , X,) w3 L(¢).

y-do8epumensHsim UNMEPBAAOM ANA G HA3LIBAETCA TaKom
cnydaineit untepsan (T1(X), Th(X)), T1(X) < T3(X), xotopuiit cogepmut
BHYTpU ce6A (HaKpbiBaeT) HEU3BECTHOE 3HAYEHME ¢ C BEPOATHOCTBLID, HE MeHb-
Wwew :

P{TI(X) < g <Ta(X)} = 7. (26)

3necs T (X) u TH(X) — Hekoropble CTaTHCTHKY (DYHKLUNM OT BLIGOPKH), Ha-
3bIBAaEMble COOTBETCTBEHHO HUMKCHEN U GepXHeli O0BepUmensHbIMU SPAKUYAMU, & Y —
3allaBaeMbIit 3apaHee dogepumenshbvill ypogers, KOTOPHIA OOBIMHO BbIGMPAETCS HOCTA-
TOYHO 6113kuM K | (Hanpumep, v = 0,9; 0,95; 0,99 u T a.). Dnuna To(X) T (X)
TAKOTO0 MHTEPBATA XapaKTepU3yeT TOYHOCTh JIOKATU3ALIMK OLIEHUBAEMON XapaKTe-
PUCTHKM ¢, @ BENHYNHA Y OTPAXAET «CTENEHb FOTOBHOCTH MMPHMTLCS C BO3MOXK-
HOCTLbIO OWMOKHW», T. €. ABAAETCS NOKA3aTeseM HaleXHOCTH JOBEPUTENLHOMO MH-
TepBaia.

Ecnu BoinonneHo yenosue (26), TO MPAKTHUECKH ITO O3HAYAET, YTO B GOMBLUOM
YyMCe HeJaBUCHMBIX NTPUMEHEHUH TaKOro NpaBUAa OLEHMBAHUSA Mbl MOXEM OLLH-
6uTbes, yrBepxaas, uto g € (T\(X), To(X)), npumepHo B (1 —y)100 % cayyasx.

Obuias Teopud JOBEPUTENbHOTO OLEHMBAHMA OyneT oOCYXAaThCA NOIXKE
(cM. . 3 § 3.8), a cefiuac Mbl NPOOEMOHCTPUPYEM TakOM TOAXOL B OLIEHHMBa-
HUM TEOPETUYECKHWX MOMeHTOB. [Ipu 3ToM, NOCKONBKY Mbl OyaeM OCHOBBIBAThLCH
Ha MPeldENbHOM TeopeMe 5, To peub OyAeT WATH O TMOCTPOCHUH GCUMPMOMUECK UX
do6epumenbH biX UHMeEPEAN0a.

Hrak, mycTh Hac MHTepecyeT xapakTepucTuka g = p(a), o = (o, ,a,),
rae ¢ — 3agaHHnas HenpepuiBHO AnddepeHumnpyemas dyHiums. Toraa Ha ocHoBa-
HUM (24) Mbl MOXEM 3aNUCaTh CMeAYIOLLYIO LeNOYKY COOTHOLLEHU !

P{Z—flw(An) -9l < Cy} = P{g € (sO(An) F %)} —
— ¥(ey) ~ B(—¢y) =28(ey) - | =7, (27)

ecnn ¢, =0 ((14+7)/2)

Ho ato u osHauaer, 4to (p(4,) F ¢,0n/v/N) €CTb aCHMITOTHYECKNUH 7Y ~10-
BepUTEAbHEI MHTepBan WA ¢ = p(a). LlenTp 3Toro nHTepBana HaxoauTCA B Ciy-
YaitHoit Touxe (4, ), a ero WinHa pasHa 2¢,0n/v/n, T.¢. npyu Gonblunx oGbemax
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Bb1IOOPKM 3TO JOCTATOYHO YIKMH MHTEPBAT, 00€CTeUnBaOWMHU il BLICOKYIO TOUHOCTL
NOXATUIALMM OLEHWBAEMOM XapaKTEPUCTUKH ¢ ¢(a). TaxuMm o6pa3oM, Mbl
uMeeM o6Lee pPelleH!e TOBEPHTENBHOMO OLEHUBAHHSI TIPOM3BOAbHBIX (HENPEPLIB-
HO IuddepeHuMpyeMbIx) GYHKLMIE OT N1OGOr0 KOHEYHOTO YMCNA TEOPETHUYECKHX
MOMEHTOB. Ha npakTuke Ham o6bI4HO ObIBAIOT HYXHBI B0N€e YaCTHbIE CNYYaH oLe-
HUBAHUA OTAENbHBIX MOMEHTOB — TIPEXAE BCEro CPEAHErO U AMCNEPCUU Habnoaa -
eMoit ciayyaitHoit BennuuHbl €. IToatoMy BhInMILEM elle B SBHOM BUIE HECKOJbKO
KOHKpPETU3aUMI 3TOro o0LLero peleHuUs.

Npumep 4. PaccmoTpuM 3amauy NOCTPOEHHsI A0BEPUTENLHOIO HHTEPBAIA AN NPo-
M3BOJIBHOTO TEOPETHUYECKOTO MOMEHT2 (p = E{k k =2 1. B atoM cayuae, BMe-
CTO MCTIONB3IOBaHMA 06Iero anroputma (27), npoiue HenocpeacTBeHHO UCMOJb-
30BaTh TeopeMy 3, 3aMEHUB B €€ (OPMYITHPOBKE ACHMITOTHYECKYIO AMCMEPCHIO
(asy — al)/n ee oueHKoi (Gp 2 — Gap)/n. B UTOTE 5T0 NACT HCKOMbIH ackMI-
TOTHYECKH Il Y -TOBEPUTENLHBIA UHTEPBAT 1A (), BUJA

Qo — @2,
(ank Fe M). (28)

n

[lonarasi anecs k& = |, Noay4YnM COOTBETCTBYIOLHMIA
MHTEPBT 1 TEOpPETHYECKOro cpeaHero a; = EE:

(f:{: 9\/—;) (29)

%4 .
U Nosepurenchuii uk-
Tepsan ANA cpeaHero

Npumep 5. UTtoOb NOCTPOMTH ACUMMTOTHYECKUA Y -NOBEPUTENLHBIH KHTEPBAT 111
TEOPETHYECKONA AHCNepCHu fy = DE, Hago mpoCTo BOCNO/Ab30BATbCH PE3yNbTa-
TOM (25): HCKOMBI/l MHTEPBAT €CTh

T _ 4
(S%Fc7 i S) (30)

n

% -
U [oseputenthsiii uh-
TepBON ANA AMCNEPCHA |

§ 2.3. MHoromepHble AaHHblE

Boicuian Momemamuxa npoige 31eMeinapHoll 8 oM cMeicae, 4Hmo
uccaedosams HeRpOXOGUMYHO HaULY ne24e C CAMOAMA, HEXCenU net-
KoM (Ho 319 3M020 HAG0 uMentb CaMonem U yMems UM YRpagasms!).

MHorna Habnooaemas B 3KCNEpHUMEHTE CNlydyaiHasg BeNMYMHA NpeacTaBnser coboi
BEKTOP HEKOTOpoi pasMepHocTd k = 2: € = (&, ,&). B atom cnyuae BhI-

Gopka u3 L({) ectb coBoKynHocTb k-mepHbIx BektopoB {X; = (Xp1, ., Xu),

Il =1,...,n} n obpaGoTka TaKMX MHOTOMEPHBIX JAHHBIX yXe Oofiee TpydoeMmKa,
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TaK KaK MOMUMO OOBIYHBIX BbIOOPOYHBIX MOMEHTOB 3/16Ch HAA0 BLIYUCAATEL 3M-
nupuyeckue (BbIGOPOUHBIE) AHANOTH IS CMEIUAHHBIX TEOPETHYECKUX MOMEHTOB,
CPEAN KOTOPBIX BAXHEHLW UM L1 NIPUNOXEHUN ABASETCH BTOPOH CMEUIaHHbINA MO-
MEHT MM KOBapUaLusl.

YTtobbl HE 3arpOMOXAaTh UANOXEHHE TEXHWYECKUMU AeTaNAMHU, PaCCMOTPHM
noApoGHO MU NpocTedlLuit cyyaid k = 2. UTak, mycrs Ha6monae'rcn JBYMEpHas

crydaittan sennunHa £ = (€,&) v {X; = (Xi, Xp), l= ., M} — MOBTOPHbIE
HE3aBUCUMbIE HaBmoneH s Hal Hel, OBo3HAYUM F(il?],:‘[?z) P{& z,, 6 <2y)}
(Teopetnueckyio) dyHkuuto pacnpenenenus, E§ = (E&), E&) = p = (py, p2) —

BekTop cpeaHux u DE; = ol §=12, cov(, &) =03 — BTopble LLeHTpabHbIE

MOMeHTBI BeKTopa €. Kak B JaHHOM ciyuae no BbIGOPOUHBIM JaHHLIM NOCTPOUTD
aMNUpHyecKue (BbIGOPOUHBIE) AHAIOTH 3THX XaPaKTEPHUCTHK?

1. IMPMpuyecKas pyHKUUA pacnpeaeneHus

OMnupudeckass PyHKUUS pacrpeleneHns ONMpEenensieTCs Mo aHANOrMu ¢ OTHOMEp-
HbIM cliydaem ¢Gopmynoit

| |
Fo(zr, ;) = ;ZI(XH z), Xp < 32)5527]:- (1)

=1 i=1

B (1) {m = I(X;; € zy, X1z € z3)} — HesaBUCUMBIE OIMHAKOBO pacrnpese-
JIEHHbIE CNyYaitHble BENUYUHBI, MPpUHUMatoWue 3HadeHus O u |, T. e. BepHyueB-
CKHE BETUYUHBI, TPUYEM

En = P{X; <), Xp < 23} = F(z), 12),

Dy = F(x), :cz)(l — F(z,, :n;)).

Otciona u u3 (1) cneayer, yro
EF,(z), z,) Z En = F(z), T,), (2)

T.e. 2.¢.p. (:c,,:cz) ABAETCA HecMelleHHol oueHkoit ans F(z,, T;) npu no-
ObIX Z,, T7.
Hanee

DFy(z1, 22) = — an (w:,mz)(l— F(z;,72)), (3)

-

YTO CTPEMMTCS K HYMO NP 1 —> 00, T.e. Fp(x), 2;) SBNAETCH COCTOATENBHOM
ouexkon 1ns F(z,, z;).
TakuM o6paioM, 31eCh MMeeTcs MONHAA aHATIOMUs C OLHOMEPHBIM CTyYyaeM

(cM. (5) §2.1).
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2. MomMeHnTI
O6parumcs Teneps K MomeHTaM. O6o3kauum X; = (le, o, an), j=1,2,Bbl-

¥ ol
GopoyHble naHHble IS j -H KoopauHatet Bektopa £ = (£, &) n myets X;, S5 —
COOTBETCTBYIOLIME BIGOPOYHBIE CPeliHEE M AMCMEPCUA, BIMHCAsAEMbIE TTO HOPMY-

nam (4)-(5) §2.2.
Torna X; asnaerca 3Ml‘[HpH'—lCCKHM aHI0TOM [U1sl TEOPETUYECKOrO CPEMKEro

2
1 = E¢;, a §; — mna aucnepenu cr]- = D¢;
///,‘ Buibopounas Bubopounan xe (Imnuputeckan) Koeapuauyus — aHaIOT
KoBAPHALMS TEOPETUYECKONH KOBapuaLmH

012 = cov(), &) = E(€1 — p1) (& — p2) = E€i&r — iz
— onpenensercs GopMynaMu

S = Z(Xn - X)X - X)) = Z XnXn- XX, (4)

1=1 =1

CoOTBETCTBEHHO, 8b60pOUHbI (IMnupureckul) KoIpu-

Yy BbIOOPOUHLI
{UeHm Koppeasyui — aHa10T TEOPETHYECKOro KO3 ULIHEH -

Ko3ppuumeHT
KOppenauus Ta KOPPEIALHH
cov({y, &)
= p(&1, &) = corr(€y, &) = —F—=
D¢, D¢,
— onpenenaercsa GopMynoi
—~ S
n— & a - 5
Pn= 35 (%)

HccnenyeM HekoTopble CBOMCTBA 3THX HOBbLIX BbIOODOYHBLIX XapaKTepHCTHK.
B § 2.2 MBI ycTaHOBMAY, 4YTO BBIOOpPOYHAA JUCITEPCUS He SIBJISETCH HecMellgHHOM
OLIEHKOI TEOPETHYECKOM NUCMEPCHHU, HO NErKO MOCTPOUTE CTATUCTHKY YXE ABAAID-
L1YI0CS HECMELLEHHOM 0LleHKOi# iucniepen (cM. dopmyinl (17)-(18) § 2.2). Akano-
IYYHbIA pakT UMeeT MecTo U 15 BeiGopoyHoi KoBapHaunu. iMeHHO, cripaBenn1Ba

Nlemma. Cratucrvka

Sp = ;_l_—] Z(Xu - X1)(Xn - X) (6)

-1
=1

ABNAETCA HECMEUEHHOR OUEHKON TEOpeTHYECKON KoBapuaLuu ¢y = cov(f, £).

Aokazamenscmso. BeeleM ciyyaiiHyo BeanduHy n= £ +§&;. BribopouHbie naH-

Hele piaHeeecth X; = X+ Xpp, I=1,...,n, aee aucnepcus Dy =a'f+02+2012.
[TocTpouM HecMelueHHYIO oLEHKY i Dn: aTo ecTh cTaTCTHKA
[ -2 1 < - - 2
— > (X-X)=—) ((Xn-X)+(Xn-X;5)) =

n—1 =y n-—1 P
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] n
= (X - X)) +—'Z (X~ X3’ -l-n——z X - X1)(X— X).
=1 =1 I=1

B aTOM pa3noxeHuu
n

1 —
) Z(ij - X

=1

eCTh HECMELUEHHAs OLIeHKa IS a}, 4 = 1, 2, cnenoBatenbHO, MOCNEAHEE Clarae-
MOe — HecMelleHHasn oueHka ang 20p;. M
B o6iem cnyyae ans k-mepHoi HabmomaeMoit BeanmuuHbl £ = (§),.. , &) ¢

. . k

E€=p=(p1,. .., pr) ¥ mMCTIEDCHOHHOI MaTpUueit DE = ¥ = ||oy; = cov(&;, &)

BLIGOPOYHbIE MOMEHTBI MEPBOT0 ¥ BTOPOTO MOPAIKOB BLIYMCISIIOTCA MO GOPMYIam
n

B 1 -
Xj=_ E Xy, Sj= - D (X - Xp)

I=!
S,-J-=—Zx,.— Xy - Xp), i#7

Takum 06pa3oM, 31ech M UMEEM BEKTOD BbIGOpO‘-[HbIX cpemnux (X, , Xi)
U BLIGOPOYHYIO TUCTIEPCHOHHYIO MaTpH LY ¥, = ”Sz;lh ,rae Si; = ,—2, i=1, k.
BekTop BbIGOPOTHBIX CPEHUX BYHET HECMELLEHHOM OLIEHKOM 115 BEKTOpa TEO-
PETHYECKMX CPEAHMX ft = (py,  , pr), €. EX; = p;, 1 =1,...,k, a noanpas-
NEHHas BEIGOPOYHEs AMCMIEPCHOHHAS MaTPHLa n/(n— 1) — HeCMELeHHOt Ol H-
xoit ms X: E(n/(n— 1)¥) = ¥ (310 paBEHCTBO CIEAYeT TOHMMATh MO3JIEMEHTHO).

3. bonbwue BbIGOPKH

O6¢cynum Tenepb aCUMMTOTHYECKUE CBOMCTBA BBEAEGHHBIX HOBBIX SMIUPHYECKUX
XapaKTePUCTHK, TTpeATNoNaras, YTo TEOpETUYECKME KOBApMAIIMUM CYLLECTBYIOT. Toraa
MO 3aKOHY DOMBIUNX YUCEN MpU L — 00

l n
- E XXy = E(&¢5),

I=!

= P P
HO Takxe u X; — EE;, S'Jg — D¢;. CnenonatentHo, CocrosTensHocTs N
no teopeMe 1 §2.2 BbIOOPOYHLIX KOBOPHU- »
P Si; e auni 1 Ko3ppuumreH-
Sij — i u pij= S.q, — pij = pl&i, &), TOB KOPPENsLMA
17
1 # ] (7)

Takum 06pa3oM, BbIOOPOYHBIE KOBapMaUMU U KOIPPUUMEHTL KOppEnauuid
SIBJIAIOTCA COCTOATENBHBIMM OLIEHKAMM COOTBETCTBYIOLIMX TEOPETHYECKMX KOBApH-
allui ¥ Ko3(hOULMEHTOB KOPPENALMit (KOHEUHO, EClIK BCE TEOPETHYECKHE JUCTIEp-

cnut @ > 0).
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MoxHo Takxe noka3saTs, uto Ep;; —p;; — 0 npn n — 00, T.e. pj; ABAAIOTCA
NMWb ACUMMTOTHYECKHM HECMELLEHHBIMU OLEHKAMM 1A P .

4. lobaBneHune: HopManbHaA mogens

[peanonoxum, 4To HaGmogaeTcA JByMepHasad HOPMaTbHas ClyyaitHas BelHUMHA:

L&, &) =N((#1,#2), ) lpl <1

(cM. n.2 § 1.2), n TpeGyeTca Mo COOTBETCTBYIOWIEN BLIGOPKE PacCYUTATh JOBEPH-
TE/bHbIA UHTEPBAT AT TEOPETHYECKOTro Ko3dpruneHTa Koppenauuu p.

DTO MOXHO CAe/aTh Ha ocHoBaHuK pe3ynstata P ®uwepa (1915 r.), kotopbiit
MOKa3al, 4TO €C/IM OT BbIGOPOUHOro K03 PuLUHEHTa KOPPETALUH Fy, OnpeleieH-
HOro B (5), NepeiiTH K HOBOW CTAaTUCTHKE

2
7 Po0;

2
po0; a;

1 1+4p
Zn="ln +£n,
2 l—pn

TO yXe Wi HeGoablMX 00beMOB BLIGOPKU N CTaTUCTHKa2 Z, Oyner pacnpenesneHa
NpHUOAUINTENLHO HOPMANLHO, CO CPeIHMM 3HaueHHEM M JMCNEPCHUEH, 3aAMaHHBIMH
NMPUOAMXEHHBIMY BHIPAXEHUAMH

p
EZ, ~ —_
n C+2(n-—l)' rae
1 1+4p | (®)
C.:_ln y H Dan‘: -
2 1-p n-3

Opyrumu cnosamu, L(va — 3(Z, — ¢)) — N(0, 1) npn n = o0.
Otciona, Tak Xe, Kak ¥ B 1. 5 § 2.2, Mbl MOXeM NOCTPOUTh aCHMITTOTHYECKUH

¥ -RoBepuTensHbi utTepsan ma : (Z,F¢ /v = 3).¢, = @' ((1+7)/2) Ho-
ckonbsKy ¢yHkuus ¢ = {(p) B (8) MOHOTOHHO Bo3pacTaeT, TO pa3peLliast ypaBHEHHS]

¢y

¢(p) = Zn TS
“a LosepuTenshbis OTHOCHUTENBHO P, Mbl MONYYMM ACHMITOTUYECKUH 7 -10-
UHTE F;an - BEPUTEIbHBIA WHTEPBAT 418 CaMOro Kod3(puLHeHTa Kop-

P P pensunu p:

€4y = _'(Z ——,-c’—) “'(Z +L)) 9
P ! (< . n—3 C n n—3 ( )
(3mecn ¢ ~! — o6pathan dyukuna k ¢). [TockonbKy B 3TOM anropuT™e YnCiao n

npearnonaraeTca 6oabiiuM, TO B (9) MOXHO OrPaHUYMTLCA NHILb NEPBBIMH NBYMS
YaeHaMM padioxeHna 8 pan Teinopa 3 byHKUMY (_I(Zn +¢€p), €n — 0, ¥ Hc-

3 Teitop Bpyx (1685-1731) — awrnuiicknii matemMatuk M ¢munocod, 8 1712 r. Hawen obwyio
thopMyy pavioxeHHs QyHKUWA B CTENeHHOM psil, HOCHLIYIO €10 MMS.
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110/1b30BaTh NMPUOIMXKEHHBIA UHTEPBAN

Ay % (C"(Zn) T \7,% -:—tc“’(t) t=Zn) -

ZZn _l 4 2ZI'I
= fr—(lac ki ) (10)
e*én + 1 (e*% — 1)v/n -3

[Tpu GonblIux 7 3TO AOCTATOYHO Y3KMA WHTEpBAT, OKPYXAIOWMUH TOMKY
(ew" - 1)/(622" + 1). B cBolo ouepeap, ecnyu 3HaYeHHe CTATUTCTHKY P, Mao,
Torga Z, = p,, U uHtepnan (10) Moxet GbITh 3aMeHEH MPUGTNXKEHHBIM UHTEPBA-
noM A&, = (PnF ¢, /Vn—3), KOTOpbIi yXe ABAAETCA CHMMETPHYHBIM HHTEPBA/IOM
C UEHTPOM B TOMKE py. [1OCTPOEHHBIH HHTEpBAN A',, MOXET OblTb MCTIONb30BaH
TaKXE LA MPOBEPKU rUNoTe3nl Hy, COCTOALIEH B TOM, HTO p = py, TAe py —
HEKOTOpOe Masioe 3ajaHHoe yucno. B yactHocTH, npu po = 0 runotesa Hy Gynet
03HAYaTb HE3aBUCHMOCThL KOMNOHEHT & U £, Habm0aaeMoi ABYMEPHOH HOPMaAb-
HOM cnyyaitHol senuuuHbl € = (£, &), NOCKONBKY B JAHHOM Clyyae HEKOpPEIu-
poBaHHOCTb (py = 0) 3xBUBaNEeHTHA He3aBucumocTy (cM. 1.2 § 1.2). Paccyxaaem
npu 5ToM Mbt Tak. Ecaun runotesa Hy p = pg BepHa, 10

_ ¢ _ g
PP~ ———= < po < Pn+ ———= ¢ &
{pn 3 Po < Pn n_3} Y

WU, YTO TO Xe,

— OY p—
P — Z2 ——xl—-v=aqa

Ipu nocTaToMHO ManoMm 3HaueHUM a (mpu vy 6auakoM k 1) cobeiTHe |p, — pol 2>

> ¢,/vVn — 3 NpakTHYEcKH HEBO3MOXHO, M €CNH I JaHHOi BbIGOPKH 0OHa-

PYXHMBAETCR, ¥TO |py, — po| 2 ¢,/VN — 3, TO MBI AOMXKHbBI OTKIOHUTL MMIOTE3Y
O PaBeHCTBe p = py, KaK MPOTUBOPEHALLYIO AaHHBIM. B MpOTHBHOM Ciy4ae ru-
MOTE3a CYMTAETCA COTNACYIOMIENCA ¢ AAHHBIMM, U OHa NMpUHHMMaeTca. [Ipu 3ToM
Mbl MOXeEM OWIUOUTBCS, OTIOHNB runote3y Hy, ecnu oHa BEPHA, HO BEPOSITHOCTh
3TOrO MPUOAM3UTENLHO paBHa (x, T. €. MAIA.

O6bIYHO TaKyI0 METOOUKY MPHMEHSIOT 1A NPOBEPKHU
aunomesvt Hesagucumocmu Hy: p =0 (nonatue obluen ru- oo
NOTe3bl HE3aBUCUMOCTH CM. B mpumepe 6 BreneHus), 1 B
3TOM C/Iyuae NPaBUJI0 NPUHATUSA pelueHus GOPMYNUpYeTCa CAeayownM o0pasom:
3312€MCS MAIOM BEPOSITHOCTBIO (¢ OWMOOYHO OTKIOHUTL UCTUHHYIO runoTtesy Hy
(@ Ha3bIBAECTCH yposHeM 3HAHUMOCMU) W OTNIPEAENAEM YUCNO ¢y = ¢! (1 +7)/2),
¥ = | — a. [Janee no umewoulenca BbIGOPKE BbIYUCIAEM 3HAYEHUE CTATUCTHUKY
pn 0 dopmyne (5), U ecnu oxkaxercs, uto |pn| > ¢,/vn — 3, 10 runotesa Hy

OTBEPTaeTcs, B NPOTUBHOM Clyvae, T.€. NpH |p,| < ¢,/V'n — 3, OHa npuHUMaeTca.

TakuM oGpa3oM, 3aecb Mbl BCTPETHIUCH ¢ KOHKPETHBIM NMPUMEPOM ITPOBEPKU
CTaTUCTHYECKOM TMMOTE3bl, 06ilag TEOpUA KOTOpbIX OyaeT AeTalbHO 00CYXIaThcA
B I1.4.

N
Mnoteaa W

HE3IABHMCHMOCTH
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3amevanue, TlnotHocTb fp ,(T) cTaTHCTHKU P, uMeeT Bua [15, c.436): npu n > 2
|

dz
(n=1)/2(} (n—4)/2
o lrl<,
= [ s

0

n-2

fn.p(r) =

T.€. 3aBUCHCT MWL OT it 1 p, U npu p = 0 (T.¢. npn He3aBucumoctu & U &;)
n-—|

‘()
fﬂ.ﬂ(r) = n-2

()

Ecnu (npu p = 0) paccMoTpeTs npeobpazoBaHue

Tﬂ == \/m —BH—T,

V I - Pn
T0, ucnonsays dopmyny (45) § 1.2, HETPYAHO YBEAUTLCSI B TOM, YTO CTATHTCTH-
Ka T, uMeer pacrpenenedue CroioneHTa S(n — 2) (370 MbI ocTaBisieM YHTATENIO
B K3ayecTBe MPOCTOr0 ynpaxHeHUss HAa NpuMeHeHHE DOpMynbl npeobpaloBaHus

(45) § 1.2). TTockonsKy dyHkuua y = vn—2z/+/ 1 — 22 npu |z| < 1 MoHo-

TOHHO BO3pacTaeT OT —O0 OO0 ©O, TO OTClA2 cneayeT, Yto cobuitna {|T,| > £4}

n A{|pn] > 2o} Npu zo = to/\/ 1 — 2 +t% 3xBuBaneHTHLl. [To3TOMY, ECAH MpH
JamaHHOM a, 0 < a < |, yncno t, BLIOPAHO TaK, YTOObI BBLIMOJHAIOCH YCIOBHE

P{|T,| > to} = a, To Oyner BuimonHATLCA Takxe ycnoBue P{|p,| > z4} = a.
Ha 3TtoM dakre, aHAMOrUYHO NMPEeabIAYLUEMY, MOXHO MPeMTOXHTL CAeAYIOLIHA aN-
ropuT™ Ul NPOBEPKM TUMOTe3bl HelaBucuMmoctd Hy p 0, xoTOpBLIK yxe
«paboTaeT> npy 1106oM yucne HabmoaeHui n > 2. [TycTs 3anaH Manbiil YpoOBEHb
3HauyuMocTu . Toraa, nockoabKy MAOTHOCTL pacripenefeHus CrolonenTa (cM. (28)
§ 1.2) cuMMeTprYHa OTHOCUTENIbHO HYJISl, TO, 0603Ha4as GyHKLHIO pacnpereneHUs
3akoHa S(n) uepes Sy (), U3 LLEMOYKH COOTHOILEHHIA

(1 =)= p <1,

@ = P(Ta] > to} =2 [ f(aln - 2) ds = 2(1 - 5,-4(t)

ta

nosiy4yaem, 4ro i, onpenensieTca ypaBHEHUEM

(41 -1 a
Sn_z(ta) = l - 5’, T. €. ta == Sn_2(l - —> )
rne S, '5(-) — oBparHas byHKUMS K Sp_o(z).

Janee BBIYUC/AEM 10 UMEIOINMCH TaHHBIM 3HAYeHHE Pp, U €CNIM OKaXeTcs,

4TO |pn| > Za = ta// 1 — 2+ tL, TO Mbl oTBepraem runoTesy Hy Kak npoTH-
BOPEYALLYI0 AaHHLIM, NOCKOJILKY BEPOATHOCTbL TAKOrO CoBbITUA Npu runorede Hy

(paBHas, NO NpeabIIYLIEMY, @) Mana npu MaaoM a. B npoTuBHOM ciyyae, T. €. npu
|Pn| € 24, tnnotesa Hy npuHnmaetca. BepoaTHOCTb 01UMBOYHO OTKJIOHWTDL MPH
3TOM UCTHHHYIO runoTesy Hy B TOYHOCTU paBHa .
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5. Jipyrue KoppenauHoOHHbIE XaPaKTEPUCTHKH

B Teopun cratucTHyeckoit perpeccum (o KOTopoit noapo6Ho GyAeT UATH peyb B T 6
§ 6.6) BaXHYIO PONMb MIPalOT, MOMHMO OGbIMHBIX Koppensumit (KoadgduuueHTOB
koppensiunit corr(€, 1) = p(€,n)), Apyrve, 6onee CHOXHbIE KOPPENALNOHHBIE
XapaKTePHCTUKU COBOKYMHOCTH WU3ydyaeMbiX CTy4alHbIX BEJIMYHMH. 31eCh Mbl JaIUM
UX onpelefieHus U NOCTPOMM HX 3MIUpuyeckye (BbIGOPOYHbIE) aHAIOTH.

WTak, nycTb vMeeTcs COBOKYIHOCTb cyuaifHeix BemuunH ¥ n X = (X,

,Xp), CBAA3AHHbIX HEKOTOPOH CTOXACTHYECKOW 3aBUCUMOCTBIO, npuyeM X go-
CTyNnHO HabmofeHHIo (MaMepeHH0), a 3HaueHne Y HenocpeacTBeHHO MIMEepPUTh
HeBO3MOXHo (Hanpumep, ¥ c¢Ba3ano 6yayuinm). Toraa Bo3HMKaeT 3a1a4a MpeacKa-
3aHuA (MPOrHo3a, OUEHKH) BeanuuHbl Y no nadopMauun, foctabnsemMoit uamepe-
HUeM BenudnH X, , X, KOTOpBIE B 3TOM KOHTEKCTE HA3bIBAKTCA Npedckadbi-
sarowumu nepemerinbimu, QyHKLUNSA OT NPEACK23bIBAIOLIMX NepeMeHHBbIX (X ), Ko-
TOpYIO UCTIONBAYIOT B KauecTBe oueHku ans Y- (X)) = Y, Ha3viBaloT npeduxmopom
BenyuuHbl Y no X, 3anaueii paapaboTKu MeTOLOB NOCTPOEHUS HaWTy4LIuX (B Ka-
KOM-TO CMbICJIE) NIPEIUKTOPOB 3aHYMAETCA Meopusi CMamucmuteckoi peepeccu.

Jns U3MepeHUa TOYHOCTH NMPEAUKTOpa ¢ 0BbIMHO UCMONbAYETCA cpedrexsad-
pamuynas owubka (c. K. 0.)

2
A(p) = E(p(X) - Y)
INMpeavkTop, MAHUMU3HUPYIOLIUIA C. K. 0. B 3aJaHHOM Kfacce

NPEAYKTOPOB L Ha3bIBAETCS ONMUMAALHBIM NPECUKMOPOM, NTH Mporyos
npozrozom (B Knacce L), 1 0603HaYaeTCA CHMBOAOM
@' = argmin A(p), (11)
peL

€ro C. K. 0. eCTh
A" =A@p") =E"(X) - ¥)' = inf E(p(X) - ¥)’ (12)

Takum o6paioM, B o6leM Cyyae 3aaaya MocTPOeHUs HauTyyluero (B cpea-
HeKBaJpaTHYHOM CMbLICNIE M B 3aaHHOM KJIacce NpeAvKTOpoB L) NporHola ans
BeJMuMHbl Y 1o X cBOANTCA K pelueHunio 3KCTpeMaibHoit npobremst (11)—-(12).

YacTo orpaHUYUBAIOTCS KITACCOM /UHelHbIX nPpeduK - Murerisbi Tporioy
mopos, T.e. Koraga L ecThb KiacC NUHEHWHbIX QYHKLNA: -
L={¢ px)=p+piz +. +pPpz,} BaToM clyyae onTHMaNbHBbI NPEAKK-
TOp BCerna cyuiecTeyet (MPH YCIOBUM CYWECTBOBAHUSI BTOPbIX MOMEHTOB Y HEBBI-
POXAEHHOCTH AMCTepcoHHOM MaTpulbl £ = DX) u nmeet BUA;

Y, =" (X) =B+ 0 Xi+...+5,X, =
=+ "X =EY +§"(X - EX), (13)

roe
B'=%"'a, a=cov(Y,X)=(cov(¥}, X;), ,con(Y),X;))

>

W=



y
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[pH 3TOM €r0 C. K. O.
A* =0l -d's'a, o) =DY, (14)

TakuM o0pasom, KakK €am ONTUMANbHLIA MPEANKTOD, TaK M €ro C.K. 0. Bbi-
PaxaloTcs B NAHHOM CNTyYae JIMUIb 4Yepe3 MePBbi€ U BTOPLIE MOMEHTBI CHCTEMbI
cnydaithelx sennuvi (Y, X).

MHoxecTseHHbIA B M3710XeHHO TEOPHH AMHERHOIO NPOTHO32 0CobYI0
KO3 ULMEHT pO/ib UTPAET BeAHYHHA
KOPPeNnaLum a'Y 'a
2 = = 2 *
prx ==~ =p (Y¢'(X), (15)
Y

Ha3bIBAEMaA MHOXNCECMEeHHBIM K03(hduyuernmom Kopperayuu; OHa SBISETCA eCTe-
CTBEHHON Mepoil 3asucumocmu mexcdy Y n X (mepoii mourocmu npozrosa) u ¢ ee
MOMOLLbIO MOXHO CPAaBHUBATL Pa3fNMYHbIE COBOKYMHOCTH MPEACKA3bIBANOLMX ME-
PEMEHHBIX B KOHKPETHbIX 3aia4ax. CornacHo (15) MHOXecTBeH b K03bDHUHEHT
Koppensunn Mexny Y u cosokymHocThio X = (X,, , X,) paseH ksamgpaty
o0bluHOro Ko3acdduumveHTa Koppensdunn mexay Y ¥ ONTUMaTbHBIM JTHHEHHBIM
npeauxropoMm 1na Y no X. Yem Grunxe ple K 1, Tem menbue ¢. . 0. A* (cM. (14)),

a fpH Pi’l =1cko0 A' =0, Te. nporHo3 abCoNOTHO TOYEH: B 3TOM C/yyae
Y = ¢'(X), T.e. Y dhyHKuMoHanbHo ceszana ¢ X,

B npakTHYECKNX NMPUIOXKEHHSIX TEOPETHYECKNE MOMEHTBI CUCTEMbI C1ydanHbIX
BemuunH (Y, X)) 00biYHO HEN3BECTHbBI, MO3TOMY BCE CBEIEHMS, HeOOXOIMMble LIS
MOCTPOEHUA ONTHMaNbHOrO NPEAUKTOpa, MOMY4aloT B pesyabraTe 00paboTKy cTa-
THCTHUYECKUX JAHHBIX, KOTOpble NPEACTABAAIOT CODOH BBIOODKY M3 pacnpeneieHna
L(Y, X). Ouenns ro takoi BcnoMoraTeibHOH BbiGopke (M0 pe3ynsTaTaM Npoubix
naMepennit X u Y') nepsoie n BTOpbie MOMEHTbI, KaK 3TO OMMCAHO BbIlle B M. 2,
M 3aMEHHUB 3THMH OLUEHKAMH TEOPETHYECKUE XAPAKTEPH-
ctuku gy = EY, = EX, a n X, ctposit amnupuneckuil

npearicTop | npeduxmop B

-~ =y == R ==l o - >
P'X)=PB+p X, B'=X7"8, B =F-B B (16)

KOTODBIM W HCIIONB3YIOT A1 NPeNCcKa3aHUsl B APYTUX Cay4asx (B OymylLMx uiMe-
peHMsx). ToUHOCTs IMMUPHUECKOro npeanKTopa (16) oueHUBAETCA IMNUPUHECKUM
MHONCECMEEHH bIM KOIPDULUEHMOM KOoppeafyuu

-2 az-'a
== 17
(B dopmynax (16)-(17) € = (Sot, , Sop), T = |I.S',-j||p, uHiekc «0» cCooTBETCTBY-

et Y'). MHoxecTBeHHbIIT KO3 duULMEHT KOPpEnsiuuu pfl [IDHHATO 32AMUCHIBATD

2
B BHAE Py(1...p)-

Ewe oaHa nosle3Has KOPpeASLMOHHAS XapaKTEPUCTUKA BO3HMKAET TMpU pac-
CMOTPEHHWH cheaywluero Bornpoca. Koppenauust Mexay AByMa BETHYMHAMH, CKa-
XeM, B HallleM cnyvae, MeXay Y n X, xapakrepuayercs K03hOULUHEHTOM KOp-
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PENIUUK  Pop corr(Y, X;), KOTOpBIH i MHOTIZ HA3LIBAETCS TAKKE NOAHGIM Ka-
appuyuenmom xoppeasuyuu ¥ w X,. Ecan paccmatpusate Y n X, coBMecTHo

¢ ocTatbHbiMK P — | Benuuunamu X, ..., Xp_1, TO MOXHO CUMTATh, UTO U3Me-
HEHHE BENMYUH ¥ n X, Bbi3bIBAETCSl B KAKOH-TO MEPE M3MEHEHUEM OCTAIbHBIX
BenuuuH, CripalinBaeTcs, KaK B TAKOH CUTYyaUHU U3IMEPUTh HEMOCPEACTBEHHYIO
cBa3b Y u X, vckitovas, Tak CKalaTh, BJIMSHME NPOMEXYTOYHBIX MEPEMEHHABIX
X, X7 Qna aroro cnyxut wacmubiii Ko3pguyu- Yactuuiit kosddm- »\\\
enm Koppeaayuu seMuUH Y n X, otHocuTenbHo X, .
X;-1, 0603HA4AEMBII CHMBONIOM Py (1., p-1). A1 €ro Bbi-
YHCNEHHWS MOCTYNAKT clenyolnm 06pasoM. CTpoAT ONTUMAILHBIE TUHEHHbIE Npe-
ovktopei i Y u X,, oCHOBaHHBIE Ha NMPOMEXYTOYHBIX MEPEMEHHBIX X, ...,
X,-1, no anropurmy (13), T.e.

Y =0+ B X+ o Xy

UHEHT KOppenaumn

X; - aa + aTX| +... 4+ a;_]Xp_I,

M paccMaTpUBaloT «ocTaTk» e, =Y — Y ne; = X, - X,', TEM CaMbIM UCK/TIOYA-
eTca BavaH1e «06uwmx daktopos» Xy, ..., Xp_| Ha pacCMaTpUBAEMbIe MEPEMEH-
Hoie Y u X,). Tlocne 31oro BhIYMCAAETCA OOBIYHBIA KOIPDHLMEHT KOPPENALHHU
p(e}, €3) Mexay 3THMH OCTaTKaMM, KOTODHIt W €CTb YacTHH I Ko3dduitmeHT Kop-
PENALNKN Pop(1.. p—1) BEMuMH Y n X, otHocutensno X,, , Xp_;. B Teopun
JIMHENHOTO MPOTHO3WPOBaHHA AOKa3bIBAETCH, YTO

p”
Pop(l..p-1) = (_POW, (18)
re {lp7]| = lipgill ™
p,-jzp(Xl-,Xj), ?:,j=0,l, P (X():Y).
M3 (18) cnenyet, 4TO YacTHbIA KOIPMULUKEHT KOPPEISALIMHK ONpenensercs ye-
pe3 o6bluHble KO3(DDHUMEHTB KOppensauMH cucteMbl Benmunu Y, X, | X,

CEN0BATENbHO, €r0 AMNUPHYECKUH aHAOT CTpouTCca 3ameHoit B (18) Teoperuye-
CKUX KOPpENsSumit p;; Ha BbIGOPOUHBIE KOPPEAALMH p;;, onpenenexHsle B (7):

;Y = _ﬁop_ (|9)

U3 dopmyn (17) u (19) BUOHO, YTO SMIUPUYECKHE MHOXECTBEHHBI! U yacT-
HBEI KO3(DPUIMEHTH KOppenauui NnpeacTasnaloT coboit HenpepblBHbIE QYHKUUM
OT BbIGOPOYHBIX BTOPBIX MOMEHTOB, MO3TOMY No TeopeMe | § 2.2 Ha OCHOB2HHMHM
cooTHOWEHUH (7) MOXHO 32KKOYUTh, YTO OHM ABJSIOTCA COCTOSATENLHBIMY OLIEH-
KaMH COOTBETCTBYIOLIMX TEOPETHYECKMX XapaKTEPHCTHUK.

Mpumep 1. Paccmotpum cnyvait p = 2. 3xecw npeaukrop Y* = By + 51 X, rae
* 0 [ .
cornacHo (13) B = cov(Y, X|)/DX, = pm;E u fy = EY — BEX|.
I
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AHTOTMYHO, NpeankTop X5 = ag + ai X, rae
cov(X,, X,) o3
» ] * *
a=——— =pp—, o =EX;-aEX,.
DX] g
CnenoBaTensHO, OCTATKH UMEIOT BUL
[ ] * E L * *
e =Y -Y =Y-8Xi-6, ea=X-X;=X)-aX - a

a UX C.K. 0. no (14) paBHbl De| = oré(l - p%l) u De;, = a%(l - pfz). Jlanee Heno-
CPEACTBEHHO BBIYUCIAEM

cov(e;, e2) = cov(Y — ﬂTXI, X, - aTXI) = (po2 — Po1£12)00072,

ole,, €2) = cov(e, ) _ P02 — PolpPn (20)
) - D D - .
vDeDer — f(1- g3)(1 - p)

C Opyroii cTopoHb!, o6pallias KoppeasLUMOHHYIO MATPHLLY |Ip,-j||§ U BLIYKCAN

3NEMEHTHI :
02 _ Poz ~ paipn 0 _ - pp; Pzz _=py
| pi;] |93 | 9451

no dopmyne (18) npuxomum x Tomy xe peaynbraty (20).

BBIYMCIIMM, HAKOHEU, ONTUMaTbHBIA npeaukTop (13).

3neck

2

gy P12010?

z= 2
P120107 P

, a= (PmUoUl, POEUOUZ)

WU B UTOTC HAXOIUM

«__ 00 poi— Popu

f =

»  F0 po2 — popPn2
s Pbh=— ———.
o I=pp o2 1=-pj
TakuM obpasom,

¢ (X), X3) = EY + i(X, — EX)) + 5;(X2 - EX))

C yKa3aHHbIMU KoadpduuueHtamn §7 u S3. MHOXECTBEHHBIHA Xe KOIPOULMEHT
koppensuun (15) 3gecy UMeeT BUA

2 2
Po; + Por — 2P0 p0P12
Py = —— 22— : (21)
I - p1 .

§ 2.4. Bbibopo4Hble KBAHTUAM U NOPAAKOBbLIE CTATUCTUKU

1. TeoperuyecKue W IMAUPUYECKUE KBAHTUAH

BaxHeIl knacc xapakTepucTUK HabmomaeMoit (ckansipHoM) cAyyaiHOM BennuM-
Hbl € COCTABNAIOT kéanmiinu. 1o onpeneneHuo, p-KBaHTHAb {, —— 3TO DEIIEeHHE
ypasHenust F((,) = p, 0 < p < 1, rne F(z) — cbynkunus pacnpeaencuus £. Eciun
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bynkuua F(z) cTporo po3pacTaet, TO OAHO3HAYHO onpenencHa ofpaTtHas K Hel
-1 - o
bynkuna F°, utoraa {p = F l(;;v). B o61ueM cryyae, LA npou3BobHOR Henpe-
bIBHOI cnpaBa ¢yHkuuM F obparHas x Heil [} N
P paBa QYHKU 0OparHasd bynkum Keantunbnan A
ONpene/seTcs paBeHCTBOM ey

F7'(p) = inf{z F(z) > p) (1
M Ha3bIBACTCHA K8aHmMuavHoi (hynxyueil.
HUtak, B mo6oM ciyyae (mns Aw06oil GyHKUMH pacnpeleneHys) p-KBaHTUL

chydaitHoit BennuuHp & (unm ee pacnpenenenus) ects {, = F ' (p), T. €. 3HaueHme
KBaHTHIBHOI yHKkunu (1) B Touxke p € (0, 1) (cm. puc. 1)

dyHKUMA

23
_————"’_I/ pl
CP: CP: 0 CP) T
Puc. 1
A F(2)
L2
n :
P !
k=1 :
T . -
Z(k~1) T(k) T
Pwuc. 2

CTaTHCTHYECKHM aHanoroM Ans (p (6vifiopourod, NIV IMnUpu4ecKoil, p-KeaH-
r.nwtbm) n, p HAIBIBAETCA P-KBaHTHNMb 3MNUPHYECKOR QyHKUMHM pacnpeneseHHus

Fn(:z:), noctpoennoit no sutbopke X = (X, , X)) u3 L(£). DTu HoBRIE BbI-
GOpOYHBIE XapAKTEPUCTHKM TIPOCTO BhIPAXAlOTCHA Yepe3 NMOPANKOBbIE CTATHCTHKH
Bbi6opky (cMm. 11, | §2.1). HdeitctButensHo (cMm. puc.2), ecnu (k—1)/n < p < k/n,

muk—-1<nap<k, 10 a,_p = I?‘,,_'(p) = X(r). [Toatomy, eciu YucClo np ueoe,
T.e.np =k, 10 a,'p = X(np); €CITH Xe uncno np apobHoe (r.e. k—1 < np < k), 10
uenas ero yacts [np] = k—1 (1. e. k = [np]+1) u notomy {n p = X(jnp|4+1). U1K,

Gup=Fy'(z) = {

X(lnpl+1) TIPH mP IpOGHOM,

(2)

Xinp) NpH TP LUEJIOM.
O 3axa3 1748
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Mpu p = 1/2 xBauTUnb (i/; HA3BIBAETCA meopemuye-

eKoii Meduanoll, a {y, 177 — Gbi60pouHoli Meduarol (Heckonb-
KO OTAUY2ETCA OT ONpeneneHus MeanaHel BapUaLlMOHHOTO
pamaBn. 1 §2.1); npu p = 1/4 v 3/4 cooTBeTCTBYIOLUIME KBAHTH/IM HHOTOA Ha3bl-
BAIOTCH KB8APMUNAMU, COOTBETCTBEHHO HUNCHUMU VI 8EPXHUMU.

Wtax, nockonsky, seuay (2), Bri60poYHble KBAHTHIM TI0 CYLIECTBY €CTh COOT-
BETCTBYIOLLIME MOPAAKOBLIE CTATUCTUKY BEIOOPKH, TO AanbHel Wi pasrosop dyneT
BECTHChL B TEPMHHAX UMEHHO MOPAIKOBbIX CTATUCTHK.

%
% Bubopoynan
MeanaHa

2. PacnpegeneHne NOPAAKOBAIX CTaTUCTUK
[TpeanonoxuM, 4To pacnpeaeneHue CryyaiiHoil BeTUYUHB! £ aBCOMIOTHO HeEmpe-
peiBHo u f(z) = F'(z) — ee nnotHocTs. HailneM dyHKuuio pacnipereneHus
Fi(z) = P{Xy < z} n nnoTHocts gy (T) = Fy(x) npoussonbHoli nopaikoBoii
cratuctuku Xy (k =1, ,n) subopkn X = (X, , X,) ua L(£).
CobbiTHe {X(;,.) < T} o3HayaerT, yTo He MeHee k 3neMeHToB BLIGopKU X nMe-
IOT 3HAYEHUS!, HE NPEBOCXONSIUNE T, HO 3To ecTh cobuitue {u,(x) > k} (cm. (3)
§ 2.1), cnenoBatenbHO, 3TH IBa COBLITHA FKBUBANEHTHBI, Kak nokazaHo s n. 2§ 2.1,

cnyyaiiHas BeNMUMHA i, (T) pu N0Gom T € R' pacnipenenexa no GuHoMHANBHO-
My 3akony Bi(n, F(z)) Orciona umeem

Fi(z) = Plus(z) > k} =D Cp F'(z)(1 - F(z))™” (3)
=k

B uactHocTy, u3 (3) nmeeM, YTO pacrpeaeneHUs SKCTPEMYMOB UMEKOT BUL
Fiz)=P{Xy<z}=1-(1-F(@@)",
Fp(z) = P{X(s < 2} = F'(x).

Taxum obpazoM, B ni0boil Mogenrn HyHKUUM pacnpenene-

%
A Henonwas HU$ TTOPAIKOBBIX CTATUCTUK NETKO BbiTTKChIBaoTCA. [lanee,
Gera-dyHkuma npasyto 4acThb (3) MOXHO 3aMKCaTh Yepe3 TaK Ha3LIBAEMYIO
Henoanyio bema-pyHKyuro
F4
I'(a + b) b
B(z:a,b) = ————— 21 =-8""dt, 0z, 4
(@ 0.0 = rorgy / £70 -0 <zg (@)

KOTopast TipeacTaBaser coboil GbyHKunlo pacnpeneneHus 3akoHa Be(a, b) (cM. 1. 4
§ 1.2). ViMeHHO, MHTErpUPOBAHKEM O YACTAM HETPYIHO YCTAHOBUTL hopMYyNy

4

B(z;k,n—k+1)= T l):l(!n_k)!/t"_'(l —t)" M dt =
0
iC{,zr(l -2, (4"

reg
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M3 KOTOpO# cnexyeT, yTo ¢opMyne (3) MOXHO NpumaTh Pykkuns pacnpene- »\\\
TaKX€ BHA neHns X(k)

Fi(z) = B(F(z); k,n—k+1). (5)

HenonHasa Geta-¢yHKUMA NoapoGHO NpoTaGynupoBaHa, MO3TOMY MPeaCTaB-
neHue (5) nonesHo wis NPOBEAEHUS YHCAEHHKIX PACHETOB, CBA3AHHBIX C MOPALKO-
BBIMHU CTaTUCTUKAMMU.

Jlo cHx Top HUrAEe He Mpeanonaranock CylilecTeopaHue mnotHocTw f(z)=F'(z),
MO3TOMY npeasiayuMe ¢GopMyabl CripaseIMBbl WA Mo0bIX pacnpeneneHuit £(£).
Ecnu xe £ vMeeT NAoTHocTh pacnpeneneHus f(z), to S
cooTHoweHHe (5) MoxHO npoauddepeHUNPOBATL 110 T MnotHocte pacnpe- W
W TIOy4UTL B UTOTE, YTO MnoTHocTh gy (z) = Fi(z) cy-  Acnenns X
LECTBYET H UMEET BUJL

n!

k= 1)(n - lc)!Fk—l(“”)(1 - F(2))" " (@) (6)

MOXHO TaKXe BbLITACATL COBMECTHYIO TIOTHOCTh AUIA Ato6ora yucna nopsia-
KOBbIX CTATMCTHK (cM. ynp. 31). YKkaxeM, HalpuMep, BUA NBYMEPHOI NIOTHOCTH
gir(T1, T2) ANA napsl MOPALIKOBBIX CTATHCTHK (X 1y, X)), 1 Sk <1 < n:

gr(z) = (

n

k- )(r—k-Dn-1)
- F) T f 20 f () ()

nMpu Z; < 3 W paBHa HYMO B OCTAIBLHBIX TOYKaX.
IpuBenem, HakoHell, BUA COBMECTHOH TUIOTHOCTU BCEX 7L MOPANKOBLIX CTa-
THCTUK:

g 2@, ) =0lf(x) ... flz,), T<:m<  <ZI, ®)

PaccMoTpUM OOMH BaXHBIM /1A NOCAEAYIOWEro U NMOYyYUTENbHbIN NPUMEp
paGoThbi C NOPARKOBLIMH CTATHCTHKAMH.

gkl"(:cl: -732) = (

x F* Uz ) (F(z2) - F(z1))

Mpumep 1. Iycts X = (X, ..., X;) — BbiOOpPKa U3 CTAHRAPTHOTO NOKA3aTENb-
Horo pacnipeaenenua (1, 1) (cm. n.3 § 1.2) T.e. korma notHocTs f(x) = €™ °
£ > 0. B 370M cllydae COBMECTHas TUIOTHOCTh BCEX Tt TTOPAIKOBBIX CTATUCTHK
Xy, ---, X(n) no dopMyne (8) ectb

gl...n(ﬂ:[, ey In) = n!C-II—“'_I", 0<1 <y < < Iy. (9)
PaccMOTPUM HOBLIE CTATHCTHKH Chnefcniim noKasd- »\\\
Y, =(n—r+ )Xpy— Xp_y), TenbHOA BLIBOpPKM

r=1,....,n, Xg=0,

Ha3biBAaEMbIE CReliCUH2amu, U HaWJeM UX COBMECTHOe pacnpeaeneHue. ins atoro
HaJ0 AL BOCMOIL30OBATLCA COOTHOLLEHHeM (44) § 1.2. B 1aHHOM ciiyvae iKoGHaH
9‘
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npeo6pa3oBaHua Yy, = nx, ¥y = (n — 1)z — ), Yp = Ty — Tpn_| PaBEH,
OYeBUIHO, N!, T. €. TOCTOSAAHEH, a

Z Yr = Z(n -7+ I zr —2,1) = Z z,.

r=1 r=1 r=]|
CnenoBaTebHO, Wil COBMECTHOI MIOTHOCTH 9 (¥, . .., Yn) NPeOBPa30BaHHbIX CTa-
THCTHK MMeeM B BULY (9) npeacrasneHue
_ gl...ﬂ(wl) ,:I:n) Y= —Yn
ey, L yn) = =€
n!
Ho 3To 03HavaeT, 4To CTATUCTHKHU Y, ..., ¥, HE3aBUCHMbI U UMEIOT OJHO W TO Xe

CTaHJapTHoe NokalarenbHoe pacnpedenenne I'(1, 1). ()
OTCloZa MOXHO CHENaTh ClEdyI0IHE HHTEPECHbIE BLIBOMbL. BbipaiuM ucxon-

HbIE TIOPANIKOBbIE CTATUCTHKH X () uepes cneficunru Y, ,¥:
k
Y,
X = ) k=1 ., n 10
(k) Z n—-7+4+1 (10)

r=|
TemM cambiM X(k) NIpEACTABIAECTCA B BUIE NUHEN-
HOH KOMOMHALIMK HE3ABUCHMBIX C/TYYaHHBIX BEJIUYMH,
NTO3TOMY, B YACTHOCTH,

Yy MomeHTe NOpARKOBLIX
CTATUCTHK NOKA3ATesb-
Hon BIBOPKK

l
BXw =2 oy B
r=1

k
1
DXy = Z_: (n-—r+ l)zDYr'
r=1
Ho cpentee n oqucnepcus 3akona I'(1, 1) pasxer | (cm. (21) §1.2), mostomy
X S L Lo
EXp =S —— — = =, DXy = —. (i
Y ; n-r+l ‘=§+| J © j=§+1 j* ()
B wacTHoOCTH, W1 MAaKCHMAIBHOTO 3HAYEHHMs BbIGOPKH X(5) 3TH (oOpMysbI
NPUHUMAIOT BULL

n n
Z | Z |
j:l J j:l ‘7

Ecnn o6veM BbIOOPKM 7 — 0O, TO, UCNIONL3YS H3BECTHLIE ACUMITOTUYECKHE
dbopMynbl U3 2aHATK3a:
i
Z ; =Inn+c+o(l), ¢=0,5772. — xoHcTaHTa Biinepa Y,
j=1

9 Jinep Jleonapa (1707-1783) — reHHanbHbI WBEHUAPCKUA MAaTEMATHK, MEXAHUK, PU3NK W acT-
poHoM, akaneMuk [lerepGyprckoit AH.
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le:” +o(1),

JaKnwodacM, 4To B CpeaHEM X(n) HEOTPaHHWYEHHO BO3p4ACTACT KdK Inn, bTO BpeMA

Kak aucrepcuss DX,y — 7r2/6, T. €. UMEET KOHEYHBIH TNpeaea. J

3ameyaHune. B paccMOTpeHHOM NpKHMEpe HaM yAanoCh, «Mrpas» Ha cneundryeckux oco-
BEHHOCTAX [MOKA3ATENbHON MOZEH, BbIMMCIUTL B ABHOM BHIE MOMEHTH! (CpeaHee M AHC-
MepCHio) MOPAAKOBLIX cTATHCTHK. Ho 3T0 nckitounTeNbHBI cyqaid. Booblue xe npobtiema
OTLICKAHMA MOMEHTOB NOPSAAKOBLIX CTATUCTHK BECbMa CJIOXKHA W €€ YAACTCA PELUUTh JHIIb
ans Hekotophix mogenei L(€) {cM. yrp. 32 maHHo# rnasel K yrip. 46, 56 ra. 1), B otinume
OT npo6aeMbl MONYy4eHHs WX pacripeaencHuil. IlogyepkHeM, YTO 151 BLIOOPOUHBIX MOMEH-
TOB B 3TOM acleKTe — BCEe Hao0OpoT.

[lepedneM Teneps K UCCAEA0BAHHIO ACUMNTOTHYECKHUX ACUMATOTMYE CKME »\\\
CBOWCTB NMOPAAKOBBIX CTATMCTHK LA OOMBLIMX BBHIOOPOK  _poiicraq nopsaKko-
(mpu n — 00). [ToCKoAbKY YHCRO MOPSIKOBBIX CTAaTUCTHK BBIX CTOTHCTHK

paBHo 00BEMY BBIOOPKM M, C/IEA0BaTE/ILHO, HEOTPAHHYEH-

HO pacTeT BMecTe ¢ 7, TO ObUT0O Obl HaMBHLIM HAOEATHCA Ha TO, YTO BCE OHHU
OyAyT MMeTb OJXHOTHIIHbIE aCHMMUTOTHYECKMEe cBoicra, W, meitcTBuTenbHoO, 312
npobneMa pacrnanaercs Ha JIBe caMOCTOATENbHbIE 3a0a4H: aCHMITOTHKA «CPEIHHX»
YJIeHOB BapHaUMOHHOI0 pAla (2) § 2.1 1 npeacabHbIe pacnpeleNcHUsA «KPAHHUX»
MOPSIAKOBBIX CTATUCTUK. [Ipexne Bcero MosiCHAM 3TY TEPMHWHOJIOTHIO.

[Ton cpednumut waenamu BapnaLMOHHOTO Psa BEIOOPKH 06beMa 1 ipH . — 00
MOHWMAIOTCS MOPSAKOBbIE CTaTHCTHKU X (), HOMepa KoTopsix k = k(n) yrosne-
TBOPSAIOT ycJ0BUI0 k/n — p npu HexoTopom P, 0 < p < 1. Takum obpasoM, 3To
TaKHe YJIeHb! BADHALIMOHHOTO Psfla, KOTOPbIE PacTIONOXEHbl «IaNEK0» OT ero KOH-
uoB. Kpailinue Xe nopadkoesie cmamucmuky — 3TO YieHbI BapMalLlMOHHOIO pslia,
Pacrio/IoXeHHbIE B €r0 KOHUEBbIX 3aKOHaX, T. €. CTATUCTHKM X(r) Npn 7 OTPaHy-
YEHHBIX B X(n_g41) TPH § OrPaHHUYCHHBIX,

3. AcuMnToTHYecKanA HOPManbHOCTb CpeAHUX YNEHOB:BapPHALUWOHHOIO pAfa

3adpukcupyeM Hekotopoe p, 0 < p < |, M pacCMOTPUM MOPALKOBYIO CTATHCTUKY
Xy ¢ k = [np]. CripabenBa crenylomas Te0peMa o €€ aCHMITOTHYECKOM pac-
npejcaeHH M.

Teopema 1. Ecnu B HEKOTOPOA OKPECTHOCTH TOUKM (p NNOTHocTb f(Z) wenpe-
pbiBHa BMeCTe C npou3sopHoi U f(¢p) > 0, To npu n — 00

L(Xjzp))) ~ (Cp» nf? (Cp))’ g=1-p. (13)

4

JAoxazamenscmao. PaccMOTPUM CNy4ailHYIO BEIMYUHY

T = (X(k) - Cp)f(Cp)\/g
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M MIOKaXeM, YTO €€ MIIOTHOCTh ¢, (T) CXOOMTCH NPH N — 00 K CTAHRAPTHOI HOp-

MaJIBHO# MNOTHOCTH ¢(Z) = (217)_'/2(-:'Ill2 (cM. (7) §1.2). Mo dopmyne 43 § 1.2
u3 (6) nMeem

_ [P . & [P
wn(@) = \/:f (Cp)gk(tn): rie tp =¢(p + f((p) \/_n_

3anuwem @,(z) B Buge npoudsenciun A,(n)A4,(n)A;(n), roe

— n! E k-1 n-k _ f(tn)
Ay(m) = (k= 1)!(n - k)!\/:p 9 Ay(n) = 1(¢)

- (22)” (=5

M HalaeM Mpefen Kaxaoro M3 3THUX TPeX MHOXMTENEH npu 1 — co U k = [np).
TTpocThIM YIIpaXHeHHEM Ha ripuMeHeHue hopMysbl CTUPAKHHIA AJIA raMMa-(hyHK-
wuk (cM. 1.3 § 1.2) sBnsercs: ycraownenme npenena A,(n) — (21)~? (ocras-
nsieM 310 unTarenio). danee, A;(n) — | B cuny HempepbiBHOCTH dyHKUNM f(T).
HaxoHneu, nockonsky F((p) = p, "3 TeiN0POBCKOTO PAINOXKEHUSA B TOUKE ()

_ pg  z'pg f(G) l
Fit,)=p+=z m + on fz(Cp)-l_o( )

HETPYOHO MONY4UTh, uto In A3(n) — —z?/2. B urore 310 naer HYXHBIH npenen
pn(z) = p(z). @

n

3ameyaHne. Bpuay cBa3u (2) Mexay MOpPAAKOBbIMHM CTATHCTH-

CocTosTensHOCTL
KaMH ¥ BbiGOPOYHLIMK KBaHTHAAMHK cooTHoweHue (13) cnpa-

BLIO OpPOUHbIX
kearTuned el BEVTMBO TaKXe M NMpH 3aMeHe X jn,) Ha ( p:

LGy ~ N(cp, %(’c))

Otciona MOXHO CIENaTh BHIBOL O TOM, UTO BbIGOPOYHAA P-KBAHTHIL (,, , HBAACTCA aCHMN-
TOTHYECKH HECMCLICHHOH W COCTOATENbHOH OUEHKOH TEOPETHYECKOH P-KBAHTHIH (.

(14)

CripapemiuB Gojiee OGLIMIt Pe3yNbTaT (MHO2OMEPHAA NpedesHAA HOPMAAbHAR
meopema): eCJIH B HEKOTOPLIX OKPECTHOCTAX ToueK (p,, 1 =1, ,7,mae 0< py <
<p; < <pr <!, nnotHocts f(T) HenpepbiBHa BMECTE C NPOM3BOMHON M MO-
JIOXHMTENBHA, TO IPH Tt — 00 COBMECTHOE pacrpencieH e Bl OOPOUYHBIX KBAHTHIIEH

Cn,p;» 8 =1, ,r, BCHMOTOTUYECKK HOPMAILHO C BEKTOPOM CPELHMX 3HA4YEHHH
(Cp» -+ Cp,) ¥ MATPHLIEA BTOPBIX MOMEHTOB

pi(l - p;)
f((P')f(Cp,)

]
;”0’:'3'”?. e oi; =
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Mpumep 2. Haiinem acHMNTOTHYECKOE pacmipeneneHe PacnpeneneHme »\\\
BbIGOpOYHON MeauaHBl Gy, 1/2 AN BbiOOPKH M3 HOPMab- BLIG OPOYHON MEAMTHbI
Horo pacnipemenchust N (g, o). CooTHowenue (14) B HopManbHO# mogenm

ans BbIGOPOYHON MeaMaHbl U3 Moboro pacnpeeneHus
¢ naoTHocThIo f(Z) NpHHMMAET BUL

—~ ]
L(Cn1p2) ~ N(CI/L m) (15)

Ecin xe f(z) nMeer BuA, ykalauHblit Bo BBemzeHnm K rn. 1, TO Nnerko BuaeTh,
4TO QYHKUMA f(Z) CHMMETPUYHA OTHOCHTENbHO TOMKH f, MO3TOMY (172 = 4,

a f(p) = |(V2no). lonctannAas 314 3uayeHnd B (15), moayaum

_ 2
LG~ ¥ (5 ): (9

JNA CPaBHEHHA OTMETHM, 4TO COOTBETCTBYlOLIEE BoiBopotHOe cpem-lee X _Tipy
mo6om n nopmanbio N(g, o’ /n). Takum 06pa3oM, 06e CTaTHCTHKK X M G 1/2
SABASIOTCH COCTOATENLHBIMU OLEHKAMM TEOPETHHECKOTO CPENHEr0 fi, HO X MMeer
MEHBLLYIO ZUCIIEPCHIO, TO3TOMY BbIBOPOMHOMY CPEAHEMY CEIYET OTAATh MPEAMNo-
yTeHHe Kak Bosiee TouHol oueHke. CHCTEMAaTHHECKH BONIPOCH! CPABHEH M TOYHOCTH
Pa3NMYHBLIX OLEHOK OOHOW M TOM Xe TEOpeTHUeCKOH XapaKTepHCTHKH ByayT pac-
CMaTpHBaThCca B 1. 3. .

Mrak, cpeanue yieHsl BapUalMOHHOro psiaa aist 6oa1bwMx BelBOpoK U3 gocTa-
TOYHO I1aIKMX PacnpencneHuit Apasi0TCa aCHMNTOTHYECKM HOPMATBHBIMHK (KaK H
BbLIOOPOUHbIE MOMEHTEI, CM. .4 §2.2), H UMK MOXHO OLEHHMBATb TEOPETHYECKME
KBaHTHAM mobsix ypoBHeH p, 0 < p < 1. CoseplueHHO MHA4Ye YCTPOEHbI acUMII-
TOTHYECKHME pacrpelefieHus KpalHUX NOPAAKOBBIX CTaTUCTUK, K PaCCMOTPEHHIO
KOTOPbIX MBI Tellepb NepeXoanM.

4. ACHMNTOTHYECKOE NOBEACHHE KPaiHUX NOPAAKOBLIX CTAaTUCTUK

OTHOCHTEIBHO aCHMIMTOTHYECKOrO TMOBESAEHHUS NMOPALKOBLIX CTATHCTHK, HAaxXoAf-
LIMXCA HA pajHBIX Kpasx BapHMaUMOHHOro psna, CpaBEAINBO cledywoliee obliee
YTBEPXACHHE.

Teopema 2. [Ina suibOpkM U3 aBCONIDTHO HENPepbLIBHOTO pacnpepeneHuA CTaTu-
ctukn Xy X541y Npy NOOBIX PUKCUPOBAHHLIX T, § 2 | 1 1 — 00 acumn-
TOTMYECKN He3aBUCUMbI W NPU ITOM

E(nF(X(r))) — I(l, 1),
L(n(1 ~ F(X(n-s41))) — T(1, 8)

(onpepenenne ramma-pacnpepenenns ['(a, A) cM. B n. 3 §1.2).

(1)
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HAokazamenscmao. Tlycth ¥, (xanna) n 7, 0603HaYalOT pacCMaTPUBAEMbIE Mpe-
00pa3oBaHHbIE CTATUCTUKH:

o =nF (X)), 1 =n(l- F(Xn-s+n))- (18)
Buiuncnnm cHayana axobuaH npeobpazopaunus y, =nF(z,), y,=n(1 - F(z,)):
OYEBHIHO, OH ecTb J (2, 23) = —nzf(:c,)f(:nz). C yuetom 3T0r0, 110 hopmyne (44)

§ 1.2 u c ucnonsaosanuem Gopmynsl (7) win cOBMECTHON MAOTHOCTH @, (Y1, ¥2)
npeoOpaloBaHHbLIX CTATUCTHK Xy W T, MMEEM CJIELYIOLIEE TIPENCTaBIEHHE:

oaltn, ) = G (y_)F( - %)) _
()

IR = $)(s — i’ (%)H (%)5—1 (1 - &?)H—

B ycnoBusx teopemsl npy mobkix PUKCHPOBAHHBIX ¥, 2 > O

n! +p\" g
: e (1 - Eﬂ_n_&) — e h
n-—-r—sh

YTO B UTOTE JaET

k—1,-y s=1 ,—y;
Uy € Yy €

(k=1 (s=1)"

Ho 370 ¥ 03nauaer, 4To B nipeaene cayyaiiuble BETMYKHD] Ky, T, (CnenoBaTenbHo,
n Xy, X(n—-s+l)) HE3aBUCHMMBI M HMEMOT YkaszaHHbe B (17) ramma-pacrpeneneHus,
KOTOpbIE SRIAIOTCSA B JAHHOM CNyyae pacnpeacieHHAMH IPNaHra COOTBETCTBEHHO
mopaakos r u s. B

wn(y1, 1) —

OO6paTuM BHMMa@HUE Ha clieayloliMe MOMEHTbI. Bo-nepBbix, npeaenbHble pac-
Mpene/eHus KpaiiHUX NOPAAKOBbIX CTATUCTHK HE ABAIOTCH HOPMATbHLIMHU (B OT/IH-
yue OT CPENHHUX YIEHOB BapHALIMOHHOTO psna). Bo-sTopsix, Teopema 2 onpenender
BHI NpeneabHBIX pacripeaeseHui He CaMUX NOPALKOBBIX CTATUCTHK, a2 HEKOTOPBIX
GyHKUMA OT uux, onpeaeneHHbIX B (18). KOHeYHO, ecnn 3T ypaBHEHUS MOXHO
AIBHO PA3PELUUTh, T. €. NMOJYYUTh ABHbIE MPEACTABIEHHSA

—1{ * -
Xgpy=F 1(_’]): Xa-s4n =F l(l-n_"')’ (19)

n n

TO MOXHO MOJTYYHTb NPeaesbHbIE pacrpeNeNeHUA M CaMUX CTATUCTHK X (r), X(n-s4+1)
yepes NpedenbHble PACTIPENENIEHUA Xy, T, . B KauecTBe MAMIOCTPAUMH TaKOH BO3-
MOXHOCTH pacCMOTPUM CJIEAYIOWHI PUMEP.
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Mpumep 3. Mycrs £(§) = T'(1, 1) — cranaaptHoe Pacnpepenenve Bepxnux »\\\
OK23aTesIbHOe pacnpeaeneHue. 3aech 3KCTPEMYMOB ANIA

z nOKA3ATENLHOH MOaEeNn
F(z) = / etdt=1-¢% z>0,
0
U JIETKO HaxXoauM
F't)y=-tn(1-t), 0<t<l.

CnenoeatensHo, B cuny (19) X(;_541) = Inn —In7,. Orciona no Teopeme 2

0
P{X(n—s+l) -Inn<a} =Py 2 e’} — f ms-1(y) dy, (20)

¢

rie o6oaHaueHo mi(t) = e_ttk/k'., k=0,1,2, — 370 0003HayeHue ByaeT uc-
MOAb30BAaTLCH U B JanbHeMeM. UHTerpyposaHueM no yacTaM uHrerpan B (20) mMo-
XeT BbITh BBIYMCIIEH B ABHOM BUIE, YTO NPHUBOIUT K OKOHYATENLHOMY PEy/NbTaTy:
§~1
P{X(n-s+y —Inn<z} — E me(e™?), —oo <z < oo (21)
k=0

B yacTHOCTH, 111 MAKCUMANBHOTO 3HaueHUs Bhi6OpKH Xn) (21) npuHuMaer Bun

e—z

P{Xpmy—-Inn<z}—re —00 < ¢ < 0. (22)

HanomuuM, yTo paHee, B npuMepe |, GbUTH NONYYeHbl ACUMMITOTHYECKHE 3HAYCHMUS
CPENHEro U AUCNEPCHU CTATUCTUKH X(n).
MpenensHoe pacnpenenexve B (22) Ha3ILIBAETCH G8aTbl IKCHOHEHLUANLHBIM,

N 2
ero CpefHee W AMUCMEPCHN PaBHB! COOTBETCTBEHHO ¢ (KOHcTaHTa Jitnepa) u m /6,

TakK 49TO OJIA
n
1
= lim () = -1
C "1_?30( J nn)

j=I
HMEEM OIHO W3 BOCIMOXHBIX HHTETIPAJIbHBIX anJICTaBHCHHﬂZ

00
c= / rexp{-zr—-e’}dz
-0
(3HaueHue ¢ BbluKCieHO ¢ 260 NecATUYHBIMU 3HAKaMH). °

OnHako, B ABHOM Buae 06paTHyo dyHkuulo F _'(t) YIAeTCH BbIMUCATb JHLIb
B PEOKHX Cy4yasx, No3aToMy Teopema 2, Booblle rOBOPA, OCTAaBAET OTKPBITLIM BO-
MpOoC O NpeaeNbHBIX pacnpefeeHUsAX LA CAMMX MUHUMQTEHBIX U MaKCHMATbHbIX
3HaYeHU I BHIBOPKHM (MM HIXKHUX U BepXHHUX 3KcTpeMymoB). Kpome Toro, 3Ta teo-
peMa He OXBAThIBAeT CMyyal BbIGOPOK M3 NMCKPETHBIX pacnpegeneHuit (Ho daxr
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ACUMNTOTUYECKOH He3aBUCHMOCTH JUIA HUX TaKXe MMeeT MecTo). OGLLee peleHue
BONPOCA O BO3MOXHbIX NPENEIbHBIX PACIPENENeHUAX AN KPaHUX NOPAIKOBBIX
CTATUCTHK B GOMBLIMX BbIGOPKAX HAETCA KIACCHMMECKON meopuell 3KCmpemansHuix
3HaHenuil, OCHOBHON BK/Ial B KOTOPYIO BHECEH OTEYECTBEHHBIMH MaTeMaTMKaMM
B. B. THenenko (1941-1943) u H. B. CmupnossiM (1949) (o Hem cM. B § 2.1). [Mon-
HOe MATOXEHHWE 3TOit TeOpHM BBIXOAUT 32 PAMKM HACTOALIErO MOCOBUA, TOITOMY
MBI OrPaRUYMMCA AHLIb OGIIMM OMUCAHKEM OCHOBHbIX €€ PE3Y/NbTaTOB.

5. ACHMNTOTHYECKAR TeOopnA ANA BepxHNX IKcTpemyMos X, ;i ™ 2 |

O6wan 3agaya CTaBUTCA Tak: MYCTb MPU HEKOTOPOM BbIGOPE HOPMATUIYIOLLIUX
KOHCTAHT @, > 0 U b, MMeeT MeCTo CXOIMMOCTh

Xn- - b,
P{ (n-m+1) < :E} RN Gm(m), (23)

an n=—00

rne Gp(Z) — HexoTopas Heguipoxcderras (T.€. UMetolas 6oee YeM OIHY TOUKY
pocta) yHKuUMA pacnpemeneHys. HyXHo OTBETUTh Ha CleAYIOLIME ABa BOMpPOCA:

1} kakoll MoxeT GbITh NpegenbHas GyHKUMsA pacnpefeneHus Gpn,(z)? u

2) NpK KakMX YCNoBUAX Ha obutylo GyHKUKIO pacnpenencHus F(T) cnydaiiHbix
penuunH X, ..., X, U Kakux a, u b, GyaeT BbINOMHATLCA COOTHOLLEHUE (23)
IUIA KaXA0M BO3MOXHON byHkuuu Gy, (z)?

%
“u Pacnpenenenns axctpe-
MQAnbHbIX 3IHOYEHWHK
BOT nonHble OTBEThl HA 3TH BONPOCHI.

1) Gpn(z) MoxXer GbITh MW OOHOMO THITA M3 CNELYKOLIMX TPeX, Ha3blBaeMbiX
pacnpedeseusMU IKCMPemManbhbix 3naveruir. (0603HaueHus cM. B {20))

(0 npu T <0,
(m) m—1 :
A (z) = a>0;
L (®) = Zfr,(:z_a) npn z >0,
, r=0
([ m—1
.(|z|*) nmpn =z <0, 24
[ 1 npu <z >0,
m~|
AP @) =3 m(e™®), —c0 <z < oo
r=0

Ecau BsinonHaeres (23) ¢ d‘m = Ag-m) TO rOBOpAT, Y10 QYHKLUMA pacnpene-

(m)
neuva F(T) npunamiexur ofracmu npumaxcenus Tana A;
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2)

3)

HeoGXonMMBIMU W IOCTATOYHBIMH YCIOBUAMM NIPH-  OBnacti nputaxeHns »\\\
HaIIEXHOCTH (YHKUMK pacnipepenenus F(z) 06-  skcrpemanshbix tMnos
NacTW NPUTSKEHUA KaXIOTO M3 3THX TpeX THUMOB

ABNAOTCA (HMXe Ucnons3ylwTcs obosnauenuss zp  sup{z F(z) < 1},

v, =inf{z F(z) > 1 - 1/n}):

THHA(lm):
im =) e yasg
gp=00 u lim ——— =21 z >0,
¥ 1m0 1— F(t)
NpH 3TOM Gy = Yp, bp = 0;
tun A
| — F(zp -tz
gp<oo u lim @r=t2) _ o« ygso,

tio 1 — F(:Bp—t)
NpH 3TOM @p = T — Yy, by = Tp;

)

run A npu scex € R' cywectsyer

lim | - Fit +29(t)) =e¢° rme g¢(t) = / -ll—:m du;
t

ttzp ] — F(t)

MpHu 3TOM @, = g(Yn), b = Yn.

Ecnu F(z) He OTHOCHTCS HM K OAHON W3 YKa3aHHBIX TpeX KaTeropwuit, TO
cooTHouweHHe (23) He MOXeT GbIThb BEIIOMHEHO HU NPY KaKOM BuIGOpe KOH-
CTaHT @, U by.

Ecnu cywectsyer f(z) = F'(z), TO DocraTouHbiMu  Ycnosus npuHaanex-
YCJIOBHSIMU TIpUHaLIexXHOCTH F(T) K COOTBETCTBY- ~ HOCTH K IKCTPEMans-
OIKM 061aCTAM NPUTAXEHUA ABAAIOTCA: HbiM THNAM

THIN A(lm): f(z) > 0 nna BCeX KOHEUHBIX T > To U

tf ()
lim ——— = 0; 25
:LTol—F(t) x> (25)
THN Agm) f(z) > 0 B HekoTOpOM KOHEYHOM WHTepBalte (Lo, Tr), f(z) =0
npu £ > Tp U
(r — ()

1i =a>0; 26
s 1 — F(¢) “ (26)

mun A f'(z) < 0 B HekoTopoM nuTepBane (2o, zr) (zr < 00), f(z) =0
NpU T 2 g U
&)1 - F(t
00 - F)

Hzp i) =l @7
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3amevaHue, AHATOTUYHAS TEOPHSA CYLIECTBYET U JUIA HUXHUX DKCTPEMYMOB X(my, m 2 |
(DMKCHPOBaHO; NPYU 3TOM, NMOCKONBKY X(m) = —X(',,-m+,), rae X(',) < < X(',,) ecTh
BapHaUMOHHbIN pan ebiGopkn (—X |, ..., —X,), To peaynbTatel s X(m) monydaiorcs
npocToi nepethopMyIHPOBKOI COOTBETCTBYIOLIWX PE3yALTATOR IS BEPXHUX 3KCTPEMYMOB.
VIHTepecyIoLMXca AeTalsIMH Mbl OTChbITaeM K 0630pHOM cTaThe®) [HE MMEIOTCH TAKXKE
JONOJHUTEbHbIE CBEIEHHA U KOMMEHT2PHK MO 3TOH npobreMe.

[NpuBeneHHBI BbILIE MPUMEP 3 OTHOCUTCH K 00/1aCTH NPHTAXEHUS THNA Aj.
K Takomy Xe THNY OTHOCHTCS ¥ CReLyOWH I npuMep (Janee Mbl OrpaHnuMUBaeMcs

I
MYLIb MAKCUMYMOM X(ny v Mullem A; BMECTO Aﬁ-)).

/,,,‘ n ) Npumep 4 (HopmanbHoe pacnpepenenue).
prmepel pocnpene Mycts F(z) = ®(x) (cm. (7) §1.2). 3nech 2 = 0o u
NIEHAN SKCTPEMYMOB |- ®(z) ~ ¢(z)/T npu T — 00, NPUMEHUM KPHTEPHIL

(27) u npu BHIGOpE

]
a, =(2In n)_l/2 by, = (2Inn)"? - 5(2 Inn)~"(In Inn + In 47)

HUMEEM. x b
L ( (n) L ) > A] . .
Gn

Npumep 5 (Pacnpepenexve Mapero, cm. n. 9 § 1,2). 3aecy F(z) = | — (xp/z)"

T > Tg, U NPUMEHUM KpuTtepuit (25), npu 3ToM @, = 9, = :cgn'/“, b, = 0.
CnenoBatensHo, no (24)

z-n

P{’)’,:l}f(n) <z}—re” r >0
TakuM o00pa3oM, pacnpenencHue Ilapero ¢ napamerpaMu Ty W ¢ TNPUHAMIEKUT
obnacty npuTAXeHus Tuna A, ¢ JaHHBIM NapaMeTpoM q. .
Npumep 6 (PaBHoMepHoe pacnpeaenedue). Tlycts F(z) =z, 0 < z < 1. 3xect
Tp = | U NpuMeHuM, oueBuIHO, KpuTepuit (26) c a = 1, npu atom a, = 1/,
b, = 1. Takum 06pa3oM, B JaHHOM Cllyyae UMeeM mpelen tumna A, (cm. (24)):

P{n(X(n) ~}<z}—€e zT<O

C npuMepamMy CTATHCTHYECKMX NPHMEHEHHH 3KCTPEMANbHbIX 3HAYEHUH BbIOOpKH
MBI BCTpeTHMCH B TJ1. 3. .

§ 2.5. JluHelHble W KBaAPATUYHbIE CTAaTUCTUKW
OT HOpManbHbIX BbIOOPOK

Berue (cM. n. 1,2 § 1.2) yxe roBopuioch 0 TOH HCKIKOUUTEIILHON PoJi, KOTOPYIO
UrPaeT B [PUIOXKEHHUAX MATEMAaTHYECKON CTAaTUCTHKHM HOpMaibHas Mojenb, Paa-
JIMYHbIE CBOWMCTBA HOPMAILHbIX CNYYaiHBIX BeIMuuH obcyxaanuck B § 1.2 1 chop-
MYIHpPOBaHbl B opMe yripaxHenwit 26—32, 38, 40 k rn. 1. 3neco Mbl YCTAHOBHUM ellle

Y Houenxo I H. [NpenensHbIE pacnpeneneHUs IKCTPeMATbHbIX XapakTepucTHk BuiGopok // 00o3pe-
HHe TPUIKNAIHOI ¥ npoMblLLTeHHOH MateMaTuki. 1997, T. 4, Bein. 3. C.443-469.
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HECKONIEKO 0GLUIMX pe3yNBTaToB JUIsi HOPMalbHBIX BbIGOPOK, OTHOCSLIMXCA K JIH-
HEeMHLIM U KBaApaTHYHBIM (POPMaM 0T HOPMAIbHLIX CJIYYaHBIX BEJIMYMH, KOTODLIE
UrPaloT BaXHYI pOJib B CTATUCTHKE HOPMAILHON MOLETH.

1. NlunenHbie u KBaApaTU4YHbLIE CTATUCTHKU, YCNOBHUA NUX HE3IaBUCHMOCTH

Mycts X = (X, ,X,) — BbiGopKa M3 CTAHIAPTHOTO HOPMAIBHOTO pacrpene-
nenuss N(0, 1). PaccMOTpiM KBAaIpaTUYHY1O HopMy

n
Q=) a;X;X;=XAX, A=|la;|], A =4

£,j=1
n
U M JIMHEHHbIX dopM &y = Z beiX;, k=1,.. ,m, unu B MaTpuyHbIX 0603HA-
i=1
yeuusix t = BX. 3nece B — npaMoyronsHan (mxn)-matpunaut = (t,, ,tn).

Hanee 6yneM o603Hauath yepe3 O MaTpully ¢ HyJIeBbIMHM IeMEHTaMH U Yepe3 1, —
EAMHHUYHYIO MATPULLY NTOPAOKA 7.
Cneayoluas 1eMMa JaeT KPUTEPUIt HE3aBUCUMOCTH CTATUCTUK @ U .

Nemma 1. Ecan BA = O, 10 crtatnctuku Q@ u ¢ Helasucumel.

Aoxaszamensecmao. Marpuua A fneiicTBUTENBHZ M CUMMETPHYHA, NO3ITOMY, KakK
M3BECTHO M3 anrebpbl, MOXHO HAiTM TAKYI0 OPTOTOHAIbHYI Matpuuy U (T e.
UU'=1,), uto U'AU = A. 3gecb A — [uaroHaibHas MaTpyLa C NEMEHTaMy

AL, Ag, ABISIIOLMMUCA KOPHSMH XapaKTePUCTHYECKOr0 YpaBHEHUA
det (4 - Al,) =0.
Cron6uamMu ¥, , i, MaTpuLb! U ABNAIOTCA COGCTBEHHbIE BEKTOPB! MaTpULIb! A:
Ag,— :)\igi, 1= [,. ,mn.

[ycts r — panr Matpuus! A (T. €. YMC/IO0 JMHENHO HE3aBUCHMLIX ee CTPOK)
M A, ,Ar — OTVIMYHBIE OT HYJIS XapaKTEPUCTHYECKHE YMCIa. DKBUBAJIEHTHOM
dopMoit 3anKcH

A=UrU (1)
AIBNISIETCA, TaK HA3LIBAEMOE, CHeKmMpanabHoe npedcmasaedue CnektpanbHoe
MaTpuuL! A: NPEACTOBNEHHE

,
p MaTpHUbI
A= hu (2)
i=1
(HaMOMHMM, YTO TPK MAaTPUYHBIX OMNepaLMAX BEKTOPbl MOKMMAIOTCA KAK BEKTOD-
cronbust). [To ycrnoBuio TeMMmsl

r
0 =BA=>)_ M\(Bu)y.

i=1

N
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YMHOXHM 3TO PaBEHCTBO Ha BEKTOp u; CrpaBa. B cuny oproronansHocTv co6-
CTBEHHEIX BEKTOPOB (g;yj = 0 npu 1 # 7) Mony4nM

Buy,=0,:=1, ,r. (3)

PaccmotpuM Tenepsb cayyaiinbil Bektop (¢y, ..., ¢m, X, ,u.X). Oror
BEKTOp pacnpefefieH Mo HOPMATbHOMY 3aKOHY, MOCKONbKY ABIAETCH NUHEHHbIM
npeobpa3oBaHveM HOpManbHoOro Bektopa X (Bedb NMpW AMHElHBIX Npeobpaiosa-
HUAX HOPMA&ILHOCTB COXpaHAeTcs, cM. 1.2 § 1.2). B To xe spemst U3 npencrasne-
HUA (2) MMeeM

Q= ZA (X'w;) (w; X) ZA u X)? (4)

i=1 =1

CnenopaTenbHo, yTBepXIeHHAE OYAET 1OKA3aHO, €C/IU OKAa3aTh, YTO CYYaliHbIe

pennyuHbl &), ,{n HEKOPpPENUpOBaHbLI C ’-X, i =1, ,r (Torma 3TM nBe
TPYNMbI BeANYMH OYAYT HE3aBUCHMBbIMH, cM. 1. 2 § 1.2). O6o3nauas vyepe3 b; b’ cTpoky
Matpuubl B (2 =1, ,m), B cuny cootHoweHui (3) umeem

cov(ti, u; X) = cov(b; X, u; X) = E(b; X u; X) — E(b; X)E(u; X) =

= EG: X X'y;) = GE(XX')u; = bilny; = bu; =0. W

VCTAHOBUM TeNEPb aHANOTMUHBIH KPUTEPHIT HEAZBUCUMOCTH IBYX KBAIPAaTHY-
HEIX dopm Q) = XAX u Q, = XBX.

NemmMa 2. Ecnu AB = BA = O, 10 cratuctukmn () n (J; He3aBucumel.

Jokaszamenscmso. [ycth Ans MaTpuus! A cnpaBeuTMBO CNEKTPAIbLHOE MPEACTaB-
nexue (2), a aHanoruyHoe NpeAcTaBieHue Lisi B umeer sua

B = ZV, v; J, s = rank B.
7j=1

ITo ycaosuio,
f !
O=AB = _S_ AVt (2;05)0;
6.j
YMHOXMB 3TO PaBEHCTBO C/IEBa Ha Uy, a CNpaBa Ha v;, NonysuM w,v; = 0,
k=1 ,r,1=1, s, Te BeKTops ¥;, ,%, OPTOTOHIbHb BCEM BEK-
~ !
TOpaM v,, ,,. OTCIONa, KaK ¥ BbILUE, UMEEM, HTO ClydaiiHbie BeAuuuHbl u; X
u ¥; X HeKODEMPOBAHE!, a TAK KAK OHM COBMECTHO HOPMATBHO DACTIDEAENEHEI,

TO M He3laBucUMel, Ho
3

Q= Z MNEX)P, Q=) viy;X),

i=l j=I

cneposatenbHo, @ M @, Hesasuchmbl. ll
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2. Pacnpegeneduna KBafpaTHUHbIX CTATHCTUK

CpeH KBapaTHYHBIX CTaTHCTHK OT BLIGopku X = (X, ..., X,,) w3 L(§) =N (0,1)
npocreiiwei ApgeTcA CyMMa KpanpatoB X ,2+. 4X ,21 , 0 KOTOPOI HaM yXe W3BECT-
HO (cM. . 3 § 1.2 v ynip. 38 K ra. 1), uTo ee pacnipefeneHue ecTh xz-pacnpeneneﬂue
C 7 CTeneHsIMH cBOGOAbI: [3(](.2 + ..+ Xh)= xz(n). Yro MOXHO CKa3aTb O pac-
npefeneHKUN NPon3BoabHON KBaapaTH4uHOU hopmbl @ = X ‘AX c nelicTBUTENBHOI
CUMMETPHYHOM MaTpuLeil A? DTOT BONpOC Mbl ¥ PaCCMOTPUM B IaHHOM NYHKTE.
O6Go3HauuM tr A cred (track) xBagpaTHOI MaTpuubl A, T.e. CYMMY ee ANaroHaib-
HbIX 31eMeHTOB. IMeeT MecTo cnedylollee obliee yTBEPKICHUE.

Teopema 1. Ecau marpuua A wpemnotentia (A% = A), 1o £(Q) = x*(r), rne
r=trA =rank 4.

Hokazamenscmeo. TlycTb 11a A cnpaBem1nBoO npeﬂcrannenue( ). Torna, TaK Kak

HEHY/N€eBble XapaKTEPUCTUUECKHE YUCIA MATPUIIbI A? paBHbLI )\2 t=1,...,7, 710,
B CHJly HAeMNOTeHTHOCTH A, Ay = = A, = | 1 noTomy (cM. (4))
r
_ ' 2
Q=) (uX
i=1
M3 OpTOHOPMHPOBAHHOCTH COBCTBEHHLIX BEKTOPOB U, ..., U, CJAEAYET, HTO CNy-
YyailHble BEJTHYNHb! g}X, t=1,...,7T, HE3aBUCHUMb! ¥ HOPMA/TLHbI N(O, 1), cne-

poBatenbho, £{Q) = x*(r). HakoHew, HCTONb3YA HENOCPEACTBEHHO TPOBEPAEMOE
paBeHCTBO tr (AB) = tr (BA), u3 dopmynst (1) Haxonum

rAd=trUfUA)=trA=\+ +A=r. B

3amevanue. B kayecTBe cMeACTBHUS 3TOrO pe3yabTaTa AoKaxem ynpaxHenue 40 x m. 1.
Mpumenns anroput™ n. 2 § 1.2, nocTpouM npeofpa3oBaHue Z = A"“u’(g — p}, ne-
peponawee sekTop § ¢ L(§) = N(p, L) B cTanzaptauiii HopMansHuli BexTop Z. Torna

—p= UA'?Z w, crenopatensHo,
Qe =@€-pTe-p=2AN"us'un’z =212,

rak kak U'S”'U = A™' TloTeopeme | LQE) = x*(k), NOCKONbKY eAMHUYHAA MATPUIIA
1, ApnseTCA MOEMNOTeHTHON K tr 1, = k.

Takum 06pa3oM, Mpy HEKOTOPbIX YCAOBHAX HA MAaTPULLY KBaIpaTUYHOM cboprr
OT CTaHAApPTHOTrO HOPMAJLHOTO BEKTOpA OHa pacnpeneneHa THIUYHO Mo 3aKOHY x
Ho uto 6yaer, ecnu Hopmanshulit Bekrop X = (X, , X;) He siBnsierca craun-
naptHbiM? B Takux cny4asix BO3HUKAET HOBOE pacnpeieneHHe AN KBaOpaTUYHbIX
CTaTUCTUK oT X, asasiiouieeca o6obuieHnem pacnpeaeneHna xu-kpaapar. Jo6asum
3TO BaXHOE pacnpelcacHHE K CMNCKY YXKE WMEIOWHXCH.
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IMycts Xy, , X, — He3aaBUCHMBbIe HOPMATLHBIE CAYYaiiHble BEMUUMHBI U
npu atoM L(X;) = M(p;, 1), i =1,. ,n. Torna, Kak Mbl 3HaeM, Cymma

n

> (Xi - pi)

MMeEEeT pacnpeaeneHue xz(n). Onnako yacto ObiBaeT He0OX0AMMO 3HATH pacripee-
NeHUEe CYMMBI KBalpaTOB CaMUX C/1y4aitHblX BeMnYnH X;. PacnpeaeneHue cnyyait-
HOit BeauunHbnl U? = X,2 4+ + X? nasviBaioT neyen-
mpanstibiM pacnpedeneruem Xu-xeadpam ¢ T CMENeHAMU
c60600b1 U napamempomM HeyeHmparbHoCmu AL = u% + p,zl
1 06o3na4aioT cumsonom X (n; AY): L(U?) = x*(n; AY). MnotHocts 3Toro pac-
npegesieHUA UMEET BUA

4
W HeuenrpanbHoe
xz—pocnpenenenue

:E/ZI

Falni V) = S e

2yj
Z |22_71-\:’+n/2) x>0, ()

a Iepabie 1Ba MOMCHTA PABHLI
EU =n+A2 DU?=2(n+2AY). (6)

Ecau napamerp A2 = 0, To x’(n; \*) = x*(n), T.e. HeueHTpanbHOE pacnpe-
feneHne x> Mepexoaut B 0GBIYHOE (LEHTPANBHOE) pacrpedeneHue X

B KkayecrBe MAMOCTPUPOBAHHOIO NPUMEPA CUTYAUMH, e BO3HUKAET HeUeH-
TpaNbHOEe pacnpelefieHUe XN-KBIPaT, 10KaXeM Clelyioltee yTBepPXIeHHe.

Nemma 3. flycTb m-MepHbIA HopManbhbiA BekTOp Y uMeet cobcTeeHHoepacnpese-
newne A (g, T). Torpa cratnetnka Q =Y E7'Y nmeer pacnpenenenme x*(n; A?),

rae A = EIE_IE'

foxazamenscmso. PaccMoTpum BeKTOp X = A~V 2Z»I'Y, rae 4 — opToroHanbHas
MaTpMUA, MPUBORAWAA ¥ K AuMaroHansHoMmy sufy (cm, m.2 § 1.2): U'SU=A,

Torga L(X)=N(f,1,), rne fi = A_J/QL('E. Nanee, Y =UAY?X u noromy
Q =X'ANUTUNPX =X'X =X} +... + X,
nockoneky U'S ' = A~ CrnenosatesHo,
£Q)=L(Xi+ +Xz)=x(mX),

roc

nockonsky UA™'U' =7 B
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3. Teopema ®uwepa

Haub6onee yacto Mcnonb3yeMbBIMM CTATHCTHKAMH OT HOPMaIbHBIX BBIOOPOK fIBASI-
H0TCA BelOOpOYHOE CpelHee

X:lzx,-

=

¥ BbIOOpOYHas aucnepcus

TlepBag u3 Hux ABNAETCA NUHENHOH, a BTOpast — KBaaApaTU4HOH (QyHKUMENR oT
Xi,. ., X, lloayyeHHble B NpeAblAyLIHX MYHKTAX pe3yibraTel NO3BOIAKT BecbMa
TNIPOCTO 10Ka3aTh 3HaMeHuTyo Teopemy P. Puiuepa (1925).

Teopema 2 (Teopema ®wwepa). Mycre X = (X,,..., X,) — enbopka u3
L(€) = N(, 0%). Torpa cramcrnkn X n S He3asucumbl # npn 310M

z(f)=N(p, -‘fni) a L(%Sz)zxz(n-l).

o

Hoxazamenscmso. llepeiiieM K CTAHOAPTHBLIM HOPMAILHBIM CAY4AWHBIM BENU-

UM HaM
X: —

Y; = — ;L, i=1, ,n.
o

Torna nerko NpoBepUThb, YTO

N X —p ) S2(X)
Y_EgY,-_ —=— v §(Y) = —5—

[T03TOMY ZOCTATOYHO MOKa3aTh, YTo Y M Sz(Y) He3aBUCHMbl W NPU 3TOM
L(WV/aY)=N0©,1), a L(rSYY)) =x(n-1).
PaccMOTpUM n-MepHBIit BekTop-cTonben b = (I1/n, ..., 1/n) u (nx n)-mar-
puuy B = ||b... b||. Nlerko npoBeputs, uto Y = b'Y, a
nS*(Y) = (Y - BY)' (Y - BY).

Orciona nS*(Y) =Y'AY, me matpuua A= 1, — B npemnotentHa n trd =n— 1.
Teneps §A=b'—b'B=b'—b =0 u, cnerosarensto, no neMme 1 cratnctnu Y
n Sz(Y) He3aBuckmbl. Janee, 3akoH pacrnipegencHust Y odesugeH (cM. (5) § 1.2),

a 3aKOH pacrpeaencHums nSZ(Y) cnenyetT u3 teopembl 1.
10 3akaz 1748
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3ameyaHue. Tak Kak ansa pacrpencieHus xz(n — 1) cpenHee M DMUCTIEPCHA PaBHLI COOT-
setctBeHHo 1 — | m 2(n — 1) (cm. n. 3 § 1.2), TO M3 NOKA3AHHOM TEOpEMbI CACAYET, 4TO
1A HOpMaNbHBIX BIGOPOK

) 2” - l 4 n-— l

ES’=¢ , D§ =20"— (7)
[ n-

(cpanuu ¢ cootBercTYIOLIMMY Gopmynamu (11) u (13) § 2.2 ang sbIBOPKY M3 MPOM3BOJIL-
HOIO pacrpegeNeHus, npu 3ToM Henobayirte dopmyay (20) §2.2 wis akcuecca ¥, 1 TOT
¢aKT, 4To A HOPMANLHOTO pacnpeneneHus ¥y, = 0).

[TprBeneM HecKoAbKO BAXHBIX MPMMEPOB CTATUCTHYECKUX MPUMEHEHUH Teo-
peMbl Puilepa.

Mpumep 1 (OueHuBaHne napameTpoB HopmanbHOW mopenu). PaccMoTpuM 3a-
Aavy IMOCTPOEHUS NOBEPUTENBHBIX MHTEPBAIOB (CM. onpenenexue (26) §2.2) ans
HEM3BECTHBIX MapaMeTpoB &, u 95 o0lueit HopManbHO# CTaTUCTHYECKO Mozenu
N (6, 63).

HoBepUTeNbHbIA UHTEPBA LIS AUCTIEPCU U 9% MO~
XeT ObITb MOCTPOEH Ha oCcHOBE Toro (axTa, 4yTo BhIOO-

BON ONnA gHMcnepcHu
P pounas mucrepena §° = S*(X) ana BeiGopxu X

= (X,, ,X,) u3 pacnpenenenuuns N(6,, 9%) MUMeEET Mo TeopeMe 2 cheaylollee
pacrpenencHue;
nS?
£( %) =
65

(He3aBHCHMO OT 3HaYeHuit Heu3secTHbIx MapaMerpos!). [Toatomy, 0603Hayas yepes
2
xf,',,_l P-KBaHTUAL pacnpepencHusa X (n — 1) u Boi6Mpas NpH 3aQaHHOM ROBEpPH-

TENILHOM YPOBHE 7y [IBa YMC/Ia ) U rp TaK, 4Tobbl &) + @y = | — 7y, OyleM UMeTs
2 nS’ 2
Y =P Xay.n-1 < o7 <Xi—ayn-1 (=
2
nS? nSs?
:P{—2—<9§<2—}. (8)
Xl—ag,n—l xﬂ].n—l

2
Ho 270 ¥ o3nauaeT, uTo ¥ -10BEPUTENBHBIM HHTEPBAIOM 4181 85 ABNAETCH MH-
TepBaJI

( nS? nS?
2 ’ pl
Xl—az,n—l Xal,n—l

Ha camoMm fene — 370 Lenoe ceMeidcTBO MHTEPBAIOB, TaK KaK MPY 3aAaHHOM 7y
yUCna o M @y MOXHO BeIBGPaTh Pa3HbIMH cllocobaMu. Ha npakTuke o6bl4HO peKo-
MEHIYIOT BbIOMPATh UX TaK, YTOOLI OblIM 0JMHAKOBLIMU BEPOATHOCTH MOMafaHUs
BenuyuHbl 1.5 /07 nesee w npasee ykasaHHbIX B (8) rpaHML:

nS’? nS? l—
P P < X%tl.n—l =P Y = X%—a;,n—l = T
62 2

), ata,=1-17. (9)
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Te. o) = a3 = (I — v)/2. B atom cnyuae nurepsan (9) Ha3bIBIOT UeHMPaAbKbIM
7 -008epumensHbimM UHMepPaasoM, U OH UMEET BHA

nS? nS?
3 . = : (10)
Xigg oy Xiy
¢ 2

yn—l
B yactHocTi whst BLIGOpKU 06BeMa i = 10 W 1oBEpUTENILHOTO YPOBHA ¥ =0,9 13 136-
NRU KBAHTUAEH Xz-pElCﬂpCﬂCﬂt‘HHFl UMeeM x3.05;9 =3,3251, Xé,gsig = 16,9190, no-
3TOMY LIEHTPAIbHBI 0,9-10BepUTENBHBIR MHTEPBAN LA 9% uMmeeT B (0,591 152,
3,0075%)

PaccMoTpuM Teneps 3anady A0BEPUTENLHOTO OLle- [loBepUTENbHBIt HHTEP- nb\\
HuBaHuA cpenHero 0, Kak yxe otmeyanocbBnm. 6§ 1.2
B CBA3M ¢ obcyXneHuem pacnpeaeteHust CThONeHTa,
B cuNy Teopemsl Pulepa CTbIOAEHTOBO OTHOlEeHHE (CM. (29) §1.2)

X-6
tn—l =vn-— I'Tl (”)

2
UMeET NpH T00pIX 3HAYeHWsAx rnapametpob 6, v 65 pacnpeaenenne CTbloaeHTa
S(n—1), npu 3TOM OHO CHMMETPUYHO OTHOCUTENLHO HYns (cMm. (28) § 1,2). [ToaTo-
My, 0603Havast yepe3 &y | P-KBaHTUNb pacnipenenehua S(n — 1), n3 (11) nmeem

BON 4NnA CpenHero

— S - S
7:P{|tn—||<tuzr_1‘n_|}:P{X——\/ﬁt#_n_]*(ﬁh <X+_\/'ﬁt'_‘;!'n_|}:

T. €. Y -OBEPUTENbHbIM HHTEPBANOM WUTH | ABAAETCS CUMMETPHYHBIA OTHOCHTE b~
HO CNy4ailHOM Toyku X uHTepBan

(f;t#,"_,%). (12)

B uwacTHocTH, M3 Tabauu kBaHTuned pacnpeaecneHus CTbIONEHTZ UMEEM
£0.975,9 = 2,262, no3ToMy /1A BLIGOPKH 00beMa i = 10 U JOBEPUTENLHOTO YPOBHS
v = 0,95 3ToT nnTepsan umeer sua (X F 0,7545).

MHorna Heo6X0n¥MO 3HaTh OLEHKY ORHOBPEMeEH- ' wgﬁ;m )
HO W AnA cpeaHero @) W ana aucnepcuud 03, T.e. He-  o6nacts ans cpenHero R
06X0AMMO OLEHHTH iapy 6 = (8,,7), T = 67. B 31om W QMCnepCHu
ciydae TpeDyeTes NOCTPOMTL Takoe caydaifHoe (T. e. 3a-
BHCAlLEe OT BbIGopkH X ) noamuoxectso G,(X) B R} = {# = (8,,7) -0 <
< 6, <00, T >0}, KoTOpOe BbI C 337aHHOM BEPOSTHOCTBIO 4 HAKPBIBANO HEU3-
BECTHOE 3HayeHue @, T.e. YTOOL BLIMOMHANOCH COOTHOILIEHHE

P{6 € G,(X)} =1 (13)
Taxkoe NoAMHOXECTBO MOXET BbITb NOCTPOECHO Ha OCHOBAHMHU YXKE NONYYEHHbIX

pe3yasratoB. MMeHHo, conoctaBum kaxaow nape 8 = (0, 7) NOAMHOXECTBO Bbi-
GOpPOYHOT0 NpPOCTPaHCTBa

H®) = {g \/EIE— 6| <t t < LIy t"},
T T

10*
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rac

s = Sz@) H nrn=7%

3 2
Torga B cuny He3aBUCUMOCTH X M S

P{X € H(§)} = P{\/%)T—el] < c,,}P{t’ < 252 < t”} =772 = 7.

Ho ycnosue {X € H(#)} axsusaneHtHo ycnosuio {8 € G,(X)}, rme
_ ns?
G, (z) = {Bz 0),7):7>(Z-6)" 5, — <7< —}
O6nacte G,(z) npeacrasiseT cofoit YacTh MOMYMNOCKOCTH R’ , orpauuyen-

Hylo mapa6onoit T = (E — 8,)*n/t* u abyma npambivu T = ns*/t" u = ns*/t
(cM. puc. 1). Takum 06pa3oM, mocTpoeHa <y -HosepuTenbHas obnacts G, (X) mrs

napel 8 = (6, Hf) yrosjeTBopstowas (13). . AT
Npumep 2 (3aava cpaBHeHUA ABYX CPeAHMX). TTTITTT7 777777
Cpeay NpUKIaAHBIX 324a4 BCTPEYalTC Takue, Mpu \

pelleHUH KOTOPbIX IIPUXOAMTCSl CpABHUBATL CPEAHHE
JBYX He3aBMCUMBIX BblOopok. Jna Takoro cpasHe-
HUA TIOJIEIHO MMETb AOBEPHUTENbHBIA UHTepBan is

Pa3HOCTH COOTBETCTBYIOLIMX BbLIOOPKAM MAaTEMATH- >
YyeCcKHX OXMAAHMHK. B ciydyae HOpMaibHbIX BLIOOPOK b,
TAKOW MHTEpPBAN MOXHO JIETKO MOCTPOMTL Ha OCHO- Puc. 1
BaHUH TeopeMbl Puiuepa.

Iycte X = (X,,..., X)) Y =(1),.. ,Y;,) — nBe He3aBuUcHMble BLIOOPKH,

NpHyYeM TepBag — U3 paclpeneieHus N(Bgl), 93) a BTOpas — M3 N(BF), 9%) Ta-
KUM 00pa3oM, COOTBETCTBYIOLUME MOMENN PA3TUIAIOTCS TObKO CBOUMM CPEHUMH
1 TpebyeTcs OLIEHWTE HX Pa3HOCTh A = 8(11) - 952) DTy 3a0a4y Ha3bIBAIOT 3adayel
cpaaHenun 08yx cpednux. Tloctpoum BuiGOpouHLle cpeanne X, Y W BEIGOpOUHbIE
macriepcnt $2(X), S*(Y) stux BpGopox. M3 He3asuCHMMOCTH BLIGOPOK M B CHITY

TEOPEMBbI 2 91N HETLIPE CTAaTUCTHKH HE3dBUCHMEL. KDOMC TOro,

7 _ () v _ a@
o(F5) =¥ (0n) () = (em)
) n é, m

ﬁ(;’—%sz(;r)) = x'(n - 1), ﬁ(;n—%Sz(Y)) = x*(m - 1).

Orctona (cm. (5) §1.2)

v _ ol 7 _ Y_V
X-90 Y -4 X-Y-A l 1
[ 1 l)zﬁ(_ ):N 0,__1__)
92 92 92 n m
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Han

( mn X-Y-A
L
m-+n 92

) =0,

a Takxke (cM. n3 § 1.2, cBOVCTBO BOCMIPOHU3IBOIUMOCTH xz—pacnpeﬂenel-mﬂ)

c(ﬁsz(x) + E53(1/)) = xX(m +n - 2).

2 )
05 63
CnenoBarteNbHO, CThIONEHTOBO OTHOWweHue (27) § 1.2 uMeeT B JaHHOM clyyae
BHUI
mn X-Y-A

m+n 8,
tm+n-—2 =
nSY(X)+ mSi(Y)
6i(m +n - 2)
_\/mn(m+n—2)x X-Y-A (14)
m+n \V/nSA(X) +mSHY)’

u oHo uMeeT pacnpeneneHue CteofieHta S(m+n — 2) Losepurenshuit &
npu Jo0bIX 9?), 9?) M 63. OcHoBLiBasch Ha (14), uuTepBan ANA Pa3HOCTH
7Y -AOBEPUTEAbHLIH MHTEPBAN 1ISI A CTPOUTCA TAK Xe, ABYX CPeAHMX
KaK W uHTeppan (13) B npensiayiLeM MPUMEDE: OH UMe-

€T BUI

m+n
mn{m +n —2)

(nS*(X) + mSz(Y))] ]/2). (15)

()_(_-— ?:Ft%'f,m+n—2|:

Npumep 3 (floBepuTencHbIt MHTEPBAN ANA OTHOWEHMA AWCNEPCHI ABYX HOp-
ManbHbIXx Mogenei). Paccmortpum curyaumo, xorma X = (X, ..., X;) — BbI-

Bopka n3 pacripenesieHys N(BH,B]Zz), aY = (Y, ,Y,)— u3pacnpeneneuus
N (8,1, 9%2) M BLIDOPKU HE3aBUCHMBI. TpebyeTcss OLIEHUTh OTHOILEHUE T = 9%2/952

HEM3BECTHBIX Mcnepcuii. TlocTpoum BeIGopounsie mucnepcun S°(X) n SHY).
ITo ycnosuio OHYM HE3aBMCHMBL, A 10 Teopeme Pulliepa

n 5 m

L(az—Sz(X)) = x'(n - 1), 2(9752(}’)) = x*(m - 1).
12 7n

ITo3Tomy Mbl MOXeM NacTpouThb cTaTHCTHKY CHeliexopa (32) § 1.2, koTopas B AaH-

HOM C/ly4ae MPUHUMAET BHI
n(m— 1) $3(X) 1

. 16

mn—1) SX(Y) 7 (16)
Ora craTucTHKa uMeeT pacnpeaeneHue CHenexkopa S(n— 1, m—1) npu n06eIx
3HAYEHHUAX MapamMeTpoR 9..,9%2, 82.,6’%2, noaromy, oGo3nauas yepe3 Fp n_y m-1

Fn—l,m—] =
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p-KBaHTWIb pacnpeneneuns S{n — |, m — 1) v 3a0aBasck DOBEPUTE/BLHLIM YPOB-
HeM Y, u3 (16) ByaeM umeTs

Y= P{F(l—1)/2,n—l,m—l < Fn—l,m—l < F(I+T)/2.n—l.m—-l} =

:P{n(m-l)52()() l cre
m(n - 1) SY(Y) Foiyan-1.m-1
n(m - 1) S*(X) I }
m(n—1) S*(Y) Fu_p2n-1,m-1 )
Y DoBEpHTENBHBIA HHTEP- Tewi CamMbiM MOCTPOEH LEHTPAIbHLIA 7 -10BEpH-
BON U OTHOLIEHHA Te/bHbIH WHTEPBAN JUIA T: OH UMEET BUA

mcnepci  gagiy (im0 90
m(n - l) SI(Y) F(I+7)/2.n—|.m—] ’

n(m — 1) §*(X) l
min— 1) 5%7) F(.-mz,u_l,m_l) (1)

B yacTtHocTH, W3 Tabauu KBaHTUIEH pacnpeneachus CHeZeKopa HMeeM
Fyos;38 = Foosss = 3,44, Fogs.i2.12 = Fogs. 1202 = 2,69,
noaromy 0,9-noBepuTenbHbId MHTEpBAN A BLIGOPOK 00beMOB . = m = 9 ecTh
0,295%(X) 3,445*(X)
(5w “5w)
a 41 BeIOOpOK 0B6BEMOB . = = |3 —

0,3752(X) 2,695%(X)
( Siy) ' SYY) )

YnpakHeHuUA

Tam, 20e ecmb ao0an, ace2da ecmb dopoza.

Xancon®

B liyers v, — uncno yenexos B n Mcnbmanusx BepHy/InTH ¢ BEPOATHOCTbIO yCrexa p,
0 < p < 1. Tlpn 60AbWIKX 7 BHIMUCAHTB TPAHULY J, TaKYI0, YTOOLI COObITUE |V, /n—p| < by
MMEN0 BEPOATHOCTb ~¥ . YKNAAblBalOTCA 1M B 3T IpaHuubl npu v = 0,98 peayasraTbl
/ey I0LIEr0 3KCIePUMEHTA (IKCIIEPUMEHT Brod)q)OHa”): npu nn = 4040 GpocaHuax MOHETDI
Habmonanocs 2048 seinageHuni «repbas?

o) Xaacod — aHravickuit anbnuuder XIX B.

7) Biopdon XKopx Jyu Mexnepk (1707-1788) — dpaHuydcKHii ecTecTBOMCNILITATEND, [TOYETHBIMA
wieH TNMerepbyprexoi AH (1776).
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4 Yuasanue. Tlpumennts Teopemy Myaspa—Jlannaca (cM. 3amevanune k yap. 33 rn. 1). »

ﬂ (Tpodoaxcenue). CmonenuposaTh BoIGOPKY 06bEMa 7 1000 u3 pacnpenenexus
Bi(1,2/5) v npOBepHTHL aHANOIMYHO NPEABLIIYLUEMY, YKAALIBAIOTCA JIM B YKa3aHRbIE TPaHHU-
bl PE3YJLTAThl NONYYEHHBIX IKCNIEPUMEHTANbHbIX AaHHLIX, TIOCTpOUTHL rpathik, COSAMHUB
MPAMBIMH NOCJICIOBATENBHLIE TOUKH

Py
(k,;), k =100,200,.. 1000.

ﬂ Cmonenuposatrb BbIOOPKY M3 OMHOMManbHOro pacnpencicHus Bi(4, 1/3). Tocrpo-
WTb rpaMK 4acToT V;/n, TAe ¥, — YKUCNO ONBITOB, B KOTOPBIX HabMONaNOCh 3HAYEHUE
r=20,1,2,3,4, 1 BuIMUCIATL BLIGOPOYHBIE CPENHEE, AUCOEPCHIO U KOIDOHUUMEHTDI ACHM-
METPUH M 2Kcuecca. Haitu ¢ u3 ycnosua P{|X — a;| € 6} = 0,998 u cpasHuTs C HUM
BLIYMUCIEHHOE NO IKCIIEPUMEHTANBHLIM JAHHBIM OTKIOHEHHUE BLIDOPOYHOTO CPEAHETO OT TE0-
PETUIIECKOTO @,

4 Yxasanue. Bocnonbiosarecs Teopemoit 3 §2.2. »

Cmonenupopars BHIOOPKY M3 NONMHOMHANLHOTO pacnpedeneHns M (500; p; 1/5,
1 =1, , 5), W, paccMaTpuBas 3TH JaHHblE KaKk HaOMIOAeHUA HAO cAy4alHOIi BeTUYu-
HOH £, NpHHKMAIOILEH 3HaveHus —2, —1, 0, |, 2, NOCTPOUTL MONKUTIOH YACTOT U BEIMHCAUTD

BLIBOPOYHbIE Cpejinee W aucniepcuio. Haittu § u3 yenobus
P{X —a| <3} =098

M CPaBHHTL ¢ HUM HaOioAeHHOE 3HayeHHe OTKIOHeHus | X — a.

Cmopenuponars Bu6opKy 06beMa n = 100 13 nokasateasHoro pacnpegenexus (1, 1).
BRIYKMCINTL €e OCHOBHBIE XapaKTCPHUCTHKM, NOCTPOUTh SMIUPHUUYECKYIO GYHKIMIO pacnpe-

ACNCHUR M THCTOrpaMMYy, BLIYUCITHTL BLIGOPOYHBIE MOMEHTHI @, j = 1,2, ¥ CPaBHUTb UX
C TCOPETHYECKMMH 3HAUYECHHUAMM.
2
ﬂ Nycre Xy, , Xyn — npuOnvXeHHO HopManbHble A (i, ) YuCia, Kaxaoe 13 Ko-

TOPbIX MOAYYEHO CyMmuposannem N paBHOMepHo pacnpesedeHHbix Ha (0, 1) craraemsix.
TTonyuuts Tpu peanusaunu (npu N = 2,4, 12) ssibopok ¢ n = 100, p =0, ol = 1. [lna
Kaxa0i BbIOOPKH NOCTPONTL 3IMIIMpHYeCKHe QYHKUMM pacnpelelieHus U rUcTOrpaMMbl;
NOJAYYHTb OUCHKH 4 W O BLIMUCAKTL 3-id W 4-i BLIOOPOUHDIE LEHTPANILHBIE MOMEHTBI
M CPABHNTb UX C UCTHHHBIMM 3HAYCHUAMM TEOPETUYECKHUX MOMEHTOB.

Cmoaenuposats Bbibopky o6vema nn = 500 u3 pasHoMepHoOro pacnpeaenerus (0, 12).
Ipynnupys ganusie no uutepsaiam &, = (r,7+ 1], r =0, 1, 11, mMOCTPOMUTD MOIUTOH
YacTOT M CpaBHUTH, ero ¢ rpadukoM GyHkumu f(z) = ¢, 0 < z < 12. Paccmarpusan
IPYNIHPOBAHHLIC YACTOTLI KAaK PE3yNLTaThl HaONIOAEHHH Hal AMCKPETHOM Cy4ailHOl Beiu-
YHHOI, NPUHUMAIOILEH 3HAYEHMS, COBNANAIOIIME C CEPEJHHAMH COOTBETCTRYIOIIMX MHTED-
BATOB, BLIYMCIUTDL BLIOOPOYHbIE CpeAHEe M OUCTIEPCHIO M CPABHUTL MX C TEOpPETHYECKHUMH
3HAYEHUAMH.

ﬂ Jna gauHbix npumepa 2 8 § 2.2 nocTpouTh IPadHK YacToOT ¥, /N U CPABHUTE €I0 C Ipa-
—z?

dukom GYHKUHH ce /2. BBIYMC/IUTL BHIGOPOYHBIC KOIDOULMEHTb! ACHMMETPHUH M IKC-
uecca; Haith & u3 yenosus P{|X — a,| € ¢} = 0,998 u cpaBHUTL C HUM BBIMHCICHHOE

No NMPUBEASHHbIM JAHHbLIM OTKJIOHEHHE BLIOOPOYHOIO CPEeAHEro OT TEOPETUYECKOrO a;

E) (Zpodoasncenue). B Tom xe aKkcnepumeHTe HaGmoqanach TakXe ClyyaiHas senduHa £,
paBHas YMucay KocTeii ¢ 6 odkamMu. COOTBETCTBYIOIME JaHHbIE NPHUBEAEHDLI B TabnKLE:
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r oo | )2 s e s | e | 2| o=
ve | 447 | nas | s | 796 | 380 | ns | 24 | 8 [ 4096
OTBCTHTIJ Ha T€ X€ BONpPOCH], 2@ TAKXC BLIYNCIHTDL Bb|60p0"|Hb]e CpE€AHCE H IMCNEPCHID.

< Yxazawue. CuwTatn, wto L£(¢) = Bi(12,1/6). »

m HaGmionanmco, nokasanus 500 Hayran BbiIGpaHHBIX 4aCOB, BbICTARAEHHLIX B BUTPHUHAX.
Ilyctb 7 — HOMep mpoMexyTxa oT r-rovacano (r+1)-ro,r =0,1,.. 1l,ay, —uucio
4acoB, MOKA3aHUA KOTOPBIX MPUHALIEXKAT T-MY NPOMEXYTKY. Peaynbrathl TakuM obpaiom
CTPYNTIMPOBAHHBIX HABI0AEHH oKa3anuch crenyiowumi (15, c. 459):

rlo 2|3 als e |78 ]o]w|lun] s

a0 34 | sa |99 a5 | 4| 3337 |4 | 47|39 500

a) IlocTpPOUTbL NOANIOH YACTOT W CPABHHTD €ro ¢ rpadrkom dyrkuru f(z)=¢, 0<z < 12,

6) PaccMarpuBas 3T JaHHbIE KaK HE3ABUCUMDbIE HABNI0OAEHHA HAX ANCKPETHOM Cydai-
HO# BEJMYUHOI {, MPpUHUMAIOLLE 3HAYEHHA | COBNARAIOILIHE C CepelHHAMU COOTHET-
CTBYIOWMX MHTEPBaNOB (T. . 3Haverua 0,5;1,5;...,11,5), BolvcAUTL BLIGOPOYHbLIE
CpedHee ¥ AUCTIEPCHIO.

B) [lpuHuman, yTo B 1. 6) cayyaiiHan BenMyHHa { UMEET PABUOMEPHOE pachpelereHue,
HafiTH & u3 yenosus P{|X — a,| < §} = 0,98 u cpaBuuth ¢ HUM HabBlofaBLIceCH
3HayeHHe OTKIOHeHNA | X — a)|.

Ve

m Mpu nposeneruu n = 2608 onbiToB MO HaGmoneunio yucna a-vactuu (£), nanyvae-
MbIX PalMOAKTHBHBIM BELISCTBOM 33 OTIpeac/icHHbIH TEPHO BPEMEHH, NONYYeHbl Clenylo-

e AaHHbie (¥, — YnCno ombIToB, AnA Kotopuix uucno £ =7, r=20,1,...):
rlol ] 2]3|afs]e]]s]o]w|n]znfzx
v, | 57 203|383 | 525532 {408 [273 [ 139 |45 |27 | 10| 4 | 2 | 2608

MocTpouTs rpadyuk 1acToT V,./7t ¥ BLIMHUCIKHTD BLIGOPOUHBIC CPENHEE W AUCTICPCHIO.

[Tycrb (—0,8;2,9;4,4; —5,6;1,1; —3,2) — naOnonabiunecs 3HayeHUA cryvaitHoH be-
AM4NRHB €. BBIYHCIHTD OCHOBHLIE XapAKTEPMCTHKH BLIGOPKH, MOCTPOMTH 3MIIMPHUYECKYIO
hYHKUHIO pacTipeaeneHHA U YBEIUTLCA B TOM, YTO ﬁ,(—S) =1/6, ?6(0) =1/2, F‘g(q) =5/6.
B akcnepumenTe HabnoJanack LEAOYUCIEHHA cryqaitHan BeautinHa £. CooTeeTCTRY-
loLMe BLIOOPOYHbIE 3HAUCHUA OKajanuch paBHbiMu: 3,0,4,3,6,0,3, |. BoluMcAHTb OCHOB-
Hble XapaKTEePUCTHUKY BHIGOPKH, TOCTPOKTL IMITUPHYECKYIO (YHKLMIO PACTIPEACTIEHHA U TIPO-
BepuTh, uto Fy(l) = 3/8, Fy(3) = 3/4, Fy(5) = 7/8.

Koraa dyrkunn Fy(z) 6yner umers ckauku paimepa nuuib 1/n (Wi, 41O 3KBHPa-
NeHTHO, GyaeT UMETh POBHO 7t CKa4yxoB)?

Mycth ) < z,. Yemy paBHA BEPOATHOCTD P{f‘;,(::,) = ﬁn(:cz)}?

M Mycre P{¢ =j}=p;,i=01,.... NuX=(X,, ,X,) — anbopka us L(£).
Haiitu sepostrocts P{F,(j) — F.(j — 0) = k/n} Paccmotpers cayvain £(¢) = Bi(IV, p).
Mycry X =(X,, ,X,) — subopka u3 HenpepbiBHOTO pacnipenencHus F. Kakomy
pacnipencneHuio Oyaer cootsercTBoBaTh BhiGOpka ¥ = (Y, ..., Y,), rae ¥; = F(X;)?

3amevanue. Ecnu cayvaitnan penmyuna X umeer dyuxusio pacnpenenesns F(z) u F(z)
HENPEpbIBHA, TO MEPEXOl K HOBOM ClydaitHoit Bennuude Y = F(X) HaswiBaetca npeot-
pazosanuem CMUpHo6q.
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m [Mycrs X — BuifopKa u3 paBHoMepHoro pacnpeaeaeHng U{0, !) u F — nenpepripHas

H CTPOTO MOHOTOHHaA dyyHKuma pacnpenencuus. Monoxum ¥; = F~'(X,;), i =1, ., n.
M3 kakoro pacnpenerenus Gyner sbibopka Y ?
m Myctb B Toukax z; sbinonHaoTes yeaosus 0 < F(z;) < 1,t=1,. k. PaccMoTpum

cobermua A; = {F(z,) € (Fa(z:) Fty,/vn)}, toe (Fa(zi) F ty,/v/n) — acumnronue-
CKHi y; -10BEPUTCABH I HHTepBan Wis F(z;), onpeaenennuiii B (8) § 2.1. [lokasats, 4To Be-
POATHOCTb ONHOBPEMEHHOTIO OCYILECTBNEHUS coObITuil A, , A} YIOBNETBOPAET YCAOBHIO

k
P(A]ﬂ...ﬂAk)B Z:’)’,

3ameyanue. CHcreMa HHTEPBANIOB

{(ﬁn(z,-)q:t—\/"a), i= I,...,k}

Ha3bIBACTCA CUCMEMOL COEMeCmHbIX Jogepumenbisix unmepedsos s F(z;), i =1,...,k.

[lycth T, < Tp — 3anaHHble TOYKH HA YMC/OBOM NpAMOIL, Takue, 410 0 < F(1)) <
< F(z,) < !. Dokasats dhopmyny
F(z,)(1 - F(z,))

cov(Fy(z)), Falzy)) = - .

4 Yxasawue. [pencraBUTh CAYHaNHYIO BEAHYHKRY

Aﬂ(:]:h $2) = Pn(fz) - ﬂn(zl)

(cM. (3) §2.1) b BUIE CYMMbI HE3ABUCUMBIX UHIHKATOPOB

A"(ZL'“:L':) = ZI(.‘L‘] < X,‘ < Iz). »

i=l

Mycts X = (X,,...,X,) — suiBopka U3 HekoToporo pacnpenenedus L(£), nns Ko-

2
TOPOO CYLICCTBYET MOMEHT @), = Ef~' J[l0Ka3aTh, 4TO QHCNEPCHOHHAA MATPMUA BCKTOPA
A, = (@,,...,Q,) NEPBLIX r BLIGOPOUYHBIX MOMEHTOB UMCCT BHA

-~ —~ | I r
DA, = [lcov(@n, @], = —[leis; - aiay]].
Nloxasath, uro cov(X, §%) = psy(n — 1)/n’ Paccmotpers cayuain £(€) = Ny, 0%).
[oka3atb TeopeMy 6 § 2.2 06 aCHMITOTHYECKOM HOPMATBHOCTH BLIOOPOYHOI OMcnep-
cHu. YOeouTbCa B TOM, 4T0 pu 1 — 00 ES® ~ p,, DS’ ~ (pq — ug)/n.

« Yxasanue. Yaects, uto §° = w(@n1, @n2), e p(z), T2) = T7 - T (cm. (6) §2.2), u
NpUMEHUTb TCopeMy 5 § 2.2. »

_— ]
Myerb a) # 0, ) < 0o. Jlokasats, yro npu n — 00 L{X I) ~ JV'(—, %)
4 Yxazanue. TlpumeHurb Teopemy 5 §2.2. »

V6eauThCA B cIpaBelUIMBOCTH CNIEAYIOMIMX YTBeDXACHHUE O pacnpeaencHuu Bbibopoy-
Horo cpeaHero s suifopku X = (X, ..., X;;) 13 cOOTBETCTBYIOMMX pAacNpEeaeNeHHI:

a) L(€) = T(a, )) = L(nX)=T(a,nM),
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6) L(£) = Bi(k, p) = L(nX) = Bi(nk, p),
B) L(§) =TI() = L(nX)=TI(nX),
r) £(§) = Bi(r,p) = L(nX) = Bi(nr, p).

4 Ykazawue. Bocnonb3oBaTbeA CBOMCTBOM BOCMPOM3BOAHMOCTH PAcCMATPHBAEMbIX pac-
npenenenuii (cm. §§1.1 1 1.2). »

(ITpodonxcerue). YOEAUTHLCA B TOM, 4TO A8 BLIGOPKK M3 pacnpenenchns Koww K(a)
(cM. ynp.48(6) rm. 1) L(X) = K(a).

ITycTb B 3KCMepuMeHTe HabMOAaeTCs AByMepHas cnyvaiHas seauduHa & = (€, &)
u (X,, X;2), i =1,...,n, — cOOTBETCTBYIOWME BHIOOPOUHDIE DaHHBE. Ana ynpoueHus
BbIYUCTEHMI BhIBOpOtHOrO KO3(hdULKrEHTa Koppensauun B, (cM. (5) § 2.3) wacto Gbinaer
ya0OHO NpeaBapHTeNbHO Npeodpas’oBaTh WCXOAHbIC AZHHLIE C MOMOLLIO HEKOTOPOTO AM-
HeAHOTo npeobpalopaHuA:

X, —a Xiz — a;

YHZT’ Y.‘2=——bz——-. =1 ,n, (1)
rae a,, a; — ACACTBUTENbHLIC, 2 b, b; — nonoxuTtenbHbte uncna. JoKasaTh, 4To NMpu Jio-
6oM BriGOpe a,, as, by, by

ﬁn(X) = ﬁn(Y)'
BblyucauTh BLIOOPOUH bIHT KOSMMHLHEHT KOPPENALUKN AUIST CAELYIOLKX JaHHbIX L = 26
HabnoaeHNi Han BeMMYHHOI £ = (£, £;), 3aNMUCaHHbIX B BAAE CTATMCTAYECKOTO pAJA:

£ 123,0124,0(24,5)124,5125,0|25526,0(26,0]26,0(265]|26,5[27,0](27,0]28,0
£10,48)0,5010,4%]0,50|0,51|0,5210,490,510,53]0,50(0,52]0,5410,52(0,53
Vel 2 4 3 2 1 ] 2 ! 2 [ l 2 l 3

<« Yrasanue. TIpon3BecTn nuHeiiHoe npeodpasobauue (1), suibpas ¢, = 26,0, b, = 0,5,
a; = 0,50, b, =0,01. »
Omeem: py = 0,793.

Wcnonbays He3aBUCHMbIE pABHOMEPHO pacripeae/eHHbie Ha [0, 1] cnyvaitnbie yncna {U; ),
MOCTPOMUTH NOCAEAOBATEIbHOCTb AP CAYHYANRHbBIX YHCE

Xi = +/=2Inly_,sin (21 Uy;),
Xio =/ -2Inlyi_ cos(2m U), 1=1,2, 50,

BbIYUCAHUTH ANA ITUX NAHHbIX BHIGOPOYHBIM KOIDHHALHEHT KOppEaALMH U NIPOBEPHTL TUNO-
TE3y HEIABUCUMOCTH Hj: p=0, HCnoab3ya Kak TOUHBII, TAK U ACHMMTOTHYECKUH ANrOPUT-
MBl, onucaHHee B .4 §2.3 (cM. n. 8 § 1.3).

Joxasath, 4To COBMECTHAR YHKLMA PACNIPENENEHUA IBYX MOPAAKOBLIX CTATUCTHK X ()
Xy (1 <r<s<n)npuz <y umeeT sua

Ries) =Y S gl P @I - FEIP - P

¥=r j=max(0,5—¢)

Frl(zsy) = P{X(s) < y} = F.s(y) npr T 2 Y.
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4 Yrkazanue. Vicnonab3oBaTh 3KBUBATEHTHOCTS CODLITHI

{X(r) Lz, X(a) < y} H {pn(z) 2T, pﬂ(y) Z 3}9
a TaKKE TOT (PAKT, YTO CIYYaiHbIE BETUYHHDI

Vi = pn(T), V2= pa(y) — (), v =1 - p(y)
(npu z < y) MMeIOT NOTMHOMMANBHOE pacnpeaenenre M(n;p,, p:, p3), rae p, = F(z),
pr=F(y)— F(z), ps=1 - F(y). Ecnuxe ¢ 2 y, To cobuitue {X,) < z, X5 Sy} =
={Xy <y} »
IycTs pacnpeaenetue L£(€) abComoTHO HenpepbiBHO M ero wioTHocts F'(z) = f(z).

Bripectu CNEaYOLLYI0 cbopmyﬂy Ana COBMECTHOH TUIOTHOCTH MOPAAKOBBIX CTATUCTHK X(k|)’
---;X(k,-) (l-ﬂk|< <kr§n):

n!
(ky — Dk = ky— D)'... (k, — kp_y — )0 — k)
x P* () (F(z:) - P(z))"* ™
(P(er) - Flz,.) " ™7 (1= F@,))" f(z) .. f(=,)

npu £, < 73 < < Z, ¥ PaBHA HYJIKO B OCTANbHBIX TOUKAX.
Tonyyutsb otcioaa popmynel (7) u (8) §2.4.

gh...k,-(zli ,Z,-) = 1 X

« Yxazanue. 3anucath BepoATHOCTS cabsitna { Xk, € (z;+dz;), i =1, ,r} npubec-
KOHeyHO ManblX dz,;, 1 = 1,..., 7, U, pasgenus ee Ha dzx, ...dZ,, NONY4UTb B Npeaene
npudz; = 0, ¢ =1,...,r, BHI UCKOMOH MJIOTHOCTH. W

Yoeautecst B ToM, uto mia cydan L£(€) = U(0, |} pacnpeaenedns nopsaakosbix CTa-
THCTHK UMetoT BUA (npu 1 < k <1 < n)

[.(X(k)) = Be(k,ﬂ. -k + ]), E(X(;) - X(k)) = Be(l —-kn-l+k+ I)
(cm. m.4 § 1.2). Buisectu orciona ¢hopMynsl 415 MOMEHTOB

k kin—k+1) kin -1+ 1)
EXy=——, DXy = , coviXy, X)) = )
® = R e ) (X, Xn) et mT )
<« Yiazanue. Ucnonbsyn dopmyny (44) § 1.2, HalATH COBMECTHYIO MAQTHOCTL BeNUYMU
Y, Xw nY, = Xy — X, MHTEIrPHPOB2HMEM KOTOPOH MORYYUTL MAPTHHAILHYIO
NAOTHOCTb BeAUYMHDI Y. [IPH BLINMCTIEHMH MOMEHTOB UCTIONL30BATh Gopmynsl (24) § 1.2,
a TAKXe CDODMYIIY D(X(j) - X(L)) = DX(;) + DX(L) -2 COV(XU_-),X(”). »

(Mpodosxcenue). Ucnonbays 3TH pe3ynbTaThl, MORY4UTH HOPMYbI LN MOMEHTOB IKC-
TPEMyMOB BEIGOPKH W3 MPOM3BONILHOIQ PABHOMEPHOTO pacnpenenenun U(a, b), npuseneH-
Hble B ynp.46 ra. | {cM. .5 § 1.2).

Mycte X = (Xy,...,X,) — Buibopka M3 pacnpeaeneHus ¢ naothoctsio f(z) =
= (1/2) cos z, |z| < w/2. Buisectu hopmyny

Ly - n
EX = 5(1 ~27RHen).

Joka3atb, 4yTO IpM n — 00
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« Yxaionue. BoCmonbioBaThCA TOXIECTBOM
docreyr*=2"cs,
k
M TAKXE MPUMEHUTH KpHTepHit (26) §2.4. »

Mycts X = (X,, ,X,) — seibopka u3 pacnpesencina Kown (cm. (31) § 1.2).
[Tokasars, uToNnpU n > 00 U @, =1tg (/2 — w/n) ~n/7

\/z

Pla;' X <z} — € z > 0.
« Yxazanue. TpuMmeHnTB KpHTepwil (25) § 2.4 1 yuects, uto tlim t(r/2 —arctgt) =1 w»
—+00
Mycts X = (X,,..., X,) — 8bi60pKa U3 yceuenroco nokazamensuo2o pacnpedesesus,

3afaBaeMoro GyHKUHEH pacnpeneeHuA
Piz)=k(1-€%), 0<z<z, k=(1-e)",
Npy HEKOTOPOM KoHedHoM Iy > 0. [Toka3zatb, 4To npu 1 = 00
P{n(e™ - 1)"'"(Xpm-z) <z} — €, <0
« Yxa3arnue. TIpuMeHHTb KpHUTEpHIt (26) §2.4. »

3ameyaHune. O6paTHM BHHM3HHE HA TO, HTO 32ECh Mbl MMEEM MpEAebHOE pacnpeneieHHe
tuna A; (cM. (24) §2.4), B orauume ot npumepa 3 B § 2.4, rac 1A oBLIMHOTO MOKA3ATENb-
HOTO pacnpeneicHUA (T. €. OPH Ty = 00) Ml MMECM npeach Tna Aj.

[Myctb GyHKuMs pacnpeneneHus HabnlogaeMoit CAYMaitHOMR BEAMYMHHBL £ HMCCT BHA

1-e* npu z <0,
F(z) = ¢ P
] npu z =2 0.

Jloka3arsb, 4To AnA pacnpeaeieHHA MaKCHMATLHOrO 3HaYeHMs BbIGopkH ofvema n u3 L(£)
MPH N — 0O BHINOJHAETCA COOTHOLIEHHE

X —Db -z
P{——Lﬁgx}——w" -0 < ¢ <00,
au

rac a, = (Inn)~?, b, = —1/(Inn).
« Yrazanue. TIpuMeHnTb Kputepuii (27) §24. »

Mycrs X = (X,,..., X,) — craumapTHbiii HOpManhHblit BekTop (T. €. BbIGOpKA M3
CTAHRAPTHOTO HOpManbHOro pacripesenenua A (0, 1)). PaccMoTpuM Tpu KBaapaTHYHbie

dopmbl OT X:
n , ] _
Q=D X, Q=_—(Xi+..+X), Q=) (X-X)

n

pumenns Teopemy 1 § 2.5, yOenmuTben B cipaBe/IMBOCTH C/ACAYIOUIMX COOTHOIIEHUR:
L@Q)=x'(n), L@Q)=x(), LQ)=x(n-1)

<« Yxazanue. Tlonyuuts npenctamnenve Q = X'1,X, Q; = XBX, rme B = |[1/n||;
Qy=XAX,tmme A=1,-B. »
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Mycrs L(Y) = N(p, Z), [Z] # 0 u @ = (Y —p) A(Y — ps), tae maTpuua A yaosne-
TBOPsieT yenoBuio ALA = A. Jlokasate, uto £(Q) = x*(m), rae m = tr (AL). Monyunts
0TCl0Aa yTBepXacHue TeopeMbl | § 2.5 u ynpaxHenus 40 k rn. 1.

4 Yrkazarue. 3annch Y B Buge Y = p + BX, roe X — CTaHAapTHbIA HOPMalbHbIA BEK-

top (cM. .2 § 1.2), Torna @ = X'A, X, rne matpuua A, = B' AB uaemnotentna. Jance
npuMeHuTL TeopeMy 1 §2.5. »

- (MMpodonucenue). Noxazatb cncnylomee 00061eHue 1eMMbl 3 § 2.5: kpaapatuyHas gop-
ma Q = YAY HMECT pacnipeaenchue Y (r; A%), mc r=rank A u XN = I Ap B uacTHo-

cru,npu A= pemumnar =n u X’ = EB ﬁ (nemma 3).

« Yxasanwue. HMcnonviopath To xe npeoOpazosaHue Y = BX, uT0 U B A0OK23aTENbCTBE
nemmsbl 3. Torna Q = X'B'ABX w snech matpuua A, = B'AB uaemnotentHa v rank 4, =
= rank A. Janee, Kak ¥ npu Joka3atenbcThe TeopeMbl 1 §2.5, npuBecTH @ K cymMMe Kpaa-
PAaTOB HE3aBMCHMbBIX HOPMANLHLIX BEUIMH. P

Mycte X = (X,,. ,X,) — sbibopka u3 pacnpenenenns N(0, 1) n ksazpatu-
Has dopma Q = X'X paanoxeHa Ha CyMMy AByX KBaIpaTHuHbix dopm Q=@+ @, rae
Q.=X'AX urank A; = n;, i = 1,2. Jokasate, wtoecmn n, +n, = 1,1 Q, 1
neaaucumbl 1 £(Q;) = ¥ (mi), i =1, 2.

d Yxasarnue. [lposepuTs, uTo Matpuunl A, U A; uneMnoteHTHsl U A A, =0 P>
JameyaHune. Cnpase/iMBO HOnee CHIbHOE yTBepXaeHue: ecn @ = Q, + ... + Qi, rae

Q = XA X rank A, =n;,i=1,...,k, 10 n; + +n, =n & Q,...,Q0:
He3aBucuMbl U L{Q,) = xz(n,-), i=1,...,k.

B3 Nycrs X = (X,,...,X,) — BuiGopka U3 HOpMalbHOro pacnpeseneuus N (g, o?).
MNoka3ate, 4T0 QyHKUMS pacnpeleneHia ctatueTukm 1 = (X — X)/(Vn — 1S) umeer Bua
Fu)y=1-1/2B (1 - ul(n—2)/2, 1/2) npu 0 < u < | u Fy(u) = 1 — F,(—u) ama
—1 < u < 0 (3gecw B(z, a,b) — Henonnan Gera-pyHkuma, cM. n.2 §2.4).

4 Yrazanue. TI0Ay4uTb CHauana npeacTabieHHe

Y,
\/Y,2+...+Y,3_,

‘q:

»

rme CAyyaiiHble BenHyuHu Y, ,Y,_, He3aBucumbl 1 nopManbkel A(0, 1). Janee moc-
Nnonb3IOBATLCA YNp. 52 Kra. 1. »

IMycTs MMeeTcs BLIGOpKA 00beMa 1 M3 ABYMEPHOro COBCTBEHHOTO HOPMATbHOTO pac-
npeaeneqmna (cm. n.4 §2.3) u (X, X3), (Sf, 52, .5'22) W P, — COOTBETCTBYIOLIHE BLIGOPOU-
HbIC XapaKTEPUCTUKMH.

a) [okasars, yto (X, X3) 1 (57, 517, §7) He3aBucnmsr,
6) nycts Q = n(Xi—py, Xa—pi2) ' (Xi— g1, Xo—p12) , noxazats, wto £(Q) = x*(2);
B) myctb n >2u T, =vn—2p,/(y/1 ~p2), nokasats, yto L(T,) = S(n —2).

« Yxaszauue. a) cM. 3amedanue K ynp. 28 rn. |; 6) cMm. 3amedanue B n.2 §2.5; B) cM. dame-
yauue B n.4 §2.3. »
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P fyers X = (X,,. .., X,) — sui6opka ua pacapenenequs L(£), B =pu, DE =g’ >0,
Ef' < 0o u X, §° — cooreercTayiouite BLiGOPOYHBIE CPEAHEE H AHCIICDCHA.
Jloka3aath, 4to npH 1 — 00

L(Tn = vn(X - u)/S) — N0, 1).
d Yrasanue. Bocnons3aoBaThcA UeHTpaNbHOH MpEAEALHON TeOPEMOI, CXOARMOCTRIO
S/o 4 1 w cnenylommu daktom: L(n) = £L(n), {a S L{Cama) = L(7). »



[naBa 3

06wan TeopuUA OUEHNBAHUA
HeU3BeCTHbIX NapamMeTPoOB pacnpepeneHnin

Ouenusame — 3navum coioaeams. Hmenno oyenka npudaem
UeHHOCMb U 0pazoyeHHocmb gceM oueHeHHbiM eewam. Suub
4epe3 OUEHKY NOACAREMCA UEHHOCM . U De3 OUeHUBaHUR Obin Ot
nycm opex 6bimus.

&®. Humwe V' Tak rosopus 3apatyctpa

HacTosias rjnaBsa nocBsuleHa obued Teopuy CTaTUCTUYECKHUX OLEHOK — OfL-
HOW U3 OCHOBHBIX NPOGAEM, PELIZEMBIX MATEMATUYECKOH CTATUCTUKOM, KaK 3TO OT-
MeycHo B obuieM BeeneHuy. 31eCs B paMKax Npou3Bo/IbHOW NapaMeTpUyecKoi cTa-
THCTRYECKOM MOAEIM UITAraloTC OCHOBHbLIE NOAXOAbI K NOCTPOEHUIO 3 Qe THB-
HBIX OLIEHOK 1 HEHM3BECTHBIX MapaMeTpoB Moaear U dyHkUMit oT HUX. Paccmar-
PUB2IOTCH 1BA TPAAULIMOHHBIX NOAX0AA K PELIEHUIO ATUX 3aKa4: TOYEUHOE U HHTEp-
Ba/ibHOe oleHuBaHue (Oonee oGLIO0 — OlLEHKWBaHKE C TNOMOLLBIO JOBEPUTENbHBIX
MHOXCCTB), 4 TaKXe HEKOTOpble ADYTHe COBPEMEHHbIE KOHUENLUUW OLEHUBAHUA.
Ilpy TOYEYHOM OlleHWBAHHU B OCHOBHOM pacCMaTPHBaIOTCH HECMELUEHHbIE OLEH-
KM, 1 32 MePY UX TOYHOCTH MPHHWUMAETCA BEJHUMHA IUCNEPCUN OLeHKN. OCHOBHOE
BHUMAaHUE YAENAETCH METOJAM NOCTPOEHUA ONTUMAIbHbLIX OL[EHOK, NIPY 3TOM pac-
CMaTPHBAlOTCH CNy4ay KaK CKATAPHOIo, TAK ¥ BEKTOPHOTO napameTtpos. ManaraioT-
CA Pa3JMYHbIE NOAXOAb! 1 NMOCTPOCHHUA NOBEPHUTENLHBIX HHTEDBAIOB U LOBEDU-~
TeNbHbIX MHOXECTB, B TOM YKc/e NPpUHIKI OTHOLIEHUA NPaBiononobnss — OnUuH
M3 Havbonee yHUBEPCANbHLIX COBPEMEHHLIX TIPUHLUMIIOB pe€leHUss MHOTHUX CTa-
TUCTHYECKMX 3azay. PaccMaTpuBalOTCA TAaKXKe BOMpPOCH! OLEHWBAHMWA TIPHU BbIOOpE
M3 KOHEYHbIX COBOKYMHOCTel. [1pM peuleHUH pacCcMaTPpUBaeMbIX 3aayd MUCMOMb3Y-
IOTCS KaK TOYHBII, TAK W acHMNTOTHYeCKHWi (w1a OOAbLIMX BBIGOPOK) MOAXOABI,
4YTO JUKTYETCH, B OCHOBHOM, CNEuMPUKON KOHKPETHOM aHANTU3UPYEMOM CHTYaU /.

§ 3.1. CtaTucruyeckue oL eHKH
U obuiue TpeGOBaAHUA K HUM

1. MoHATHE CTaTMCTHUECKON OLEHKN M ee CPefiHeKBafpaTHJYHaA ownbka

JTO MOHATHE YXKe BCTpeyanoch HaM B 1. 2. TaM roBopuiocs, YTO 3HaYEHUE IMITUPH -
yeckoit GyHKuUMU pacnpeneneHds Fy(z) B KaX10¥ ToYKe T MOXHO PaCCMaTPUBATh

) Huuwe ®punpux (1844-1900) — Hemeukuit Gpwiocod, MOIT-MbICAUTEND.
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B Ka4eCTBe MPHOMMKEHHOro 3HaYeH us (OLEHKY) 115t TeopeTHYecKoi GyHKLMM pac-
npeneneHus F(z) HaGnionaemoit B 3KcnepuMeHTe cydaifHol BeuumHset €, a pas-
JINYHble BHIOOPOUHbIE XapaKTEPUCTUKYU (MOMEHTEl &y u Hy (eMm. (2)—(3) §2.2),
KBAaHTWIU Cp,p (cM. (2) §2.4) M T.A) — KaK OLEHKH COOTBETCTBYIOUIMX TEOPETU-
YeCKHMX XapakTepucTHK pacrpeneneHusa L£(£). Ilpy aTom Mcnonb3oBaHHE TePMHUHA
«OLIEHKa» 0DOCHOBLIBATOCH TEM, YTO U BblIOOPOK 6O/bLIOre 00beMa 3HAYMTEIb-
Hast pa3HULA MeXOy 3HAYEHUSAMH BbIOOPOYHON M TEOPETHUECKOH XapaKTepHCTUK
MATOBEPOSTHA, ¥ NOITOMY pa3yMHO (10 KpaiHel Mepe Wi GONMbLIMX BhGOPOK)
NMPUHATE BEIOOPOYHYHO XapAKTEPUCTHKY 32 MPUOAMXKEHHOE 3HAYEHUE COOTBETCTBY-
OLIEH TeopeTHUECKOH XapaKTepUCTHKH, Koraa MocaeaH A Hen3secTHa, TakuM 06-
Pa3oM, B 3TOT TEPMHH BKJIAbIBANCH ONPEAEeHHbIH aCUMITTOTAYECKHA CMbICT NIPH
n — 00 (HaloMHKUM, 4yTO 1 — 310 oGbem Buibopku X = (X,, , X,) u3 pac-
npeaenenns £(£)). Buipaxenuem 3Toro «pa3ymHoro» CBONHCTBA OLEHKW SBASETCS
MOHATUE e cocmoamensiocmyu (cM. onpeleneHue 3 B § 2.2) — 0MHOCO 13 OCHOBHbBIX
NOHATHA TEOPHH OLEHOK.

B To xe BpeMsl npy NpUMEHEHUM TEOPUM OLEHMBAHMS HA NPAKTHKE 0ObIU-
HO NMPUXOINTCS CTPOUTL MPUBIHXKEHHbIE 3HAYEHNS TSI PATMUHBIX HEWMIBECTHMIX
TEOPETHYECKMX XapaKTEPUCTMK M3y4aeMOil MOMENH TIPU KOHEYHbIX (M 4acTo Beck-
Ma yMepeHHbIX) ofbeMax BbIGOPKH, U NIPK 3TOM 06OCHOBLIBATH COOTBETCTBYOLLME
PEKOMEHAALMHU ¢ TOUKM 3PEHMUS KAKHX-THOO0 KpUTepUeB onTUMaIbHOCTH. Obliue
MeTobl DeLeHHs NoAoOHbIX 32434 Pa3BUThl B TEOPHM OLIEHWBAHHWS HEW3BECTHBIX
MapaMeTpoB pacnpeneaeHuid, KoTopoil U NoCBAUEHA HACTOSLIAA TNaBa.

MtaKk, nycTs 3agaHa cratvcTHuecKas mogeds F = {F'} w1 cxeMsi 1OBTOp-
HBIX HE32BHCHMBIX HAOMIOEHUH Haj HEKOTOpo# ciyyaiHoi BeauuuHol £ u X =
(X,, ,X,) ectb BbiGopKa M3 pacnpeneneHns L£(£) € F B panpHeitwem pac-
cmaTpuBaiTca pasnuunbie GyHkun I' = T'(X) oT BLIGOPKH, CaMU ABAAIOLIMECS
CIy4aiHBIMY BeTMYMHAMM (T. €. T KOTOPhIX TIPY BCeX ¢ OMpEAeNieHbl BEPOSITHOCTH
Fr(t) = P{T'(X) < t}). Ecnu npu 31oM dyHKUMA T’ He 3aBUCHT OT HEUIBECTHOTO

pacnpefefieH!s HabnraeMoi BETMYUHEI £, TO €€ NPHUHA-
CTaTMCTMKG M OueHKO  TO Ha3blBaTh cmamucmuxoli (cM. onpengeneHue | B §2.2).
Yacto TpebyeTca no BbiGopke X CIENATh TE UNU KHGIE 3AKTI0YEHHUST 00 UCTHHHOM
3HAYEHHH ¢ HeKoTopoit (Hen3secTHol) xapakTepucTukn ¢  g(£) Habnionae-
MOM Cy4yaiHo# BenuurHbl. [Tpexie BCero nog 3TUM NOHWMAETCS 3a4a4a Oyenums
3TO 3HAuYeHUE gy, T.€. MOCTPOUTL Takyio craTuctuky T(X), 3HayeHue KoTopoi
t = T(z) npu nabnwogableiica peaiusalnu T BbIGOPKM X MOXHO Gbito Gbl
CUATATh PA3yMHbIM (B KAKOM-TO CMbIC/E) NpUbIKeHeM Lia go: L = go. B aToM
cnyyae ropopat, uto cmamucmura T (X)) ouenusaem g win, uto T'(X) ecmo oyenka
g (ans g) » yacte nopyepkuBalor 310 o6o3HaueHneM § = T(X). Tak B oblem
BHAE HOPMYNUDPYETCA 3a/laya moyeHo20 oleHu8anus HEU3BECTHbIX NAPaMETPOB pac-
npeaencHUN.

SlcHO, YTO A1A OUEHMBAHMS JATAHHOM XapakTepu-
CTUKM ¢ MOXHO MCIOJIb3OBaTh PA3NMUYHBIE OLEHKU H,
yTOGbI BLIGPATE JIYYLIYIO W3 HUX, HA0 MMETb KPUTEPHIl CpABHEHUS KayecTsa (ToY-
HOCTH) OLEHOK. B cBoI1O ouepemp, U moxoGHble KPUTEPHH MOTYT ObITh PAa3HLIMHU

TauHoCTL QUEHKKM
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(B 3aBHCUMOCTM OT UeJeld, MTA KOTODPBIX CTPOMTCH OLEHKA, yao6cTBa MCMO/b-
30BaHMSl KPUTEPHUS M T.IL.), HO J11060M KpUTepHit onpenensieTcss BBIGOPOM Mepe.
moyHocmu OUEHOK (Mepbt 6Au30cMu OUEHKHM K HCTHHHOMY 3HAY€HHIO OLIEHHBAEMO
xapakTepuctiku). KpoMe Toro, o6bMHO KJ1aCC paccMaTPHUBAEMBIX B KOHKDETHOM
3a0a4€ OLUEHOK OrpaHWYMBAIOT HEKOTOPHIMM JOMOJHHMTEIbHBIMK TPEGOBAHHUAMM,
Taxum obpa3oM, ecau onpeneseH HEKOTOPLIH KNace oUeHOK 7, (B 3amaye oueHu-
BaHUs g) M BbIGpPaHa Mepa TOYHOCTH, TO oueHka T' € Ty, ONTUMM3UDYIOLIAs ITY
Mepy, Ha3blBaeTcs onmumansHoil (B xnacce Tg).

Wrak, ans noctpoeHUs TEOPHHM ONITUMATBHOTO OLIEHWBAHMSI NIPEXIE BCErO Ha-
10 ZOTOBOPUTHCH O MEPE TOUHOCTH OLEHOK, T. €. YTOYHUTb CMBIC NMPUBIHXKEHHOIO
pasedctBa T(X) ~ g. Ecnu craructuka T'(X) ucronb3yeTcs Lisi OLeHMBAHHA
BEIMYHMHBL g, TO OJHOW U3 Pa3yMHbIX MEP PACXOXIEHHMSI MEXIy HUMH sIBMSIETCS
(T(X)—g)*, win keadpamuunan owubia. Ho Tak Kax 3Ta BEIMMMHA CyuaitHas, TO
L1 U3MEPEHUS TOYHOCTY olieHKH T vcnosbayeTes cped-
nekeadpamuuran ouutia (c. . 0.) A(T) =E(T(X) —g)’
rae E, xak ¥ paHee, — 3HAK MaTéMaTHYeCKOTO OXMAa-
Hus. C. K. 0. — HauboNee pacripocTpaHeHHast U TP2AMUMOHHO MCTIONb3yeMast b [PH-
KJIaAHOH MaTeMaTHYECKOH CTATUCTUKE Mepa TOYHOCTH OLEHOK, XOT#, B IPUHLIMME,
MOXHO ObUTO 6b1 MCMONBL3OBATb W APYrue MEpbl TOYHOCTH, HAIPUMED, CPECHIOF
atcorromiyro owubxy E|/T(X) — g|, onHaKo 31ech MBI CTUTKMBAEMCS C CEPbE3HBIMK
AHATMTUYECKUMH TPYAHOCTAMM BBIYUCICHMA 3TOH MEpPbI B KOHKPETHBIX 3ajayax.
Mepa A(T') nopoxnaer 1 COOTBETCTBYIOWIMH KPUTEPHIT ONTUMANBHOCTH OLIEHOK:
OLIEHKa, MMHMMM3KPYIOLLaAs C. K. 0. B 3aJlaHHOM KNacce OUEHOK 7,, Ha3slBaeTcs
OnmMuUMAAbHOU 8 Cpeonex eadpamuyHom cmbicre (B KINACCE  OnmumanbHas OLEHKA
T,) n oGosHauaetcst cumponom T (unu g°, uTo6bl Mmoa-
YepKHYTh, UTO 3T2 OLEHKa TS §):

CpeaHexeagparuuHas
ownbKra oLEHKM

T* = arg min A(T); (1)
TeT,
ee C.K.0. eCTh
A" = A(") = ET*(X) - )" = jnf B(T(X) — g)’ @
¥

Takum obpasom, B obllieM cayyae 3agaya MOCTPOEHUs HaUMyyLeH (B cpeaHe-
KBaApaTHYHOM CMBIC/E ¥ B 33JAHHOM KJlacce OLeHOK T, ) OLLEHKH [1s XapaKTepH-
CTUKM ¢ IO BelGOpke X CBOZMTCA K PELUEHMIO IKCTPEMATbHOM NpobieMbl (1)—(2).

Huxe 3th obuiMe NonoXeHUsA KOHKPETUIUPYKOTCA B paMKax MPOM3BOIbHON
napametpuueckoit mogenu F = {F(z;8), 8 € ©} (cm. npumep 4 Beneuns).
Eciu Monens F napaMeTpuyeckas, TO J1i00as TeOPETHYECKAs XapaKTePUCTUKA fB-
asgeTcs QyHKUMER OT napameTpa MoJenu §, U B TaKOM Clydae peub ugeT o6 oue-
HUBaHUH NapaMeTpHHeCKUX PYHKUHUIA, 115 KOTOpbIX OyleM MCMO/Ib30BaTh 0603HA-
yenue 7(6) (Tay ot T3Ta).

[ToquepkHeM, HaKOHEL, CAeIyIOIee NOBOJILHO OYEBHAHOE, HO BeCbMa BaXHOE
o6cToATe1bCTBO, Tlpy OLEHMBAaHHMM 3aMaHHOM mapameTpuueckKoit dyHkuuu 7(6)
11 3akaz 1748

»
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o y y
% Heobxoaumoe ycno- HEODX0AMMO, Y4TOOBI 001aCTh 3HAUEHWUH COOTBETCTRYIOLEI
oueHku T'(X) cosnanana ¢ o6aacTbio 3HAUCHN 7(6):

{t:t=T(X),zeX}={r:7=7(0).0€06}, (3)

Tax Kak B MPOTUBHOM C/Ty4ae OLEHKa MOXeT JaBaTh JHAUeHIS BooOLLE He NpHHUMa-
eMble OLEHHBAEMOIT BETHYMHON (oUeHKa BYReT NHLIEHA NPAKTUYECKOTO cMbicnal).
HanomHum, yto 3 (3) X oGo3HayaeT BLIOOPOYHOE MPOCTPAHCTBO (COBOKYMHOCT
BCEX BO3MOXHbLIX peannsauti splbopk X ), a © — napaMerpuueckoe MHOXECTRO
(coBokynHoCTL Bcex A0NYCTUMBIX 3HaUeHUIl napaMerpa Moacan @).

BUe OUeHUWBAHKA

2. HecMeuwenHble oueHKU

OAHO M3 LUEHTpPaTbHBLIX MOHATUI MaTeMaTUYeCKOM CTATMCTHKM — MNOHITHE He-
CMENIEHHON OLIEHKH YXe Oblno BBeneHO B § 2.2 (cooTHowenue (22)), rne Takxe
AAHBI KPaTKME KOMMCHTAPUMM M COOTBETCTBYIOULME ITPUMEDPBL. 31eCh Mbl 00CYIHM
3T0 MOHATHE ¢ OOWUX NO3NLKIT 11 Gonee AeTaNbHO,

Niobas onenxa T' = T(X) sBnsercsa cayyaiiHoOH BENHYHHOMN, MO3TOMY 0B-
WHUM TPeGOBAHMEM K Hell ABNAeTCa NOCTATOYHO BLICOKAS CTeNeHb KOHUEHTPaUMK
€€ pacrnpedeficHUA OKOM0 MCTHHHOTO 3HAYEHWS OUEHUBAEMOIT XapaKTepHCTHKM.
YeM Bbllle CTeNeHb 3TN KOHLEHTPALNH, TeM Nyuwte (TouHee) COOTBETCTBYOUIAS
OleHKa. BblpaxenyeM 3Toro B onpene/ieHHON CTENEHH M ABASETCS] YCNOBHE He-
cmelleHHocTH. [aaum ero Gofee meTanM3aupoBaHHOe (B3 KOHMTEKCTe obCcyxaaemoit
npoGreMaTnki) u obuiee onpeaenetue. Ho cHayania ycioBuMcs 0 HEKOTOPbIX 10-
NOAHUTENLHBIX 0003IHAYCHHUAX.

B cnyuae napamerpuueckoit monenu F = {F(z;#), 6 € ©} pacnpenencHue
BePOATHOCTEH Ha BLIGOpOUHOM NpocTpaHcTee X, orneyatoulee napamerpy &, obo-
3HayaeTcs cumposiom Py. AHAIOTMYHO, MHASKC @ NMpPH CHMBOMAX MATEMATUYECKOTO
oxunaunst E, aucnepcun D o 1.4, Bydet 03HAYaTh, UTO COOTBETCTRYIOLUUE REH-
YHMHEBI BBYKCAAIOTCS Aaa pacnpeneneHust Py, Hanpumep, EoT(X), DeT(X) —
0603HaYeHNS COOTBCTCTRYIOLLMX MOMeHTOB cTatHctiku T(X) B cayyae, koraa
dyukLma pacnpegenenus soibopkn X = (X, , X,) ects

Fx(z;0) = F(z,,8) F(zy..0)
(nau nnotHoctd fx(z;0) = f(z1,8)  f(z,;8)). Mpu 3ToM ana earHOo0Bpasus

MHOTAa ByaeT ucno/ibloBaThCsl COKPALLEHHAA 3anuch yeped uurerpan Cruntheca 2.

EeT(X) = f T(z) dFy (z; §).

3nech MHTErpaT MOHUMAETCH KAK Ti-MepHbIil MHTETpan no nceMy BhIOOpOUHOMY
npocTpaHCcTBY X, KOTOPLIA B cnyyae abCONIOTHO HeNpepuIBHOA MOAENY BuI4UCASA-
e1csa Kak 00bluHbIT HHTErpan PuMana

fT(:r], LZo)f(xi6)  f(z,;8)dzy  dz,,

D Crunbec Tomac Au (Mn.) (1856-1894) — ronnaiackuil MITEMaTIIK U ACTPOHOM.
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4 B CNyyae JUCKPETHOM MONEAM — Kak COOTBETCTBYIOLLIAS CyMMa
ET(xy, ..., zp) f(x1;60)  f(zn; 0).

DTOrO yXKe 10CTaTOMHO, YTOOB! NMepeiTH K TOUHBIM (hOPMYIHPOBKAM.

UL IR Cratuctuka T = T'(X) HaiviBaeTcA wecmeuweHHoU 8 cpedHeM
(vnun npocTo HecmeweHHOL) oyenKod ANA 3aAAHHON NapaMeTpuyeckoln GyHKLNU

7(9), ecnn oHa ypoBNETBOPAET YCNOBUIO Venoaue l‘\\\

E;T(X)=171(8), VOcO, (4) HECMELWEHHOCTH

OG ycnosuwu (4) roBopAT Kax 06 ycroguu HecmeuernHocmu. Ecy OHO He BINON-
HAETCA, TO BeJIHYHHA
b(8) = E;T(X) — 7(6)
Ha3blBaetcs cuewqeriuem oueHKH T'( X ). Takum 06pa3oM, MOXKHO TAKXKE CYHTATh, YTO

HeCMeLLIEHHbIE OLEHKH — 3TO TakHe OUEHKH, LA KOTophiX cmetueHue b(0) = 0,
V@ € ©. B obiuem cnyyae cpelHekBaapaTHYHasa olINOKa

A(T; 8) = Eo(T(X) - 7(6))’

oueHku T = T'(X) Bbipaxaercs yepe3 LMCMePCHIO OLUEHKH U €€ CMelIeHHe cre-
oyownM obpa3om
A(T; ) = DyT + b*(6). (5)

Cnenosare1bHO, U HECMELUEHHBIX OLIEHOK C. K. 0. COBMafaeT ¢ JUCNEpcHeit
OUEHKH.

B KOHKpeTHBIX 3a13a4ax YacTO OrPaHHYMBAIOTCS PACCMOTPEHHMEM JTHLIb Kacca
T, HecMellleHHbIX OUEHOK ana T = 7(#):

T, = {T(X) E,T(X)=r(8),v6c 0O}

QOyuxuus 7(0) naswiBaetcs oyeriugaemod, ecny xnace 7, Ouenmaaembre ‘\\\\
He MyCT, T. €. €C/U CYLIECTBYET XoTa Gbl OAHA HeCMelleHHast
ouenka mns 7(6). [Tpo mobyo HecMeiteHHYIO OUEHKY MOX-
HO CKa3aTh, YTO «B CpeHEM» OHa MPUDBOLUT K XenaeMomy pe3yisTaty. K Tomy Xe,
KaK 310 6yNeT MOoka3zaHo jJaiee, LIS HECMeElEHHbIX OLEHOK MOXHO MOCTPOWTD
NOCTAaTOYHO NPOCTYID M NMpPaKTHYECKH NONE3HYI0 TEOPUIO, B KOTOPOH KpPHUTEPHEM
TOYHOCTH OLICHKH SIBNSIETCA ee MUCMEPCHS.

bYHKLWM

Hecnonsxo cnos o gunocoguu ccpedne2o». B nonab3y «cpeaHero» MOXHO npi-
BCCTH CACAYOLIME PACCYXACHHUA U3 KHMMHU BeHrepcKoro Matemartiika [abopa Ce-
kea «[lapanokcbl B TCOpUM BEPOATHOCTER U MATEMATHUYCCKOI CTaTUCTHKE» [23].
«YpasHUBaHHE NPOTHUBOIMONOXH KX 3HAYCHHT U OTKIOHCHMIA D , cpeiHEM”, T. C.
CYMMHpPOBaHue HabM0ACHUIT B OOHO IHAYEHUE, MMEET JaBHUE TPAAMLHN. CXHA MHUCaN
B Tpareauu ,, IsmeHuanl® , bory Bcerna cepenvua nobe3na, u Mepy 4TuT BOXecTso,
a nocaea0BaTeNnn KUTakcKoro unocoda Koudyunsa roBopst, 4To ,,B HENOABUXHOCTH
cpearero (= Uxyn HioH) cctb Benuyaiiwee copeplueHcTno™ Maremariyeckn moHa-
THE ,,CPEIHET0 " MOXHO MHTEPNPETHPOBATb PAVTUYHBIMH ciocobamu (apudmeruieckoe
CpelHEe, reOMETPHYECKOE cpenHee, Meanana v T.1.). OIHAKO B CTATUCTUYECKHX MPl-
MEHEHUSAX B TEYEHHUE JQITOTO BPEMEHH KPaiHE BAXHYIO POib HIpano apubMeTHiecKoe
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CpelHee. Yxe B MEPBLIX BLIAAWILMXCA PE3YNLTaTax B TEOPHUU BEPOATHOCTEH M MaTeMa-
THUYECKOMN CTATUCTUKE H3yYanoch apuPMETHYECKOE CPEAHEE CTATHCTUYECKOH BLIBOPKY
M POCAO IMOHUMaHNE BAXXHOCTH ero MCMOABIOBAHUAS.

OnH2KO ycopHe HECMELLIEHHOCTY B CpedHEM He chedyeT abcoNoTUIUuPOBaTL, B HEKOTO-
pLIX caydasx TpeboBaHUe HecMelleHHOCTH (4) MOXeT OKa3aThbCs CAMULWKOM «KECTKHM»
¥ NPUBECTH K HEXENATEJILHBIM pe3ynbTaTaM. Tak, MOXET QKa3aTbcs, YTO HeCMELLeH-
Hule OLEeHKH (B JAaHHOH Moaenu u AN AaHHOM NapaMeTpUYecKoil pyHkuMM) BoobLUe
He cyulecTaYlOT (T.e. Kiacc 7, = @ — nyctoe MHOXECTBO), 4 B APYFHX cAydasx,
XOTA U UMEKTCH, HO npakTHyecku Becrione3nbl. Huxe 3t obliue nonsoxeHus wmn-
ACTpUpYOTCH npuMepamd. Ho npeapapurenbHO OTMETHM, YTO CYLIECTBYET TakXe
M KpUTHYeckas punocodusn «cpeaHero». Tak uMeeT MecTO (M HEKOTOPbIMU aKTHB-
HO WCMOAL3IYETCA) TAKOM NPHUEM HMCKAXKEHHSI UCTHHBI, KaK MCTIONbL3OBAHHUE «CPEIHUX
ungp» (kak 3ametin JIEHUH, «HET HUYErO Fynee Tak Ha3biBaeMblX ,,CPEAHMX UHPP'»),
KOrAa MOHATHE CPedHEr0 MCMOALIYETCA KAK CMHOHUM THNM4yHoro. Ipumepamu takux
NOAMEH MOTYT CIYXHTb CPEAHUH HOXOA HAcEICHUA, CPEAHSAA TeMnepaTypa OONbHbIX
B HEKOTOPO# DOMBbHMUE, CPEAHEE KOAMUECTBO OCANKOB 332 HECKONLKO CE30HOB B He-
KOTOpOM perioHe (B obracty N B npoiwioM rofy Oblia JIETOM 3acyXa, M BCE noas
BbITOPEJIH, 2 ITUM AETOM NMPOWAN AMBHA, KOTOPbIEC BCE CMbIAM C MOAEH, HO B CPeAHEM
KOAUYECTBO OCAOKOR 33 1BA CG30HAa — B npeleiax HOPMbl, HAW, B HEKOTOPOW CTpaHe
eCTh BCETO MTUILb HECKONBKO 0YeHb GoraTbix cemet 1 00b1noe KONHIecTRO DeAHbIX, YbM
AOXO[bl COOTBETCTBEHHO OMPOMHBE U Mabl, NOITOMY 3AECH CPEAHHH J0X01 BOBCE HETH-
nuyeH). Taxum o6pasoM, CpeaHHe XapaKTepUCTUKH YacTo BBOAAT B 3abayxaenue. Kak
orMevaerca B [23], «cpennuil yenosek — oaHa W3 HHX». HeynuautenwHo, uto uccne-
JaoBaHus beavruiickoro yuenoro J1. A. XK. Ketae no 3ToMy Bonpocy cTatu UCTOYHUKOM
ropsiyux criopos. Xyauiee B «CpeiHeM YeT0OBEKe» He ero cepocTb, a BO3HMKAWLIHE Npo-
TuBopeYis. Hanpumep, cpeaHuii poctT He COOTBETCTBYET CpeAHEMY BECY U T. A. TONbKO
no OLHOH 3TOH NMPUYHUHE MOXHO YCOMHUTBCE B cripasenBocty cnos [k, PefiHonbaca
(nepsoro npe3uaeHra Koponenackoit akanemuu xyaoxects B JIonaoue), Korga oH cka-
3a1, YTO «B CPeAHEM MCTOMHUK MPeKpPacHOro».

[Tepeiinem x ofewaHHbIM TIPUMEPaM, OTTEHAIOLIHKM pPa3/IMuHbIE HIOAHCHl He-
CMEIUEHHOCTH B CpeleM.

Ymo npumepa nyqwe dedcmsyem?
YUmo moosmu cunsHeld gopoyaem?

A.C.Nywxun. bopa (1814)

Mpumep 1 (HecmewenHoe oyeHneanue B cxeme beprynaw). [lycTs
l = (Xl: ' Xﬂ)

— BuiBopka u3 pacripenesiennst bepuyun Bi(l, 8), T.e. X; npuHuMaet 3HaueHuA
0 u 1 ¢ Bepoathoctamu f(z;8) = 6°(1—6)""" z 0,1 (cm. m. 1 § L1I).
OnuueM Knacc oueHupaeMbiX PyHKUMH B paccmaTtpuBaeMoit MOMEIM U HaHAeM
COOTBETCTBYIOLLME HECMELLEHHBIE OLeHKH, 11 3TOro 3anuweM A1 npOU3BOSbHON
cratuctukn T'(X) ee MaTemaTndeckoe OXMIAHKE:

ET(X)= )Y, T@/f(z;6) flza6)=

z=(z,,....Za)
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Y T@E(1 -0 =D "g1-6" > T(z).

r=0 z:8z;=r

3nech npaBas YyacTb NpeacTaBaseT coboif MOJMHOM OT § cTeneHU He Boille 7,
CNeNOBATENbHO, B AAHHOM MORENK HECMELICHHBIE OLIEHKHM MOXHO CTPOUTb JIHIUb
LNst napaMeTpudeckux GyHkumit 7(6), SBAAIOLLMXCS TTONHHOMAMHU CTENEH HE Bhl-
e n — 4ucna HaGmogeHu. OTcroda, B YaCTHOCTH, ClENyeT, 4To 1A (GyHKUMUA
Baa 7(0) = 07" a>0n7(d) = 8° b > n, HeCMELICHHBIX OLEHOK N0 BBIGOPKE
obbeMa n He CYLECTBYeT.

[Tyctb Teneps

T(0) = ) a;¢’
i=0

— NPOU3BOJIbHBII MONTKHOM CTeneHu 1 (WM HUXe, ecTu CTaplure Ko3ddULUMEeHThH
@ PaBHbl Hymo). TIOCTPOUM CHayana HeCMELLEHHYIO OLEHKY A OTAE/bHOM CTe-

neuu & npu 7 < n. U3 ynp. 19 K 1. | umeeM, 4TO eCAM CyYaiiHAA BEUYMHA V
uMeeT OUHOMKHILHOE pacnpeneleHne Bi(n, p), To a1 ee j-ro dakTopuUaibHOIO
MOMeHTa Npu j < n cnpasemtuBa dopmyna E(v); = (n)jpj B nawem cay4ae
cramctika X = X; +  + X, nmeer pacnpenenenve Bi(n, 8) (cm. n. | § 1.1},
caenosatenbHo, Eg(X); = (n)jﬂj . 970 03Ha4aer, yTo cratHcTHKa (X);/(n); sBas-

eTcs HecMelleHHoit oueHkoit 1151 8 npu mobom § < n. Otciona, B CBOK OYEpPEnD,
MMEEM, YTO HECMELIEHHO OLIEHKOM nonnHoMa T(6) ABAseTCS CTATUCTHKA

F=T(X)=). —“J(S; )i

J=0
HTak, B 6epHynnuesckoit Momenn Bi(l, 8) knacc oLieHMBaeMbIX napaMeTpu-
4ecKrx GYHKUHMIA Mo n HabM0AEHMAM COBMAgaeT C KIACCOM MONHHOMOB CTENEHH
He BhilIE N, W JUIa 110601 Takoil dyHkumnu 7(0) ee HecMelleHHas OLEHKA T 1aeTcs
dopmynoit (6). J

(6)

Mpumep 2. Tlyets L£(§) € I1(6) — cemeitctBo Myac-  Orcyrcreme Hecmewen-
coHoBcknx pacnpenenenmit (cM. n.3 §L1) ¥ n =1, |, oF ouenkn 8 nyacco-
T. €. MPOM3IBeleHO oaHO Habmomenue X Haj myacco- Ll HOBCKOM MORENH
HOBCKOMH CnyyaiHoit BenuunHoil. TpeDyeTCa OLEHHTH ’
napameTpuueckyo dyHkumo 7(4) = 1/6.

Ecan T(X) — necmeweHHas ouenka 7(8), To ycrnoBue (4) NpuHUMaeT Bul

X g* 1
Y T@e’—=-, V8>0
= 8
1310)041
i o=+ © pr

N

»
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OuesuaHo, yto dyHkuusa T'{z), ynosneTsopsiollas MOCAEIHEMY YCIOBUIO W He-
3aBucaAlIas oT B, xak 370 TpebyeTcs B COOTBETCTBHM C OTpeAENEHHUEM MOHSTHA
OUEHKM, HE CYLIECTBYET, T. €. B JAHHOM CAY4Yag HecMeLleHHbIX oueHOK ast 7(f)
BoODILE HET. .

Npumep 3. Tlycts L(£) € Bi(r, ) — cemeiicto 07-
pULE@TENbHbIX GUHOMUANLHBIX PacnpeseneHui (CM. n. 2
§1.1) u n = 1. TIocTpOUM HEcMELLEHHYIO OLEHKY S
napameTpuyeckoil ¢ynkuumn 15(8) = 8° roe s > 1 —
LIenoe YMCo. 30ech YCNOBUE HeCMELIEHHOCTH (4) npuHUMaeT BUL

HecmeleHHble OUeHKH
B OTPMUATENLHOM
BMHOMMANEHON MOAENH

iT(m)f(:vlr, 0) = 15(6), V&€(0,1),
WIH =

w 03 m i
T T __ . J 5+73
E=0 T(Z) r+z—-lg = (l——B_); = jEzU Cr+j—l9 J, Voc (0, l)

Ho 13 ToXaecTBEeHHOro paBeHCTBa ABYX CTENEHHbLIX pANOB CAEIYET paBeHCTBO UX
K03(pPULUHUEHTOB NPH COOTBETCTBYIOWMUX cTeneHax @. CneaosaTenbHo, QYHKUUA
T'(z) 3mech 0OHO3HAYHO OMpeeneHa,  OHa eCTh

0 npu z < S,
T—3$ | sl
Tps(2) = 7= = z—j
r+z—1 H i npu T 2 S
o z+r—7-1

(3nech yyTeHo, uto npu b < 0 cl = 0).
TakuM oGpasoM, HecMelLEH HAs oueHKa ans Ty(0) CywecTByeT, eANHCTBEHHA

H ¥MEET BUA

s=1 X _ J

7= Ts(X) =11 .
J.=0X+1r°-_7—1

I(X 2 s). (7)

OGpaTMM BHUMAaHHE HA TO, YTO 3TA OLEHKA MOXET NPHHUMATL HYAEBOE 3Ha-
yenue (npu X < ), KOTOPOE HE NpUHAILIEXUT 061aCTu 3HaYeHUI QYHKLUMK T4(8)
(Bemb 0 < 75(8) < 1 npn 0 < @ < 1), TeM caMbIM AN Hee HE BbINOJHSAETCA
ycnosue (3). Ecan ke 7 = 1, 10 ouenka T 4(X) BooGiue npuHUMAET NMIUL OBA

IHAYEHUA:
0, X <s,

TI‘S(X): {1 X>s

HE MpUHALIEXalMe 00NacTH 3HaYeH Nt Gynxumn 7,(6), T.e. Takas oueHKa nuiue-
Ha KAKOTO-NHOO NMPaKTHYECKOro cMhicaa. DTOT MPUMEP NOKaILIBAET, UTO MHOTIAA
MPHHUMIT HECMELEHHOCTH MOXET NPUBECTH K BECnone3HoMy peaynsTaTy. .

Npumep 4 (06wan HopMansHaA Mofdens, oueHuBanue pucnepcuu). [lycts
X:(Xh...,Xn), n;z,
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2
— BbIGOpKa M3 HOpMalbHoro pacnpeneneuns A (8, 6;) (o6a mapameTpa Heua-
BeCTHbI). TpebyeTcs oueHUTh MapameTpHueckylo dyHkLuio (0} = 7(6;, 6;) = 6.
Mbi yxe 3HaeM (cM. Teopemy 2 § 2.2), 4To HeCMeLLEHHO OLUEHKOH TEOPETHYECKOM
puacnepenu sensercs (B noboit Mogenu!) craTMcTHKa
l n

1 2% =X

=]

S2 =

Mpu 3ToM (CM. 3ameyaHue K Teopeme Puwepa b § 2.5, cooTHowenue (7))

2 n 2 263
=D S — .
DgSD = ( l ) I (8)

Huxe (cm. § 3.2, npumep 9) OyreT rokasaHo, YTO MO KPUTEPHIO MHHMMYMA
AUCMEPCHHU OUEHKA .5'3 ABNSIETCA ONTUMATBHON CPeaHn BCEX HECMELUEHHbIX OLIEHOK
bynkuan 7(8) = 83 B mogenn N(8,, 63), T.e. Y (N
ee Aucnepcun (8) meHble aucrepcuyn nioboit 2

. . 2
APYrod HeCMeLEHHOR OueHKH BeNNUnHbl 6. n—|
PaccMoTpuMm Teneps Kfnacc OueHOK BHAA

T, = ,\5'5. Tak Kak 5
EoT) = AE,S. = A\62, n+tl

TO B 3TOM KJIaCCE MMEETCA 1ML eIHHCTBEHHas
HECMEIEHHAA oueHKa T(F), COOTBETCTBYIOLLAS — =

3HaueHuo A = |, T.e. ouenka Sp.
BbluncnuM cpeJHEKBAAPAaTHUHYIO OLUKOKY Puc. 1
NpoU3BONbLHOI oueHkH T'y:

A(Ty; 6) = Eg(T) — 62) = By [A(S3  02)+ (A — 1)63]° = A2DpS3 + (A — 1)%65.

— @ mermmmmmne -

Otciona 13 dopmyns! (8) monyuum

2)\2
n— 1

ATy 6) = $(A)0),  $(A) = ——=+ (A= 1)’
3neck dyHkuust P(A) ecTb napadona, rpadrk KOTOpOit 306paxeH Ha puc. 1. PyHk-
uusi Y(A) nocruraer munumyma mpu A =(n— /(n+ 1) n P(X") =2/(n+1).
Otciona, yuutbisas (8), uMeeM
263 265 )
A(Ty.: @) = < = A(S;; 6).
(Ti6) = —1- < - = A(S;:0)

TakuM 06pa3oM, MO KPUTEPHIO MMHMMYyMa C. K. 0. onTuManbHol B knacce 7 = {71}
SIRNIAETCA OLEHKA

* l - v
Ty = XS = — > (Xi - X" 9)
i=]
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JTa oLeHKa CMeLLEHHAaA, HO OHa TOYHEEC OLCHWBAET TECOPETUYECCKYIO JUCTIED-

cuIo 0% monenn N(6), 0%), yeM HeCMeLIeHHas OLeHKa 53. Haiinem ewe cMeweHue
b,(8) ouerxu T):
b,(0) =ET\ — 67 = (A" — 1)85 = — 26;
n - A 2 = 1= n+ ]-
Bro cMeLeHne Mo npu 60abIoM obbeme BoiGopxu n u by (6) — 0 npun — oo,
T.e. T)» — acUMIITOTHYECKH HECMELLEHHAs OLUEHKa.
OTMETAM JIOMOHHUTENbHO, 4TO NpH Jio6oM A € ((n — 3)/(n + 1), 1) ouexka

T, vMeeT MeHbIUYIO C. K. 0., Hexenu T} = .5'3, HO B Klacce HecMelleHHbIX OLEHOK
St — ontumanbHan ouenxa.

DTOT NpuUMep NMOKAa3bIBAET, YTO HE MOXET OblTb €NMHCTBEHHOIO KpuTepus,
10 KOTOPOMY CNEyeT CPaBHUBATh BCE OUEHKM, KaK HE CYLLECTBYET ENUHCTBEHHOM
OLIEHKU IaHHO TEOPETUYECKOI XapakTePHCTUKH, MOAXOAs Ll JUI BCEX ClTyJaen. e

Cmamucmuvecue 3adayu He umenm
00HO3HAYHbBIX OMaemos.

3. lemaH

3. ONTHMaNbHBIE OLEHKH

TpeGoBaHHe HECMELIEHHOCTH B CHAY CHENAHHBIX BbIlIe 3aMeYaHuii HEMb3s PaccMar-
pUBATh KaK YHUBepcaTbHOE. TeM He MEHEE BO MHOTHX BCTPEYAIOWIUXCA HA IIPAKTUKE
CITYy4asiX OHO YMECTHO M OBOCHOBAHHO W janee Mbi OyleM paccMaTpUBaTh B OCHOB-
HOM MMEHHO HECMELLEHHbIE OUEHKH.

UTak, nycTb Tpe6YeTCs OLEHHTb 3aIlaHHYIO APAMETPUYECKYIO hyHKUMI0 T = T7(6)
B motesin F = {F(z;8), 6 € ©} no cootBeTcTByI0UE# BolGOopKe X = (X, .., Xp).
OBo3Hauum T; kiacc Beex HecMeweHHbIx oueHok T = T'(X) ans 7(6) v npeano-
NOXUM, YTO OH He nycT (4TO 3TO He BCEraa UMEeT MEecTO, FOBOPUT HaM Tpumep 2
bie). JJONOAHUTENLHO NPENONOKUM, YTO ANCTIEPCUM BCEX OLEHOK M3 Kiacca

T, xoHeuHbl: DgT' = E4(T — 7(0))2 <oo, VT €T, uV8 € O. Bartom cnyuae,
KaK 0TMeYeHo Beille (cM. cooTHolueHue (5)), Mepoil TOYHOCTH OLEHOK AB/SAETCA
UX AUCTIEPCHSI.

3ameyanue, HanmoMHUM, 4TO B TEOPHH BEPOATHOCTE! M1 10601 cAy4aitHOH BeIHYHHbL £
C KOHEYHOH Aucnepcueil Mepoii «pa3bpoca» ee 3HAYEHMI BOKPYr CPEAHEro 3HAY€HUR

p = Ef cnyxkur cmandapmroe omiaonenue o = +/DE, a 3HAMEHWUTOE npasuto «mpex
cuzm» TNACHT, YTO 3Hadyenue £ nomnanaer » OTpe3ok [u — 30, u + o] ¢ BepoATHOCTLIO,

Mano oTnyalomeiics ot 1. Tak, ong HOpManbHO N(u,az) BeJTHYHHH

(-u

Plu-3o<é<put+in}= P{ < 3} =6(3)-P(-3)=29(3) - 10,997,

T.e. £ nonafaet B 0TPe30K [¢ F 3] ¢ BePOATHOCTDIO, NMILb HEMHOrO OTIMuAlOLLeHCs OT 1.

Urak, nycte T u T — oueHku u3 xnacca 7,. Ecnu

Dﬁ;T‘= <DyT, VO€O, (]0)
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CO CTPOTMM HEPABEHCTBOM XOTA Okl IPH OAHOM §, TO IO KPUTEPHIO MUHUMYMa ANC-
Nepcuu creayeT oTaaTh npeanoytenne T, kak Gonee TouHol oueHke. Ecau yeno-
sue (10) BbinonHserca ana moGoi oueHkn T € T,, 1o T™ Ha3uiBalOT Hecmewenoil
OUeHK Ol ¢ pagHOMepHO MUrLMAAbHO duchepcueli (COKPaWEHHO, H. 0. P. M. I.). Ta-
xyio ouenky T° (xorma oHa cywectsyer) 6yleM 1A KPaTKOCTH HalbiBaThb TAKKE
ORMUMAAbHOG Y NHOTIA 0603HaYaTh 7 YTOGK NMOMYEPKHYTh, YTO OHA OTHOCHTCA
k dyukunmn 7(6),

Hrak, ontuManbHoii (cpean HeCMeUleHHbIX) fAB- YCnoBre oNTHMANBHOCTH ;\\\
nsietcs ougHka 70 € Tr, AN KOTOPOM BHINOTHAETCH HECMELLEHHOM oueHKm,
yCcl10B1E

DgT* = inf DT, VO €O (1 l)
TeT,

Tpe6oraHWe paBHOMepHoit (no napamerpy ) MUHMMaTBHOCTH OHUCIEPCUM
BECbMA CHJIBHOE M HE BCEria uMeeT MecTo. MOXeT OKa3aThCA, YTO U3 ABYX HecMe-
weHHbIX oueHok T) n Ty mucnepcusi DTy MuHuManbHa (B wiacce 7;) 117 OTHUX
3HayeHM napamerpa @, a nucnepcua DyT> — masa apyrux sHaueHu# 6. B taknx
Cny4asX ¢ MOMOUIBIO OAHOMO KpHUTEPUSA MUHUMYMa IMCNEPCHH 3TH OUEHKM CPaB-
HUTh Henb3A. OgHaKo 3To TpeOoBaHMe BhIAENAET ONTHMANLHYIO OLEHKY B Kiacce 7
OZHO3HAa4YHO, €C/IM TakKas OLEHKA CYLIECTBeT, 0 YeM I'OBOPUT CJIEAYIOlUas TeopeMa.

Teopema 1. Nycte T3 =T;(X), i =1, 2, — ppe onTumansHsle oueHku gna T=T7(6).
Torpa T, = T} 3,

HAoxazamenscmao. Paccmotpum Hosywo oueHky T3 = (T} + T3)/2. fcHo, uTO
I5eT n

1
DyT5 = Z(Dﬂ'l + DTy + 2 covg (Th, T2)). (12)

Bocnonb3yeMcs M3BECTHBIM B TEOPHH BepOATHOCTeH HepaBeHcTBoM Kowmn—
ByHAKOBCKOro: 18 NI06bIX CAYYaWHbIX BEMYMH T U 73 C KOHEYHbIMU gUCIIED-

CUAMHU
|lcov(m, m)| < /DDy,

NpUYeM 3HaK PaBEHCTBA MMEET MECTO TONbKO ECIM 1) M 7 JMHENHO CBA3AHBI
Orciona ¥ u3 (12), nonoxus DyT) = DTy = v = v(f), nonyium

1
DgT} < 5(‘0 + ICOVg (TI:T2)I) <. (]3)

[Tockoneky T3, t = 1,2, — onTuManbHble oueHkH, TO v = DgT; < DygT3,
otkyna DyT5 = v, T.e. T3 — TaxXKe onTUManbHas olieHKa. Ho Tax kak B He-
paBeHcTBax (13) umeloT MecTo 3Haku paseHcTda, To covg (T4, T3) > 0 u, Gonee
toro, covg (T, T2) = DyTy = v. Cnenosarencho, T} n T» nuHeHO cBA3AHBI,

3) 3.[[60!: M ganee paBeHCTBO CTATHCTUK MOHUMACTCHA B TOM CMBICAE, HTO
Po{X € {z:T(z) # Ia(z)}} =0, VvOe®.
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T.e. T\ = KT% + a. V3 ycnopusi HecMelUIeHHOCTH OUEHOK UMeeM T = k7 + a,
T.e. ¢ = (1 — k)7, vt cnenosarensio, Ty — 7 = k(T> — 7). 3nech Koa(hdhHUHEHT
k = k(f) onpenensieTcs UENOYKOH PABEHCTH

P = COVy (Tl, Tz) = Eg(T] - T)(Tz - T) = kEg(Tz — T)2 = kDgTQ = kv.
Orcrona umeem k = 1, cnegoBarensho, T\ =175, A

[TpuBeneM npumep CyLleCTBOBAHUA ONTUMAILHON OLIEHKM B KOHKPETHOI MO-
Jdenn.

Npumep 5 (bepuynnuesckan Mmopens, oueHBanne napamerpa). [lycts
X =(X,, ,X,)

— BbiGopka u3 L(€) € Bi(l, 8) u tpeGyercs oueHuTs napametp 6.

3neck Eg X; = 8, noatomy BbIGOpPOYHOE cpenkee X SBAAETCS HECMELIEHHO
W COCTOATENLHOI oLeHKoit B (cM. Teopemy 2 §2.2). OnHako X He eIMHCTBEHHAs
HEeCMELLEHHaA oleHKa #. HanprMep, BCAKAs CTaTUCTUKA

.l n
T=;Zb;X¢ [IpH b|+ +bn=n

i=|
TAKXe ABNSETCA HecMelleHHOi oueHkoit 8. TIpu atoM, Tak Kak (cM. (2) §1.1)

I o .5 b? %
DgTz-T;Zb,-ﬁ(l—@)g—@(l—ﬂ)g—-——ﬁo npu 7 — 00

: n 4n
1=1

(3mech b = max |b;|), To oueHka T' Takxe M cocrosiTenbHa. TakuM o6paloM, Takue
4

OLEHKH TAK XK€ «XOpOWM», KaK U X,

Wrax, B 1aHHoilt 3ataue knacc 7, CONEPAKUT MHOTO
OLUEHOK M MOTOMY BO3HWMKAaeT BOMPOC O BuIGOpe Cpe-
OM HuX Haunyuweit. [Tokaxem, uTo B OaHHOM cay-
yae ONTUManbHas oueHka T~ CYLLECTBYET U NPH 3TOM
T = X. Mockoneky DgX = 6(1 — 6)/n, 10 B co-
OTBETCTBUM C onpedencHuem (11) mocrarouyHo nmokas3aTs, YTO L1f JOOON OLEHKH
T € T, BbINOMHSAETCS HEPABEHCTBO

DT > @ V6 e (0,1). (14)

OnTumaneHoCT
>
% BubopouHOro cpeaHero
B 6epHynnMeacon1
MOaEeNu

B nanHoM cnydae pacrnipemeneHue BbIGOPDKM 3agaeTcsl NJOTHOCTBIO {CM. NpU-
Mep 1)
L(z; 0) = 6= %(1— )" =%, z=(x\,...,Ts). (15)

Tak kax

1= Lz8) n 0=ET(X)=>_ T(z)L(z;0),
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TO, IM(prpepe HUMPYA 3TU TOXIAECTBA MO @, TOTYYUM

OZZE)L:L'G Z&)lnL:l: 6) (ﬂ:;g):Eg(c?lnL(X;H)),

o8
BlnLa: 9) BlnL(X;G))
| = T(z @) =E) | T —_— 1.
> @) = ks (100
OTC}OLLa MOXHO 32[TUCATh
InL(X:
t=F [(T(X) - 9)3*“_6(0{5_9_)]

M, cornacHo HepabBeHCTBY Kown—ByHAKOBCKOTrO,

d1n L(X;6) )2

| < Ep(T(X) - e)zEg( 3

Ho Ey(T(X) — 6’)2 = DyT, no3ToMy M3 MOC/IEAHErO HEPABEHCTBA CACIYET, YTO
]

DT > , Va8e(0,1) 16
’ . (a>1nL(J|r;(9))2 . (1
’ 9
B paccMaTpuBaeMoMm cayyae (cM. (15))
BInL(X;0) | < I - 1 L
——Fa =3 i— TR~ ) = - 0),
50 agm 1—0(” lm’) si—p) 2% )

MO3TOMY

dmL(X.0)\ | ’
5( 50 a2
n n
S e —e > T -ey

Orcroga v 13 HepaBeHCTBa (16) monyyaem cooTHouteHue (14).
YyuTbiBasi BaXHOCTL AUTsi TMpUJIoXeHW#H OepHymivesckodl Monemu Bi(l, 8),
chopMynupyeM NMONAYYEHHBIA PE3YILTAT B BUAE TEOPEMDI. .

(17)

Teopema 2. OTHOCHMTeNbHAA YACTOTA NPOU3BONLHOTO COOLITUR B 71 HE3ABUCUMBIX
MCNLITAHUARX ABNRETCA ONTUMANbLHOA HeCMEeWEeHHOW OUEHKOW ANA BEPOATHOCTM
3TOr0 COBBITUR.

Kak cnencreuve 3Toi TeOpeMbl OTMETHM, YTO 3HAYEHHE IMITUPUYECKON QYHKLIMH
pacnipezeneHua Fy,(x) B kaxol Touyke T ABAdeTcA ONTUMANBHOH HECMELIEHHON

OLEHKOH I8 3HAa4YeHHA B 3TOH ToYKe TEOPETHUECKOH PYHKUUM pacnpeneeHus
F(x).
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[TpuBenem CAeaAyOLIYIO IOMOPHCTHYECKYI0 MCTOpHIo, npuHamnexauyio . [oita

[20] » noxa3sbiBalomyIO, KaK He CAeyeT WHTEPNPETUPOBATH YACTOTHYIO KOHLIEN-

uuio BepositHocTy. [-p Tea (nokTop TefenaTiu), 3aKOHYUB OCMOTD MalUUEHTa,

nokayan rojosoi, «Bbl 04eHb cepbe3Ho BONbHbI, — CKa3an OH, — W3 AECATH
YyenoBeK ¢ TaxoH GO/NE3IHBI0 BBDKUBAET TOMLKO OAuH». [laumenra ata uuHpOpMaumMs
NIpAAHO ucnyrana, u A-p Ten Hayan ero ycrnokanaarth: «Ho Bam oyeHb moBe3no, uTo
Byl npuiminy ko MHe, €3p. Y MeHs yXe yMEepau oT 3TOW 00ne3Hu AEBATH MALWEHTOB,
TaK 4TO Bbl BbIXXUBETE».

YcTanoBuM CNEeoylollee BaXKHOe CBOMCTBO ONTUMANIbHBIX OLEHOK.

Teopema 3. MNycte T7 u T5 — onTuManbHbie oueHku dyHkuuin 7 = 7,(8) u
X * ]

T, = 12(8) coorsercTeeHHo. Toraa cratuctuka T = a,T| + a;T, aenaetca on-

TUManbrOM OUEHKON PyHKUUN T = @17} + @75 ANA NiobbiX NOCTOAHHBIX @) W a).

Aorazamenscmeo. YcTaHOBMM CHayala CeaylLUee CBOMCTBO ONTUMATbHBIX OUe-
HOK, TIPEACTABISIOLIEe CAMOCTOSTENbH bl HHTepeC: INA N106oi cTatueTuky 9 = (X))
c Egp = 0, VO € O (1akas craTucTika P(X) Ha3bIBACTCS HeCMeujerHO OUCHKOI
HynA), BbIMOMHAETCA PaBeHcTBO covg (T),¥) = 0, V@ € O, . e. onmumansuan
OUEHKQ HEKOPPeAUPOBANQ C N000I HECMEU4EHHOI OUEHKOT HYAA.

s moka3aTe/bcTBa pacCMOTPUM CTATHUCTHKY Tl T\ + A¢. ITpu mo6om A
3T0 HecMelleHHasd OLEHKA 7|, N03TOMY B CHIy ONTUMANbHOCTH oleHKy T

DoT) = DgT} + AN'Dgyp + 2h covg (T, %) 2 DT, YO€O.  (18)

Otcioga cenyer, 4To covg (T}, ¥) = 0, Tak Kax B IPOTHBHOM CIYHAETIPU A = Ay =

= — covg (T}, 1)/ D3 nesas yacts (18) Gbu1a Gst pantia DgT —covs (T, ) /De¢p,
uto MeHblle, yem DpTy, mipu covg (T, ) # O (cm. puc. 2).

'y

Puc. 2
[TepeitneM HenocpeACTBEHHO K JOKAa3aTeNbCTBY TeopeMbl. [lyete T — npo-
M3BOJIbHASL HecMelleHHas oltenka T Torma 9 = T — T OyneT HecMeleHHON
OLEHKO# HYNA U, Mo npeabiaywemy, covg (T, ) = 0 i =1,2. Orcroma

0 = a, covg (T}, ) + a3 covg (Tr, ¥) = cavg (T, ¢) = DpT" — covy (T, T),
T.e.

DgT" = covg (T', T) < /DgT* - DT wv DT < DT, V6. A
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Takum 00pa3om, B KOHKDETHBIX 3adayax, KOLAa oLleHHBaeMass napaMerpuye-
ckasg QyHkuus 7(0) packnaabiBaeTcsi B CyMMy 6ojiee mpocTeix dynxuwi 7;(6),
3aflayy TIOCTPOEHMUS ONTUMAIbHOM HECMEILEHHO! oueHku s T(6) MoXHo CBO-
IIUTh K aHAJIOTMYHOI 3aaye JUis ee craraembix 73(6).

B 3axutioueHme 3Toro naparpaca paccMOTPUM OIMH KOHKDETHBIN NpyMep TpH-
MEHEHHUS MO1yYeHHbIX Pe3yNbTaToB,

NMpumep 6. PaccmoTpum cUTYaunio, ONUCAHHYIO B PU-  OprmanbHOS OLEHKA &
Mepe | Beenenus, v mpeanoioxuM, YTo B IKCIIEPHUMEH - BePOATHOCTH «yCnexar
TE peanu3yeTcs cXxema BbIOOpa L1ApOB ¢ BO3BPALUCHHEM. 8 cxeme BepHyn
Torna, kak nokalaHo B npuMepe | § 1.1, Mb1 HMeeM Zeno

co cxemoit (Mozensio) Bepuynnu Bi(l, #), roe HenaBecTHas BEPOSATHOCTb «ycmexXas
6 a;/a — nons Genwlx Wwapos B ypHe. [lo Teopeme 2 gons X/n Habnmo-
HABLIMXCS GeNbIX LIAPOB NPH 7 M3BMEeYeHUSX (OTHOCUTENIbHAS 4ACTOTA «yCIexa»
= W3BJIcHEHHe Genoro lapa) ABMseTcs ONTUMATbHON HeCMelIeHHON oleHKoH §:
9" = X/n. Taxum obpa3zoM, npeanoxeHHas B npuMepe | BeneHuss MHTYUTHBHASA
OLIeHKa Ha caMOM flefle 0Ka3blBaeTcAd Haufyvlieid ¢ pacCMaTPpUBAEMbIX MO3ULUM
HECMEUIEHHOCTU Y1 ONTTUMAIbHOCTH. °

HcpeﬁneM TEMEPDL K 0BIUM METOIaM MOCTPOCHHUSA ONTUMAJIBHLEIX HECMELLIEH-
HbIX OLIEHOK.

§ 3.2. Kputepumn onTMManbHOCTM OLEHOK, OCHOBaHHbIE
Ha HepaBeHcTBe Pao—HKpamepa. IpdeKTuBHbIE OLEHKH

Y100l MPOOBHHYTbCA BNEpel, HAM HeoOXOAUMO BBECTH HECKONbKO HOBbIX BaX-
HBIX TIOHATHAH, KOTOPLIMU OTIEPUPYET TEOPHA ONTUMANbHBIX OLEHOK. C 3TOTO Mbl
¥ HayHeM.

1. OyHKunA npaeponopobua, sknan BeIGOPKH, PyHKUHA HHBOPMALUK

[lycTsb, xak 06b14HO, f(; 6) — niaoTHocTs HabONAEMOH ClyuyaiiHOH BENTMUYUHLI €,
X=(X\,. ..X,) —swbopkauns L) EF ={F(z;6),0€0}nz = (x,,.. ,Tn)
— peanusaums X. Pynkuns L(z; 6) = f(z;0)  f(zn; 0) asnaercs, odeBraHO,
MJIOTHOCThIO CydaiiHoro BekTopa X. PaccMaTpuBaemasi pu (MKCHPOBAHHOM
kax dyuxuus napametpa # L(z; 6) nasvtBaetcs gynkyueli npaedonodobus (MHoraa
06 L(z; 6) roBopaT Kak o npaedonodobuu OanHbix).

B nanbHeijiuiem npeanonaraercs, yto L(z;8) > O npuncex € X u # € O,
U DuddepeHLrpyeMa o napamertpy . IlycTe cHavyana napaMeTp § — ckansipHblil, &
CnyyaiiHas BeIMuMHa Binaa suibopku

dInL(X;0) 2. 81n f(X;;6)

=2 ‘ (1)
06 a0

Ha3blBaeTCA @xAudoM ewbopku, @ i-¢ cnaraeMoe B npasoil yacTu (1) Ha3blBaeTcs

gicnadom 1-20 nabmodenus, t = |, | n. B fanbHeilueM npepnosaraeTcs, yTo
0< EgV3(X;0) <00, VYOEBO. )

V(X:.0) =

i=l
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B nmocaenywumem M310XeHUM HaM HEOJHOKPATHO MpUAETCA AUhdepeHLnpo-
BaThb 1O ¢ WMHTETrpaibi TUMNA

/ T(z)L(z; ) dz

(MHTETrpUpOBaHMe BELETCS 1O BCeMy BbIGOPOYHOMY MpocTpaHceTBy X) W nmpennofa-
TATb MPU 3TOM, YTO MOXHO MEHATb MOPAL0K MHTETPUPOBAHHUS U AU depHLUMpPOBa-
nHus. Monenu, Anst KOTOPbIX BCe NMEPEYMUCIEHHBIE YCA0BUS
Perynsiphbie Mmoaenn  BBLIMOMHAIOTCS, HA3bIBAIOTCA KpaTKo peevaapuvimu. OTMme-
TUM, B YaCTHOCTH, oblilee HE0OX0OUMOE YCIOBHE pEryisp-
HOCTH, COCTOALIES B TOM, UTO BbIOOpOYHOE NMPOCTPAHCTBO X HE JOJIXHO 3aBUCETh
OT HEM3BECTHOTO NapameTpa §.
PaccMoTpuM HexoTopble cBoitcTBa Bknana V (X ; @) mis peryaspHbIX MOJE/IeH.
Bcerma umeet Mecto Toxaectso (o 6)

/L(g; fyde=1 (dz = dz, dz,)

(3mech u manee Beaje N IMCKPETHBIX MoReNell MHTErPUPOBaHUE 3aMEHSAETCS CyM-
MupoBsanuem). Tak Kak MoIenb perynapHa, o, muddepeHumnpys 3To TOXKIECTBO
no @, moayynum

910 L(z; 6 dln Lz 0
oszdg:fwug; 8) dz = EsV (X 6).

a9 o6
Takum obpasom, Wisl peryl1apHoil MoJeH
EgV(X;60) =0 V#e€O. (3)
Hanee, B cuy npenmnonoxerus (2) u (3) onpenenena byHKUMs
in(8) = DV (X;6) = EgV*(X 6), (4)

KOTOpas HOCWT Ha3BaHue upopmayuu Duwepa o na-
pametpe 8, cogepxaweics B Boibopke X. Beamuuny

i0) = 00) = o T2 LE2) g

Ha3BIBAIOT TAKXKE KOAUMECMEOM UHPOpMaY iy, COAEPXKALUIEACT B OLHOM HaOIIOAEHU H.
13 (1) nmeem

Uudbopmauns Puwepa

n
81n £(X:; 6)
i,(0) =DpV(X;0) = D
) = DaV ;0 = 3D S
T. €. KOAUYECME0 UHQOpMayuu, codepicauietica 6 avibopKe, 03pacmaem nponopyuo-
HabHo 00BeMy 6o100pKU.

Ecnu nnotHocts f(x; 8) nBaxab auddepeHumpyema no 6, 1o npoaudde-
peHuMpoBaB npy 7 = | ToxaecTso (3) ewe pas, NOAyINM

8% In f(z; 0) 81n f(z; 6)\*
f-“anf(z; 6) dm+/(T) f(z;8) de =0,

) =nit) ©)
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i(0) = _Eg(ﬂ%{;—")). (5")

[MpuMmep BuyucheHua nudpopmauny Puuiepa ana GepHYINEBCKOI MOIEH
Bi(1, 6) umeercs b § 3.1 (dopmyna (17)): ana atoit monenn i(8) = 1/(6(1 — 6)).

PaccMoTpKM elle oMK NpuMep BoluucneHns GyHKUMH (0} 11 HOpMaSbHOIH
monenn N (6, 02). 3nech BKUIAL ONHOTO HAGMIONEH A

oln f(X;;8) X, -6 8% In f(X,; ) 1
99 T e PYE = 0

oTkyaa no dopmyne (5') nonydaem i(f) = o~ °. Bun byHkumm i(6) a1 psga cTau-
AapTHbIX MoJeneit npuBeaeH B Tabn. |,

T.€. (cM. (5))

V(X 6)=

Tabnuuya 1
Monens | N(8, ¢%) | M(u, 8°) | T(8, A) Bi(k, ) Bi(r, §) I1(8) | X(6)
i(8) o 267 AT k6O —-8) | r/6(1-8) ] 67 | 1)2

(onpeaeneune ykasaHHbix Mogeneit cM. B § 1.1 § 1.2, obwan momens Kown K(6)
onpeaeneHa B ynp. 48 (6) x rn. 1).

lpubeneM elle NPUMEP HEPETYAAPHON MOIENN.
Mycts L£(€) € U(0, 6). 3nech U3 ToXAECTBA

[
T =
0
[
/3_ _
006 =
1]

TaK KaxK NpH auddepeHINpOBaHUY HUHTETPAIAa NO BepXHEMY npeleny rnospnseTcd
elle ONHO charaemoe. B gjaHHOM ciyyae NpHYMHA HEPETYASPHOCTH 3aKIHOYaeTCH

B TOM, YTO BhiGopouroe npoctpancTso (nutepsat (0, 8)) 3aBUCHT OT HEN3BECTHOTO
napametpa @,

N
Heperynaprocts »
POBHOMEPHOKW MOAENK

HE CNedyeT, 4T

2. HepaseHcTeo Pao—Hpamepa

B cnyyae perynsipHbix Mofeneh pis IMCNEpCHM HECMELLEHHLIX OUEHOX MOXHO
YCTAHOBHTb abCOJIIOTHYIO HUXHIOI TPAHULLY, YTO K OYAET NOKa3aHO B HACTOALLEM
nyHxTe. PaccMOTpUM 33134y OLLEHMBAHUA HEKOTOPOI NapaMeTpHUecKoil HYHKUMH
7(0) B perynapuoit monenu F = {F(z; 8), 6 € ©} co ckanapHbiM napameTpoM 6.
MMpeanonoxum, 4to Knacc 7; HECMEILEHHBIX OLCHOK 7(6) He MyCT, n GyHKUMUA
7(0) nuddepenunpyema. Toraa nmeeT MeCTo Crenyiolee YTBEpXIEHHeE.
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Teopema 1 (Hepasencreo Pao—Kpamepa). [ns nwboit ouewku T'=T(X) €T,
CNpaBeanneo HepaBeHCTBO
[r'(6))

ni(6) ®)

PaBeHCTBO 3aeCb MMEET MECTO TOrAa W TONBKO Toraa, korpa T — nuHedHan QyHK-
UMA BKNasa BLIGOPKMY, T. e.

D,T >

T(X) - 7(6) = a(6)V (X, 0), 9)
rne a(f) — HekoTopas ¢yHKuus OT 6; B 3TOM Ciyyae
D,T = a(9)r' (). (10)

Joxaszamenscmao. Tlo ychosmio
BT(X) = [ T@1(z:0) iz =7(6), véeo (1)

Monenb F perynaspHa, no3tomy, AMdepeHLMpys 3T TOXAECTBO 1o 6 M yuu-
TeiBas (1), (3), nomyunm

70 = [ 10725 1z ) dz =

= E(T(X)V(X;8)) = covp (T(X)V(X;9)). (12)

Hcnonbaysn HepaBercTBo Kowm—ByHakoBekoro n onpeaenexue (4), u3 ato-

ro cocTosHus monyyaem oueHky [7'(8)] < in(8)DsT npnuem paBeHcTBO 3mech
MMEET MECTO NMb B caydae, koraa (npu kaxooM B) cratnetrika T'(X) wm Bknaz
seibopkr V(X; 6) nuueino ces3anbl, T.e. umeeT mecTo (9). OTcrona, Bo-TlepBbIX,
nmeeM HepaBeHCTBO (8), Tak xak i,(f) =ni(6), a, BO-BTOPbIX, NOACTABAAS Npef-

crarnenne (9) 8 (12) nmeem 7'(8) = a™ ' (6)Dy T, €. npuxomum x (10). W

3ameuanme. Eciu T = T(X) — ouenxa co cmeweHueM b(6) n bynxuus b(f) audde-
peHLMPYEMa, TO, UCTIOAb3YS BMECTO COOTHOWeHUA (11} TOXIECTBO

f T(e)L(z; 6) dz = 7(6) + b(¢),

C MIOMOIU{bI0 AHANOTMMHBIX PACCYXAEHHA MOXHO YCTAHOBMTb HEPABEHCTSO (TAKXE HA3bi-
BacMoe HepascHeTBoM Pao— Kpamepa)

2
"(8) + &' (8
N ORLIO)
n(0)
obobwarowee (8).
D dexTHBHBIE OUEHKM Ecau cywectByer ouenka T° € T, A5l KOTOPOJ

rpaHrua Pao—Kpamepa (8) mocturaercs, To ee Hadbl-




§ 3.2. Hpumepuu onmumansHocmu oyeHok no Pao—HRpamepy 177

BalOT 3¢pexmusnoil. IdPeKTHBHAS OLEHKA ABASETCA ONTUMATBHOM, W, COrNIACHO
TeopeMe | § 3.1, ona eanHcTBeHHA. M3 TeopeMbl | chnenyeT, uTo xkpumepuem 3chdex-
mueHocmu oyeHxu neinemca npedcmaenerue (9). ByaeM Ha3biBaTh 3TOT KpUTEpWii
ONTUMAILHOCTH OUEHKH Kpumepuem Pao—Kpamepa. 1nn a¢hdeKTUBHOR oueHKM,
T. €. yIOR/IeTROpsAIOLIEil NpeacTasieHUI0 (9), ee AUcTiepcUs MOXeT ObITh BLIYUCIIEHA
Taxxe no cdopmyne (10).

OTtMetuM cneaylouiee obctosrenscTso. Bxnan sriGopku V(X 6) oaHo3HauHo
onpeaensietcsi Moaensio. [lostomy npeacraenenue (9) (koraa oHo MMeeT MecTo)
€AMHCTBEHHO U, CJICIOBATENLHO, 3P(EKTUBHAA OUEHKA MOXET CYLLIECTBOBAThL TOMb-
KO U1 OAHOW OolipeRe/IEcHHON NapaMeTpuyeckod hyHKUMU T(B) U HE CYLLECTBYET
HU VTS KaKOW apyroit GyHkunu napamMeTpa @, otinyHoi ot a7(6) +b, tnea n b —
KOHCTAHTHI.

C npumepom 3¢exTMBHON OLEHKH MBI YXe BCTpEuanuch B npumepe | §3.1.
Tam Mbt uMenn npeactarnenune 8(1 —6)/aV(X;)=X -0, 1.¢. a(8)=0(t - 0)/n,
7(6) = 6, u notoMy cratuctuka X B Mozenu Bi(l, ) simnaetca adbdexTuBHO
oleHKord napametpa €. PaccMOTpUM elle HECKONbKO TMPHMEPOB Ha TIpUMEHEHHE
kpuTepus Pao—Kpamepa.

Npumep 1. Tycts X — BLi6OpKa U3 HOPMATLHOTO pacnipeaeneHus A (0,02). W3 (7)
C/EIYET, YTO B JaHHOM C/yyae az/nV(X ;) = X — 60, Te. no kputepuro Pao—
Kpamepa BbiGopoutoe cpenvee X B mogenu N(6, 02) apnAeTca pPeKTUBHOI
ouenKoit # u DgX = a’/n, uTo coBnanact ¢ HuXKHed rpaHuuei B (8). o

Npumep 2. Mycts X = (X, ..., X) — BuiGopka nu3 L(€) € N (g, 6%). 3nech

n

= —  _epd () = L )
£x:0) = \/m)nexp{ T ), 00 = 4 S0
U OTOMY
BlnL(X;B)_ET*(X)_E
2’

V(X;0) = 56 =5

HJIN
3

0 * 2
—V(X;0)=T"(X) -

Ho 310 no kputepuio Pao—Kpamepa o3navaet, yro cratuctuka T (X) siBnsetcs

shdexTuBHOM ouenkoii 7(0) = 6° u DgT* = 260" /n. o
Ha3loBeM 3@)heKmusROCMbIO OLEHKH Y VO— o
T =T(X) € T, otHoweHne OLEHKH
[7'(6))
T)=¢eT;8) = ——————. 13

M3 nepasenctsa (8) cienyert, yto 0 < e(T) < 1, a wia adbexTuBHOM oueH-
ku T" ee sddeKTHBHOCTD e(T*) = 1. Takum obpa3oM, 3¢pdeKTUBHOCTb OUEHKH —
3T0 OTHOLIEHUE MUHMUMANLHO BOIMOXHONH AMCTNIEPCUM B KJIaCCE€ BCEX HECMELIEH-
HBIX OueHOK 7, K Aucnepcuu AaHHoi ouevku T € T,

12 3axaz 1748
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BaxXHbIM NOHATHEM B TEOPUM OLEHOK SIBIAETCH TAKXKE aCMMMTOTHYECKas 3¢-
(DEKTUBHOCTL, KOTOPas ABJSETCH aHANOTOM MOHATHA IPDEKTUBHOCTY AN 60/b-
wux BeiGopok (npu n — 00). Ouenka Ty(X), X = (X, .X,), s 7(f) npu
. — 00 MOXET OKa3aTbCA aCHUMITTOTHYECKH HOPMANBHOM:

Lo(To(X)) ~ N( o), 01'(0))

ACHMATOTHYECKAS] aaxe B Tex cayyasx, korna DT, He cyllecTByeT. Acumn-
> deKTUBHOCTS momuveckoil Ighgpe KmusHOCH 610 TAKOW OLIEHKM HA30BEM Re-
S TUYHHY
'@ ,
Tu; 0 ———op(0). 14
eolTui 0) = = 5 6) (14)

Ouenky T, HasbiBaloT acumnmomuvecku sdexmusnod, ecan eo(Ty; 0) = 1.
Takum o6pasoM, B 5TOM cyuae 3a cpeixee U AucnepcHio oueHKH T, Mbl NPUHU-
MaeM CpelHee M OMCMEPCUI0 annpOKCUMHPYIOLWIEro 110PMAILHOD 3aKOHa paciipe-
LENEeHHS.

Npumep 3 (npoponikexne npumepa 2). PaccMOTpUM elle OAHY HECMELIEHHYIO
ouerky pynxunn 7(8) = 8 umenno, ouenxy S (cm. (17), (18) §2.2). Kak cre-
ayer n3 (7) § 2.5, ws nee Dy S; = 294/(11— 1), a dyHKUMA MHDOPMALNHK B IAHHOM
cnyqae ectb i(f) =207 (cM. abn. 1). CnenosatensHo, no dopmyne (13) sdbek-

2 2
tBHOCTb e(S5) = (n — 1)/n < 1. Takum o6pasom, cTaTuCTHKR Sj HE ABAsETCH
3¢ deKTHBHO ! OLEHKO TeOpeTHYEeCKOH aucnepcui (TakoBoi ANAeTC YKalaHHasl
B npnMepe 2 ctaticTHKa T ), HO OHA ACHMNTOTHYECKH 3D (eKTNBHA. .

Npumep 4 (npoponmenne npumepa 1). Paccmorpum B KauecTne OUEHKU & Bbl-
GOpOUHYIO MEANAHY (n 1/2. Kak nokazano B npumepe 2 §2.4

2
- TO
Ly (Cn, I/2) ~ N(Gs 7{) )
NOITOMY acuMNTOTHYecKanA addekTnBHOCTL (14) B JaHHOM Clyyae eCTb
~ 2
eo(Cn, :0) == = 0,637.
T

SddeKTUBHON Xe OLEHKO fBASAETCST BLIGOPOYHOE cpeaxee X. DTo 03HayaeT, uTo
rpy GoAbWKUX 7 cTATUCTKa X 118 deibopkn obbema i’ = 0, 637n OlleHUBaeT Uc-
TUHHOE 3HaYCHHUE @ C TAKON XKe TOUHOCTBLIO, YTO U CTATUCTHKA (,L i/2, HE3ABUCUMO
OT 3HaYEHUi B 1 o
w HHTepecHOo OTMETHTL, UTO NpPU HApPYWeEHWU YCo-
U Coepxapdpextushbie  Buii PEryAPHOCTH AHCTIEPCHS OLEHKH PR 72 — 00 Mo-
OUBHKM .. . o o0 XeT yObIBaTh 3HaYuTenbHO ObicTpee, UeM rpaHuua Pao—
Kpamepa B (8), T.e. MOTYT cyLlecTBOBaTh «cBepX3hdeK-
THUBHbIE» OLIEHKH. °
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Npumep 5. Paccmotpum Heperynsipuywo monens U (0, @). Wa ynp. 46 k ra. | nony-
YaeM, 4TO MaKCHUMabHOE 3HauyeH e BhibopkH X (n) UMEET MOMEHTHI

n§?
(n+1)Xn+2)
T.e. Iy = (n + 1)/nXn) — HecmewenHan oueHka @, a ee aucnepcus
82
n(n +2)

n
Eg X = -—=76 DiXm=

DT, =

yOBIB2ET ¢ POCTOM T KakK n”? B 1O Bpemst Kak rpaunua Pao—Kpamepa yGripaer

Kak m_ )

Npumep 6. TycTs TpeOyeTcss OLEHWTb HEW3BECTHBIN napameTp capura @ pacnpe-
nenexus Beitbynna W (6, a, b) (cm. n.8 § 1.2). U3 ynp. 56 k rn. | nonyyaem, uro
HecMellleHHasA oueHKa @ ro BuiGopke o6beMa b eCTh

]
T, = X(l) - bl“(l + 'a—)n_]/a,

rae X)) — MUHHUMaJIbHOE 3HaYeHHE BLIGOPKH. DTa OLEHKA MMEET AMCTIEPCHIO

2 ]
DT, = DgX(l) = b [F(l + -(;) -1 (1 + ——)]n—z/“,
o

MOPRIOK KOTOpOii n~2% MoxeT 6bITh CKOMIb YTOLHO BBLICOKHM TIPH LOCTATOMHO

ManeX & < 2. B maHHOM cayyae MoAenb TaKXe HeperyaspHa, NMOCKOMLKY ee
BLIGOPOYHOE NPOCTPAHCTBO 3aBUCHUT OT 8. °

3. JKCnoMeHUHaANbHaA MOAens

BBefeM BaXHbIA KJ1acC MapaMETPUYECKUX MOAENEH, HA3LIBAEMbBIX IKCHOHEHUUAAb-
nbiMy, JJIS KOTOphIX BCerna cyuiecTByeT 3¢peKTUBHas OlleHKa HeKOTopoit mapa-
meTpiueckoii yHkunn. Mo onpenenenuo, mogens F = {F(z;6), 0 € O} — axc-
NOHEHUUAbHAA, €CIIN TNOTHOCTL f(Z; 8) uMeeT BUA

f(z;8) = exp {A(8)B(z) + C(8) + D(z)}. (15)

MHoOTHe CTATMCTHYECKUE MOJENH YNOBIETBOPAIOT 3TOMY YCNOBHIO. B yactHo-
CTH, 3TO H3BECTHbIe Ham mozren N (8, 02), Ng, 02), '8, A), Bi(k, 8), Bi(r, 8),
T1(#), npuseneHHbie B Ta6a. I. Monens Kown X(8), oyeBunHo, He 2KCNOHEHLH-
anbHas, a pabHomepHas Momens U (0, 8), xoTa u yrosneTBopsieT ycrosuio (15), Ho
HE SIBJISAETCS peryasipHoOi.

Bxnaa BbiGopkH I15 3KCNOHEHUHATBHONW MOdENy paBeH

V(X;6) = A'(8) Z B(X;) + nC'(8) = nd'(6) [;1- E B(X;) + jg;]

12*
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DT0 paBeHCTBO MOXHO 3amucath B BUIE (9), eC/IU NONOXUTH

- I < C'(6) l
T :T(X):HZI:B(X,-), r(o)z—m, a(ﬂ):n—ﬂo—). (16)

s [lo kpureputo Pao—Kpamepa 3akniouaem, 4To CTaTH-
Yy SPPextrenbie ctuka T apnsercst a¢hdeKTUBHOM OLUEHKOI LTS NapaMeT-
OUEHKM B SKCNOWEH-  pyyeckoit dyHKUMM T(F), IIpY 3TOM COMNTACHO (OpMYNaM
UMANBHEIX MORENAX — (10) y (16)
7'(6)
nA'(9)

BepHo 1 obpatHoe: ecnu addeKTUBHAs OLeHKa LT HeKoTopoit byHkuuu 7(6)
CYLLECTBYET, To MOe/Ib ABAAETCA IKCNOHEHUMANBLHOM. JIEHCTBUTEABHO, UHTEPUPYS
o & pasencrso (9), nmonyyaem

In L(X; 0) = 4,(0)T(X) + C,(8) + D,(X).

Orcrona caeayer, yto naotHocTs f(z; #) nonxHa umets Bun (15).

Taxum oOpazom, 3¢ deKTUBHbBIE OLIEHKH CYLUECTBYHOT 1A HEKOTOPBIX (O YHKLMIA
7(#) ToNbKO B Cly4ae IKCMOHEHUMATBHBIX MOLEEH.

Ans nepeyncneHHbIX Boillie WeCTH PeryasapHhalX 3KCIOHEHUMANLHBIX Moaeae
pun GyHxkuuu 7(0), abbexTUBHOM OLEHKM T LIS HEE U COOTBETCTBYIOLLEH aAMC-
nepcuik (17) mpuseneHs! B Tab. 2.

(17)

D, T*

Tabnuya 2
Mouzens 7(0) 7 Dy’
N, o 0 X =2 anx il
) g ) - n — i n
N 92) e l - (X; - p)’ E
# n <= K n
rea, A @ X o
, X (1 — 8)
Bi(k, 6) 0 = —
— g X 0
Bj - il -
. 6) 1— ¢ v ra(l - B
- 0
I1(8) 7 X -
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OTMETHM TaKXe, UTO JUIA PETYJAAPHBIX SKCITOHEHLIMATBHBIX MOJe/Ied PyHKLHIO
yHdopMaLu 1(f) MOXHO BLIMHUCIATE O hopmye
C'(8)A"(8)

i(0) =7 (A'(0) = =g = C'(0) (13)

YTO CNIeyeT U3 cpaBHeHusA rpaHuiibl Pao—Kpamepa B (8) ¢ (17) u Buaa 7(6) 8 (16).

4. Kputepui bxartrauyapva onTUManNbHOCTA OLEHKH

Hepasencro Pao—Kpamepa (8) naer HeynydluaeMyio rpaHHLLy TUCTIEpCHH HecMe-
LICHHBIX OLEHOK (1l PerylsipHBIX MOZENCH) B TeX Clydasx, KOTa CyWECTBYET
s¢pdexkTHBHAS oueHka. OnHAKO, €c/TM TaKo# OLEHKH He CYIIeCTBYET (NpencTas-
neHue (9) He MMEET MecTa HH uis Kakoi ctatucTHkH T'(X)), To MOXHO HalTH
Nyqiyto (T.e. GOMbIIYI0) HUXHIOK TPAaHKLY ANA IUCNEPCHH HECMELLEHHBIX OLe-
HoK. OcHOBHOE YCIOBHE MOCTHXEHHMS HHXHeH rpaHHLbI JUCTIEPCHM B HEPaBeH-
ctBe Pao—Kpamepa coOCTOMT B CyLIECTBOBAaHUH OUeHKH T, 11 KOTOPOH pa3HOCTb
T — 7(6) siBnsieTcs NMHeHOH QyHKLMEH OT

OInlL 1 0L

86 L 06

(mnst kpaTkocTH Mel e npocto L Bmecto L(X; 8)). TlpenmnonoxmnM, 4To Takoit
OLIEHKH He CyLIECTBYET, HO 3aTo MMeeTcs oueHka T, ang Kotopoit T — 7(8) —

ras & 1 0L | 0°L 1 8"L
HWHEHHas T, T 5, - - .
THHE YKL OT 196> T 967" I o
i L) y 0L
* - _ W _ 2~
T  —7(0) = E a;(6) 7 Y = R (19)

=1

1pHn HekoTopoM T = 2. Torna T° — onrtMMansHad oueHka mis 7(0). IToT KpuTe-
PHii ONTTUM@ILHOCTH, 0000marmmi kputepuii Pao—KpaMepa, HasbiBaeTCA Kpu-
mepuem bxammauapus.

[TpakTHyYEeCKHN 3TOT KPUTEPMI MUCITONL3YIOT TAK: YYMUThIBAs CTapLUIXE NPOU3BOI-
Hple QYHKLMWK NpaBaonofodus, MoadMUpaoT TaKylo MX NHHEHHYI0 KoMOWHauulo,
yTobbl MOAYy4YNThb TNpeacTaBieHue Buaa (19); nmpy aTOM mMociegoBareNLHO Monara-
T T 2,3, Ecan npyd HeKoTOpoM 3HaYeHHMHW T 3TO YAAETCA COENaThb, TO
nosyuaromascs npu 31oM napa 7(8) n T* = T*(X) u ecTb COOTBETCTBEHHO Ma-
paMeTpHyeckas hyHKLMA M ONTHMATLTHAA olieHKA Ans Hee (caydyait 7 = | B 370
METOIMKE COOTBETCTBYET kputepuio Pao—Kpamepa).

Mul He 6yreM TIPUBOANTL TOUHLIX (DOPMYNHPOBOK (BBUAY MX TPOMOIIKOCTH),
a OrpaHMYMMCS JHILb TIPUMEPOM, WILTIOCTPUPYIOIINM H30XKEHHYIO WICONOTHIO.

Mpumep 7. PaccMotpum monenb A (6, o°) u ouennm dyuxuuio 7(6) = 9 Mul
yXe 3HaeM (cM. puMep 1), 4TO ONITHMANBHOMN OLIEHKOM JUIA cpenHero 6 sBnsercs

BBIOOPOYHOE cpeliHee
_ 1 &
X = E E X;.

=1
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KoHeuHo, 66110 6b1 oLIMOKOI OUEHNDATH ¢’ NoCpeICTBOM X Haitnem 3necs on-
TUMIbHYIO OLEHKY C NOMOLLbIo KpuTepust BxaTrauapus,
3nech

L(X;6) = m exp{-—ﬁ Z(X;' - 9)2}

=1
M HEMOCPELCTBEHHO MPOBEPAETCSH, YTO
1 [280° ol —, ot
—|—L" 4 =1 =X~ — - ¢
Ll n n n
Mo xputepuio BxatTavapus oTciona creayer, yto cTatucTvka T = xX?- crz/n —
ONTUMANTbHAS (T. €. HECMEILEHHAs C PABHOMEPHO MMHUMAbHOM AMCNIEpCHe) OLeH-
ka win 7(6) = 9’ HecMeleHHOCTE 3TOi OLEHKH MPOBEPSETCA HENOCPeNCTBEHHO:
2 2 2
o o

2
EgT*ZEaTE—(—T—ZDgf{-(ngf——=_+92—J—=02 °
n n n n

5. KpuTepumu oNTUManbHOCTH B Cly4ae BEKTOPHOro napamerpa

Bolie paccMaTpuBancs cayyail cKansipHOro NMapaMeTpa, OLHAKO BCe BBEAEHHMbIE
MOHATHUA MU KPUTEPHUH ONTUMANLHOCTH HENOCPEACTBEHHO NEPEHOCATCA Ha Ciyyai

BeKTOopHOro mapametpa @ = (0, ,6,). B atoM cnyqae noa BkranoM BuIGOPKU

notumaercsa sektop V = (V), V;), rae
dIn L(X; 6)
Vi=Vi{X; ) = ———=, =1, ,r

i = Vi(X: 6) 06,

/”I‘ WUndopmaunonnan A AHAI0TOM dbyskunv nabopmauun (4) asnsertca uHgop-

MaTPHLQ MayuoHnas mampuya Duiuepa
I(6) = DgV = ||Es(V;V))|[;. (20)

HudopmaunoHHyio MaTpuyuy 0AHOro HabnioneH us

1) = I,(6) = ng'jm
MOXHO BBIYUCIHTS N0 bopMynam

dlnf(X,;0) Blnf(Xl;B)) (62111f(X1,9))
i =G é)=E =-E 21
gJ g]( ) 0( 39,! 69]' 6 891381 ( )
(nocneaHee paBeHCTBO CMPaBeANWMBO ANsl ABaxnbl AvddepeHUMPYEMBIX NO na-
pametpam 6y, @, byHkuni (nnotHoctei) f(x; @)). Ana cxeMbl NOBTOPHBIX

HelaBucHMbIx Habntoaernnit I,(8) = nl(9), T.e. 3nech MMeeTCs MOMHAST ARANOTUS
CO CyyaeM ckaispHoro napametpa (cM. (6)). B onpenenenuv perynspHoii Moaenu
30€Ch JOMONHUTENbHO NpeanonaraeTes, y1o Matpuua I(f) HesbipoxaeHa npyu Beex
6 €o.

MMpeanonoxuM, 4To UILETCH oUeHKa 115 A depeHUNPYeMO# wuca080i GyHK-
uun 7(0). Torna MeIOT MECTO CeyIOWM it MHOZOMEPH bill aHAN0R Hepagercmea Pao—
Kpamepa v COOTBETCTBYIOLIMH KPUTEPHIl ONTUMAIBHOCTH.
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Teopema 2. Ecnu mopens F perynspHa, To AN aucnepcuu nioboi HecMeleHHOM
oueHkn T' = T(X} pyHkuun T(0) cnpasennnso HepaBeHCTEO

DT > -:;g’(e)r‘(o)g(e) = ‘ﬁf), VoeEo, (22)
e o7 (0 o7(0
4o = ema r0) = (22, D).

PaBeHCTBO 3aeCh MMeeT MeCTO TOTfla ¥ TONLKO TOraa, Koraa

r

T(X)-7(0) = ) %(O)Vi(X;0) (23)

i=]

NP HEKOTOPbLIX QyHKUUAX a;(f), t =1, ,T.

[To aHanorMu co ciyyaeM CKaNsipHOro NapaMeTpa Ha3oBEM HeCMELLEHHYIO
oueHky T = T*(X) mna 7(8) sgpdexmusrioit, ecnvt ee AMCHIEPCHA COBNRANAET NipH
Bcex & ¢ npaBoit yacThio HepaseHcTBa Pao—Kpamepa (22). AHRNOTMYHO BBOAHTCH H
acumnmomuneckan sggpexmuenocme ey(T,) M ACHMITOM-  Acpmntotuveckan B
YECKHN HODMANbHBIX N(T(G), 0'%1 (9)/71,) OUCHOK Tn = Tn (X) R 3C|)¢eKTHBHOCTb
X =(X,,. ,Xp). pyHkuun 7(6):

a;(6)
or(f)

Ouenka T, HasbiBaeTcs gcumnmomuuecku gexmugnoi, ecnn ey(T,) = 1,
T.€. €CH ee ACHMINTOTHYECKasl AMCIePCHsA or%-(ﬂ)/n cosnanaer ¢ rpaHuuei Pao—
Kpamepa (22). C npuMeHeHHEM 3TOTO MOHATHSA Mbl BCTPETUMCS HEMHOTO NO3THee,
B§35S.

W3 Teopemsl 2 ciieayeT, 4yTO KpuTepheM 3((peKTHBHOCTH (a 3HAUHUT, ¥ ONTH-
MTBHOCTH) oueHku T ABnsieTcs npeactasneque (23). [prseneM npumep Ucronb-
30BaHM$l 3TOM0 KPUTEPHS.

eo(Ty; 6) = (24)

Npumep 8 (06wan HopmanbHaa mopens, oueHUBaHue cpepnero). llycTb

X=(Xl' aXn)

— BuiGopKa 13 HopmanbHoro pacnpeneneHns A (8, 9%) (06a napavieTpa HeM3BeCT-
Hbi}. TpeByeTcst oueHNTL TeopeTHueckoe cpeaHee 7(8) = 6. Kak Mbl yXe 3HaeM,
BhIGOpOYHOE cpenHee X Bcerna ABASAETCH HECMELEHHOH OLeHKOM TEOPeTHYECKOTO
cpenHero. TokaxeM, 4TO B JaHHOM ciydae X — ONTMMaIbHas oleHKa. Jnd aToro
OOCTATOUHO YOeIHTbCH, YTO CpaBel/INBO NpeacTamIeHUE

93 _

—T;VI(X;B) =X-6,

M IIPAMEHHTD KpUTepnit (23).
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Panee (cm. npumep 1) Gbiio nokasaxo, 4To X —
ONTHMAIbHAA OLEHKA TEOPETHYECKOTO CPeaHero 1 Wis

monenu N(8, o) (c uamectHoit aucnepcueir). Takum
oBpa3oM, cmamucmuka X Hauayvuwum o6pazom oueru-
gaem Heusgecmuoe cpedree HOPMANLHOU MOOEAU HE3AGUCLIMO OM MO020, U36ecmHa Quc-
nepcuna Uaik Hem. L
Npumep 9 (06wan HopmansHaa moaens, oueHHBaHHe gaucnepcuu). B cutyauuu
npenwbiaywero npumepa 8 ouenum 7(6) = 35. Mol yxe 3HaeM (cM. nprmep 4 §3.1),
UTO HeCMelleHHad OleHKa .S'g UMEeT IUCIepcHIo 29‘;/(71 — 1), n > 2. CpasHum
3Ty Aucnepcuio ¢ rpaHulert Pao—Kpamepa B (22). ns 3Toro BelYMCAMM CHavana

HHGOPMALMOHHYIO MaTpHLLY List Momeau N (6, 63). 3neck

] _(z-86)°
f(z’g)_\/ifrezexp{ 267 }

1 no dopmynam (21) umeem
g1 = Eg83% = 6"
912 = g = 265 Eg(X, — 6)) = 0, = I(#) =
gn = 365 'Eg(X, - 8,)? - 652 = 26;

OnTUMAanbHOCTE
BbIBOPOYHOrO cpeaHero
B HOPMQNbHOW MOOENM

6,2 0

25
o w2 W)

OTCI04a HAXOMIHM, UTO TTpaBast yacTh B HepaBeHcTse (22) pasHa 26 /n., 4TO MeHblue,
yeMm DgSg. TakuM obpazoM, S& He aApnserca 2¢QexTUBHOR OLEHKOHA. JTO, KO-
HEeYHO, elle He O3HaYaeT, YTo CyllecTByeT Gosee ToYHas (C MeHbLLeik aucnepcueit)
OLICHKA, HEXENTH 5'(2,. Mbl MoKaxeM, 4yTo B JaHHOW 3anaye rpaHuua Pao—KpaMepa
B (22) He DOCTHTacTCA Hu JUIA KAKOM HECMELLEHHOM OUEHKHU 7, HO ONTHMATbHAS
OUEHKa (H. 0. .M. l.) CYLIECTBYET, 1 3TO S&.

JInsi 3TOro Mbl BOCIMOMAL3YEMCHA aHANOrOM KpuTe-
pvs bxatrayapus oas BeKTOPHOro NapaMeTpa, KOTOPbIH
UMeeT CJAelYIOUIMA BHA: €CIX MPH HEKOTOPOM LeOM
$ = 2 v KoabdHUuMEeHTaxX c. c.(0) umeeT MmecTo
npeacTaBieHue

OnTuMansHOE OUEHH-
BOHWE OMCNEpCHM
B HOPMONbLHOW Moaenu

0°L

1
T_T:E[Z' Zc”aeae + +Zc“ 36, .06, ] (26)

To cratucTvka T = T'(X) ecTb onTHMaNbHasi OUEHKA (pyHKunH T =171(6).
B HaweM cayyae

| dL 61nL n
Lo, 06, Z

2 i=I

JEX X)+93(X 8,)> - 5

% i=1
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16°L 9*Inl (Blnlz)2 n:’()T 6,)? n

— = = — b
L0606’ a0,

Orciona

1/ 6 &L 95 0L l <3 2

L(n—laf)z—n(n—l)aef)_n—lZ(X'_X) — 6 =5-6,

M Nno xprtepuio (26) S — onTuManbHas oueHKa 63,

WUtak, B 3a1aue ouennBaHus aucrepcuu T(8) = 9% B monean N(6,, 8%) Umeer
MecTo Gosee TouHaf, yeMm (22), rpaHMUa LA OMCMEPCHU HeCMeLUEHHBIX OLEHOK
dyHKunn 7(6):

203
DT > ;
n-1
NpH 3TOM PABEHCTBO JOCTUrAEeTCA AA CTaTHCTHKH T = Sg. °
3amevanue. TlpH oueHMBaHIK camMoro napametpa (pekropa) & = (@, ..., 6,) B Kauecrne
OLEHKH BHICTYnaeT BeKTOpHas ctatnctuka T = T'(X) = (T,(X ), .-, Ty(X)), v Torna

CBOWCTBO €€ HECMEUIEHHOCTH onpenensierca pasencreamMn EyTi(X) =6,,i=1,...,r,
unu B BekropHoit tdopme: ET(X) = @, V@, a aHanorom Hepaserctsa (22) amnsercs

crefyloLee HEPaBEHCTRO LIS AMCTEPCHOHHOH Matpiusl DT = ||covy (T3, T,-)||';:
D,T > I, '(6). (27)

3nech HepabeHcTBO A > B mexay matpuuamu (04MHaKOBO# pa3MepHOCTH) 03HAYAET, YTO
Matpuua A — B apaseTcAa HeOTpUUATENLHO ONpeleNcHHOM, T. €. LA noboro BeKTOpa ¢
COOTBETCTBYIOLIEH pa3MEPHOCTH BRINOHAETCA yesoBue ¢ (A— B)c > 0 man ¢ Ac > ¢ Be.

Npumep 10 (NonuHoMMancHaR MOAENb, OLUCHUBAHME NAPAMETPHYECKOro BEKTOPA).
B npu.ioxe HUSAX 4ACTO BOIHUKAET MOJEb C KOHEYHbIM YUCTOM N 2 2 BO3MOXHBIX

MCX0A0B (KOTOPbIE MOXKHO CUMTATh yucnaMu 1,2, , N), BEPOSTHOCTH KOTOPbIX
Pi, .., Pn HensectHe! (py+...+py = |) — nonmunomuansHas monens M (n; p),
p=(p, .pn) (cM. n.6 §1.1). 3necy B KadecThe HEU3BECTHOTO napameTpa
cneayet Baath BexTop @ = (py, ,Pn-1), NOCKOABKY py =l —p —  —pn-).
JApyrumu c/ioBaMu, B JaHHOM cnyyae pedb et 06 n McnblTaHusax X, , Xp HaAL
AMCKPeTHO! cnyydaitHoit penuunsol £ ¢ naotHoctslo f(x; 0) = Py{é =z} = p.,
z =1, ,N.3anucas dyHxkumio f(z;#) c NOMOLILIO MHAVKATOPOB B BUIE
N N-1 om)
. Hz=j} _ I(z=)
fz:0)=]]p;"" =pn [ (pi/pn) (28)
j=1 j=1

N
(Tak kak Z I(z = j) = 1), nonyunm
i=1

_Pinf@o) _[I@=ip’ +Iz=Npy, i=j,
0pidp; I(z=N)py/, i# 7,
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/,/,‘ MudopmaumonHas Otciona no dopmyne (21) HaWneM HHQOPMAIHOHRYIO
MOTPULO ANS NOAWHO-  MATPULLY I(B) = ng'j”fr—l:

MUANBHOW MOAENH -1 -1 ..
d*Inf(X;6) p; +py, 1=},
Opidp; P i#].

(29)

HenocpeACTBEHHBIMU BBIMUCIEHUAMHU MOXHO YOEAMTbCH (3TO Mbl OCTABIAEM M-
TaTe/i0 B KAYECTBE YNPaKHEHUS), YTO

I@) =@ px)" >0 n I''@) =o' = Zx,

rae
pi(l—pi), i=7j,
gij = . )
~PiP;j. L7 7,
ECJIH TEMEPL B KAYECTBE OUEHKU N4 ¢ B3ATH BCKTOP OTHOCHUTE/IbHBIX YACTOT

n
MexomoB ,2, N T = (v/n, ,vn_/n), rae v ZI(X,- = j).
Y
J=1,..., N (xak ato npeanonaraetcs s npumepe 4 B § [.1), To, BO-nepssIxX, 9T0
OyaeT HecMELLEHHadA OUEHKA, a, BO-BTODLIX, €€ AUCMEPCUOHHAA MaTPULA, B CHIY
cooTHoweHuit (15) § 1.1, ects DT = |/nSy_, = 1/nI~'(f), T e. wa 310N
OLIEHKK B HepapeHCTBe (27) focTuraerca papeHcTBo. CesoBatenbHo, T' ecTb 3¢b-
(bekTHBHaA (ONTUMANbHAA) OLIEHKE 8, .

§ 3.3. locTtatouHble CTaTUCTUKU U ONTUMANbHBLIE OUEHKH

PaccMoTpeHHble B npepbliylieM naparpade KpPHUTEPUM ONTHUMANBHOCTH OLEHOK
MMEIOT CPAaBHUTE/IBHO OrPAHUYEHHYIO NPUMEHUMOCTL. Bo-nepBhiX, OHM TpebyioT
XECTKUX YCIIOBUH PEry/lsIpHOCTH UCXOLHOH MOOEAHN U, BO-BTOPbIX, B JIyUlIEM CJY-
uae NO3BOJIAKOT HAXOANTL ONTUMABLHBIE OUEHKHU IS OTAETbHBIX NTAPAMETPUUECKHX
dbynxumnit 7(0). Bonee acddexTMBHLIM COCOBOM NOCTPOEHUS ONTUMANBHBIX OLE-
HOK SBIA€TCA MCNONb30BAHMUE AOCTATOUHBIX CTATUCTHK, PACCMOTPEHHIO KOTOPBIX
H NOCBALIEH HacToAWMHA naparpad. JlocTaTOYHOCTL ABAAETCH OLHUM M3 BaXHei-
IIMX NMOHATMH B MATEMATHYECKON cTaTUcTUKE. Been ee P. @uiiep B 20-e rr. XX B.
BbIIBHHYB WAL O TOM, YTO /151 CTATUCTHMYECKOr0 aHAaMM3a, KACAOLETrOCSs HEM3BECT-
HbIX NapaMEeTPOB, HC BCErAa HYXHO 3HAaTb BCE 3MIEMEHTbI BLIGOPKH B OTAEIbHOCTH,
a LOCTATOYHO 3HATH UL HEKOTOPLIE GYHKIUMHU OT BbIGOPKH, Ha3bIBaEMbIe KOCTA-
TOYHBIMH CTATUCTAKAMM.

1. locTatounble CTaTUCTUKU M KpUTepuit draKTopu3ayuu

Mo onpeaenenuo, cratuctka T' = T'(X), ckanspHas MM BEKTOpHas, HA3bIBA-
erca docmamounod A moaenu F = {F(z; 0), 6 € ©} (u1m ans napamerpa ),
ecnin 11a noGoro coboitna A C X ycnosHas sepontHocTb Po{X € A|T(X) =t}
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He 3aBUCUT OT @. DT0 CBOWCTBO cTaTUCTUKM T' 03HA4aeT, YTO OHa COAEPXMT BCIO
nHdopmaumio o napamerpe @, umeloinyoca B Bolbopke. JelcTBUTENILHO, BEpO-
ATHOCTL 110000 COOBITHS, KOTOPOE MOXET IPOM30HTH TpU GUKCHUPOBaHHOM T,
He 3aBMCHUT OT @, C/IeIoOBATENbHO, OHO HE MOXEeT HECTH AOMONHUTE/IBHON HHPOP-
MaUYH O HEM3IBECTHOM NapaMeTpe #. DKBUBAIEHTHOE ONIPEACNEHHE N0CTATOYHOCTH
B TepMUHax roTHocTH BriGopkn X = (X, , X,) dopmynupyerca Tak: cTaTu-
ctuka T' JOCTaTo4Ha, ecnu ycnopHas ruotHocTh L(z|¢; §) cnyyaiinoro BekTopa X
nipu yenosuu T'(X) = ¢ He 3aBucut ot napamertpa 6. Cama BriGopKa X, oueBuaHO,
ABIIAETCA I0CTATOYHOI cTatrcThkoit (Pg(X € A|X = z) npu mobom & ects 1n6o
I, ecnin £ € A, mu6o 0 B TPOTHBHOM cayyae), HO 0ObIMHO CTPEMATCA HalTH 10-
CTaTOYHYIO CTATMCTUKY HaUMEHBbIIEH pa3MEPHOCTH, NMPEACTAB/IAIOLIYIO UCXOJIHEBIE
AaHHble B Haubosee CXATOM BHIE, B 3TOM CMBIC/IE TOBOPAT O MUHUMAABHOU docma-
moynot cmamucmuke. [1py HUTMYMK HOCTaTOYHON CTATUCTUKN BCE CTATUCTHUECKUE
BLIBOIbI 06 MCCAeIyeMORH MOJENH B KOHEUHOM UTOre GOPMYIMDPYIOTCA B TEPMHUHAX
3TOI CTATMCTHKM, CeI0BATE/IbHO, MUHMUMAIbHAA JOCTATOYHAs CTATUCTMKA JaeT
ONTUMAIbHLIA Ccrloco0 NMpexcTaBieHHUs MCXOAHBIX AaHHBIX, YTO 0c0OEHHO BaXHO
npu oopaborke GOMBLUIMX MAaCCUBOB CTATMCTHYECKOW MHGODMALIMHU,

[TpakTHyeCcKU HOCTATOYHBIE CTATUCTUKHY HaXOAAT HA OCHO- Kpwrepwii l\w\
BaHWM CJEIYIOLLETO YTBEPXKIEHUA, KOTOPOE HA3bIBAETCH Kpume-

aKTopHu3lauum
puem hakmopusayuu. P P

Teopema 1 (Kputepuii haktopuaayuu). [ns toro 4tobel cratucruka T'(X) 6bina
AOCTAaTOMHOW ANA napameTpa #, Heo6X0AWMO U JOCTATOUHO, YTOBLI PYHKLMA NpaB-
nonogobua L(z; §) suiGopku umena sup

L(z; 8) = g(T(z); O)h(z), (1)

rone g v h — HeoTpuuatenbHbie GyHKUUK, 1 h He 3aBucuT ot 6.

Joxkazamenscmao. JloKa3aTebCTBO NPUBEAEM TONBKO MIA AUCKDPETHOH MOIENu.

Ecnu cratuctuka T moctaTodna, To npu moGoM ¢ u3 ofnactu 3uauenwit T'(z)

dynxuua L(z|t; 6) ne 3aBucut ot 8 v ee MOXHO 3anucaTh B Bune h(z; t)y. Mycrs

Po{T(X) =t} = g(t; §) u T(z) = t; Torna cobrrrne {X =z} C {T(X) = ¢},
NO3TOMY

Lz;0) =P{X =z} =Pp{X =2, T(X) =

= Pp{T(X) =t} Pe{X =2 | T(X) =

= g(t; 0)L(zlt; 8) = g(T'(z); 6)h(z; 1),

T. €. UMeeM TnipesacTaBneHme (1).
OGpaTHO: MycTb MMeeT MecTo pasnoxenne (dakropudauus) (1). Torma npu
mobom z Takom, uto T(zx) = ¢,
Pg{X = E,T(X) = t} .
Py{T(X) =1t}

L(zlt; ) =Py{X =z | T(X) =t} =
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L(z; 6) 9(t; O)h(z) h(z)

TS Lo Y. ewoh) Y. ha)

z:T(z')=t z:T(z)=t ' T(x)=t

T. €. He 3aBHcHT oT 8. Ecnu xe z TakoBo, uto T'(z) #1, 10, oueBnano, L(z|t; 8) =0,
Takum ofpaiom, npu aw0bom Z ycnoBHas BeposiTHocTy L(z|f; @) He a3aBucuT
ord. N

OrmeTuMm, YTO BesiKasl 3heKTHBHAS OLEHKA ABAETCA OLHOBPEMEHHO LOCTa-
TOYHOIi CTATUCTMKOM, TakK Kak (cM. (9) §3.2) ua npeacrapneHus

dIn L(X;0)

08
cnenyer dopma (1) ona L(z; 9). Urak, adhdexTrBHas olueHKa CYECTBYeT TOMb-
KO TOrma, KOTna UMeeTCs AOCTAaTOMHaA cTaTucTka. Ho nocnenHss moxer cylie-
CTBOBAaTb W NPH OTCYTCTBUHU 3 (PeKTUBHOM OLEHKHU, T. €. YCJIOBHE JOCTATOYHOCTU
ABNSIETCA MeHee OTPaHUYMTENbHBIM, Y€M YC/IOBME CYLLECTBOBaHUA 3(hdeKTuBHOM
OLIEHKH.

3aMeTUM TaKxXe, YyTo eciim T JOCTAaTOYHA, TO TAKOBOW Xe spfsgeTcA u Mobas

B3aUMHO oxHo3HauyHas ¢yHkursa ot T. HeiicteurensHo, ecnn H = o(T), n ¢ —
B3aMMHO ONHO3Ha4YHasA QYHKLMA, TO cywecTByeT oOpaTHan dyHKuUKA

¢~ T=¢ (H)

¥ 13 npencTapieHns (1) uMeeM

. -1 . — .
L(z; 6) = g(¢™ (H); 0) h(z) = g:(H; 8)h(z),
T.e. H — nocTaToYHasi CTATUCTUKA.

[TpuMepamMu 1OCTATOYHBIX CTATHCTHK UIA PSAA MOAEIEN CO CKAIAPHBIM Mapa-
METPOM SBSKOTCA (C YYETOM CAENAHHOrO 3amedanus) 3PeKTUBHbIE OLEHKHU T
npuBedeHHble B Taba. 2 § 3.2. PaccMoTpuM ellle HeCKObKO NMPUMEDOB HaXOXaeH Us
NOCTATOYHbIX CTATHCTUK AJIA MOIeel C BEKTOPHBIM NapaMeTpoM W IUIA Hepery-
JIAPHLIX MOnenen.

Mpumep 1 (O6utan HopManbHAR MOAENb, ROCTAaTOYHAA CTATUCTHKA ANA Hee).
®yHkuuio Npasgonogobus wa Moaenn N (8, 9%) MOX(HO 3anyucaTh B BUae

o) = S g ME6)
5@ = G 9 {5 o -7 - L

t=1

T(X) - 7(8) = a(8)

OTKyaa 1o kputepnio dakroprusaunn (1) 3akniouaem, yTo B JaHHOM Clydyae JOCTa-
TOYHOI CTaTUCTUKON ABNAETCH napa

T =(T),.T3) = (X5

TTOCKOJIbKY OHU OJHO3HAYHO ONpelendaloT APYr ApYra. .

WK napa
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Npumep 2 (RByxnapamerpuyecKan NOKa3aTeNnbHas MOAENb, AOCTATOYHAA CTaTH-
CTUKa ANA Hee). PaccMarpusaercsa vactHein cayyain W(0,, 1, §,) momenu Beii-
6ynaa (cm. m. 8 § 1.2) ¢ naoTHOCTLIO

I
flz;0) = e—e"z“")/"z, z>0, (0=(0.6) 6, €R 6,>0). (3)
2

3anuiieM MIoTHOCTh € MOMOLLBIO MHAMKATOpA:
fz;8) =6, e 00 (g > 0)),
toraa ¢hyHKuusa npasgononobus seiGopku X = (X, ..., X,;) npumer pua

tw0) =[] w0 =0 o0 {- 3 20 ] 1t >

i=] 1=

3nechb
HI(%’ 20)=Iz;>6,i=1, ,n)=I(mnz;>0)= Iz 2 0)),
. 1

No3ToMy
n
L(z;60) = 67" exp { 02( 91)}1(:5(1) > 0)).

Otciona no KpuTepuio GakTopusaLMu CNENyeT, , YTO DOCTAaTOYHOM! CTaTUCTUKOM LA
napamerpa @ = (), 6,) asnserca napa (X, X). Kak Gyaet sicHo U3 DanbHeiile-
ro, ynooHee wna paboThl OKa3bIBaeTcs napa

T=([D,1)=(X,, X - Xy),
KOTOPasi TAKXKE SIBAAETCA NOCTATOYHOM CTATUCTHKOM. o

Mpumep 3 (PaBHOMepHaR MOAenb, ROCTATOMHAA CTATUCTHKA ANA Hee).

Mycts X = (X,, , X,) — suiGopka u3 paBHoMepHoro pacnpeneneHus U (0, ),
6 > 0 HeusBecTHO. 3anMcaB TUIOTHOCTh PABHOMEPHOrO pacnpeneieHus (cMm. M. 5
§ 1.2) ¢ nomowslo uHankatopa: f(z;8) =6 I{0 <z < 6), noryuum na dyH-
UMM npasgononodrsa BeIOOPKHM NpeAcTaBaeHHe

n n
= H f(Ii; 9) = 9_n H I(O :.{ I; Q 9) = 0‘"1(:1:(,1) Q 9)](1?(;) 2 0).
i=1 =1

OTCIOZA C/EedyeT, YTO B NAHHOM Cy4yae JOCTATOYHOM CTAaTUCTUKOH sIBASETCA
MaKCUMaTbHOE 3HayeHHe BhIGOPKU X (p).

AHatorryHo, nis ofieit pasHomepHoit Monenu U(6,, 6;), 8, < 8, MoxHO
3anucaTh

-n
L(z;0) = (8- 6,) 1(6) < z(y € T(m) < 6a),
clefoBaTebHO, CTATUCTHKA
T = (Tl, Tz) = (X(I): X(n))

noctatoyHas wis § = (6, 8,). J
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Npumep 4 (PaBHoMmepHan mopens (npoponenune)). PaccMOTpUM MoZenb
U(a(0), b(9)),

rae a(@) < b(6), V8, — 3anaHHble HenpepbIBHbIE QYHKLM M CKATSIPHOTO NapaMeTpa 6.
Kak 1 B npeablaywiem npumepe 3, MOXHO 3aMMcaTh

L(z:8) = (b(8) — a(8)) "I(a(d) < z(1) < T(n) < b(B)) (4)

CneposarenbHo, nsymepHan ctatuctka T' = (X (), X(,)) #nasercs gocraroy-
HOM anst 6. BuisicHMM Tenepb, HeNb3d M 31€Ch HaliTH ofHOMEpHYIO, T. e. Bonee
3KOHOMHYIO, ROCTATOUHYI0 CTaTHCTHKY. MHankatop B (4) paBel | Toraa n Tonbko

TOraa, Koraa
{z) > a(@), b(6) > zn)}. ()

Mycts a(f) 1, b() | c Bo3pactanuem 6 Toraa ycnosue (5) 3KBUBANENTIIO
ycnoamo

{0 <b (:c(n))} = {9 (z) = min(a_l(z(,)), b"(:t:(,,)))}.
Tax}m oﬁpaaoM, cooTHoweHHe (4) MOXHO 3anucath B Brae
L(z; 6) = (b(8) — a(9)) " I(Ti(z) > 6),
OTKYyOa cleayeT, YTo
T) = T(X) = min(a™ (X)), b~ (Xin)))
— OZLHOMEpHAad ROCTATOYHAR CTATUCTUKA 1A 8.

Ananornyno, eciu a(f) 1, b(@) 1 ¢ Bo3pacTanuem #, T0 ORHOMEpHas L0CTa-
TOYHAA CTATUCTHKA TAKXKE UMEETCH M HMeeT BUA

T, =T(X) = max(a"(X(,)), b_I(X(n)))-

ITUMM IBYMA CY4AAMH UCYEPNbIBAKOTCS CUTYALIMHM, KOTRa B MOZENH L((a(t?), b(6)) .
CYLLECTBYET OIHOMEpHAsA A0CTaTOMHaA CTaTUCTHKA. OBpaTHM BHUMaHHE Ha TO, YTO
Kak T, Tak u T3 sisns0TCA QyHKUMAMM UCXOZHON QBYMepHOH ROCTATOYHOIM cTa-
muctuku I' = (X, X(,,)). 210 0BCTOATENLCTBO HMeeT ODLIMKA XapakTep, T.e.
MUHUMOABHAA QOCMAMOMHAA cmamucmuxka ecms gynkyua moboix dpyeux docmamod-
HbIX CIMAMmMUCMuK.

B 4aCTHOCTH, IU1# pPaBHOMEPHOR MOAENM ¢ HyneBuiM cpeanum U(—0, 0) ox-
HOMEDHAs JOCTaTOYHaA cTaTucTUKa 1% NpMHUMAET BUAR

T = max(—X(l), X(n)) = max(]X(l)I, 'X(n)l):
a s Moaenu U(9,0+ 1) o1HOMEPHOI TOCTATOYHOM CTATHCTUKI HE CYLIECTBYET. ®
Npumep 5 (Mopens Kowwm). Ina momenn K(6) (cm. ynp. 486) k ra. 1) dyHKuuns
rnpaegononobus seibopku X = (X, , X;,) umeer sug
n
l

1
Liz;6) = H1+(x — o)’

1 31ech HeNb3a Haittu ctatveruky T, naowyro dakropriaumnio (1), pasmMepHocTs
KOTOpoOit Obl1a Obl MEHBLIE N, °
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2. Teopema Pao—bnexyanna—Konmoroposa

Tpexne Bcero HaMOMHHUM ONpeeSieH!e YCIOBROTO MAaTeMaTHYECKOTO OXMIAHNUSA.
Mycte X n Y — nase cayyaitHble BeanynHsl u p(z), ¢(y) — ¥X TNOTHOCTH. N
OGo3naunm f{(z, y) COBMECTHYIO MNOTHOCTb BEMUMH X YenosHOA NAOTHOCTS

n Y, torna pyHkumns

| _ [z, y)
p(zly) = FrR

onpeaefeHHas Tam, rae g(y) > 0, Ha3bIBAETCH YCAOBHOH nAoMHOCMbIO geaudund: X
npu ycaosuu, ymo Y = y. Janee, 0603HaYuM

h(y) = E(X|Y =y) =

Yz p(z|y), echn X — AuckpeTHas ciyuaiiHas
BENMYMHa,

f:z:p(z:|y) dz, ecnn X — HenpepbiBHaA ciyualiHas
BEJIMYMHA.

Mo onpeaenenuio, ciydaitnyio BeanunHy h(Y) HasblBalOT yclOBHBIM Mare-
MaTHYECKMM OXMAAHHEM CiyyaitHoM BelHyuHbl X TNpH HMKCHPOBAHHOM 3Haue-
Hun Y HMeeT MecTo caeayiolas hopMyna NONHOTO MaTeMaTHYECKOTo OXHAaHNA

E(E(X|Y)) = EX (©)

(npeanonaraetcs, 410 cpeanee 3HaueHue EX cyuwiecTsyet).
PoJib 10CTAaTOYHBIX CTATUCTHK B TEOPMM OUEHMBAHUA PAaCKDPbLIBAET ClleayloLlee
YTBEPXIECHHE.

Teopema 2 (Teopema Pao—bnexkyanna—Konmoroposa). OntumanbHaa oueHKa,
€CNW OHa CyllecTByer, ABAAETCA PYHKLHEW OT AOCTAaTOMHOW CTaTUCTUKMK.

Bowrazamenscmso. Tycte T =T(X) — nocratounas crariernka ¥ Ty =T1(X) —
NPOM3BONLHAA HECMELEHHAA OLEHKA 331aHHOM NapameTpuueckoit byHkuuu 7(6).
PaccMoTpuM yRKUMIO

H(t) =Ey(TyT =t) = /Tl(_zg)L(glt; 6)dz.

D72 QYHKLUMA HE 3aBUCHT OT @, Tak Kak ycnoBHas mnoTHocTh L{z|¢; #) oT napamer-
pa He 3asucuT. Janee, cratuctka H (T X)) siBnsercs Takxke HecMeleHHOM OlleH-
koit T(#). leiicTBuTe 15HO, O POPMY/IE NOTHONO MATEMATHUECKOTO OXHumaHus (6)

EoH(T) = E¢(Eo(T1|T)) = E¢T) = 7(6).
Hakonel, cripaBef1MBO HEPaBEHCTBO

DyH(T) < DgT}, V6,
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MpHYEM paBEHCTBO HMEET MECTO B TOM W TOABKO B ToM cayuae, koraa T = H(T').
JAns nokazaTenbCTBa 3TOTO 3aMETUM, YTO

2 2
DT = Eg[T\~H(T)+H(T)~7(0)] = Eg [T, - H(T)] +Dp H(T) > DeH (T),
MOCKOJILKY, B cuny (6),
E(Ty - H(T)][H(T) - 7(9)] = E[(T\ - H(T))H(T)] =

= E{H(T)E[(T\ - H(T))|T]} = E{H(T)[E(T\|T) ~ H(T)]} = 0.

Taxum o6pasomM, s M06oit HecMeleHH O oueHKH dyHKUMK T(8), He sBAsI0-
wieiics PyHKUHEN 0T DOCTATOYHOM CTATUCTUKM, BCErNa MOXHO YKA3aTh HECMELUEH -
HYIO OLEHKY, KOTOpad 3aBUCHT OT JOCTATOYHOM CTATUCTUKM U MUMEET OMCMEPCHIO

MEHBIUYIO, YEM MUCXOAHAA oueHKa. CNef0BaTeIbHO, ONMUMANLHYIO OUEHKY HAOO0 UC-
Kameo cpedu @yuryuil om docmamounoi cmamucmuxu. W

[Ipn OTbICKAHMM SABHOrO BMO2 ONMTUMAIbHBIX OUEHOK BaXKHYK) DONb WUIpa-
L, €T CBOWCTBO MOAHOTHI JOCTATOMHOM CTaTUCTUKU. T10 onpeaeneHnIo, 00CTaTOYHAA
% .
U Monnas nocratoynas  cTatvetika T = T(X) Ha3wlBaeTcs noawod, €cnn Ans
CTOTHCTHKG Besikoit pynkumn ¢(T) u3 Toro, yto

Eep(T) =0, V6, (7)

cnenyet @(t) = 0 Ha BceM MHoXecTBE 3HaYeHN} cratuctnku T,

Teopema 3. Ecnu cywecTsyeT NoAHAA ROCTATOYHAA CTATUCTUKA, TO BCAKAA DyHK-
UuA OT Hee ABNAETCA ONTUMANLHOA OLEHKOW CBOETrO MaTreMaTuyecKoro OXMMJaHUA.

HAoxazamenscmso. Tycte T = T(X) — nonHas nocraroynas craructuka u H(T)
— npou3BonbHaa dyHkuus ot T, O6o3Hauum

EoH (T) = 7(6). (8)

U3 ycnosua nonxote! cneayet, uro H(T) — enuHctBeHHas ¢ynkums ot T, yao-
BAETBOPSIOLIAA COOTHowWweHUMI (B), Tak Kak ecniu 6bl Obuna elle Kaxas-HWUOyab
¢byuxums H,(T), ynosnetBopsiowas (8), To Ml 66l MMeNH, 4TO

Eq[H(T) - H\(T)] =0, V8,

orkyna H,(T) = H(T).

[To Teopeme 2 oNTUMANLHYIO OLEHKY AA 7(9) Hago MCKaTh B knacce ¢pyHK-
uui, sasucawmnx ot I. Ho H(T) — eauHctenHas ¢yHkuus oT T, HecMelleH-
HO oueHuBawwas 7(F); cne1oBaTeNbHO, OHA M ABASETCA NCKOMOH ONTUMa1bHOM
oueHkoil. W

IMomsenem utor. UTak, nycTh B paccMaTpMBAEMOi MONENH
F = {F(z;0), 8 € 8}

CYILECTBYET MOMHAA QOCTaTouHast cTatucTuka T' (T.e. ypaBHeHue (7) uMeeT eamnH-
cTBeHHOE (HyneBoe) peLienue) n TpebyeTcA OLEHUTE 3aTaHHYI0 NAPaMETPUYECKYIO
dyukumto 7(#). Torma:
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1) ecau cywecmayem Kaxas-mo hecMewenrnan ouerra 7(0),
mo cyuecmayem u HeCMEUWERHAR OUCHKA, REARIOUARCA
@yuxyueli om T; MOXHO TaKk Xe cKa3aTb, YTO ecau
nem necmeuyenvix oyenox auda H(T') (T.e. ypaBHeHue
(8) He umeer pewenus), mo xaacc T, necmewjennoix
oyenox T(6) nycm;

2) onmumanvran (1.e. H.0. p. M. 0.) Ouenka, xoeda ora cywecmeyem, 6ceedd R8AR-
emcs @pynxyeid om T, u ona odno3nauno onpedensemes ypaeuenuem (8);

“"MNocrpoenne onTu- »
MANbHBIX OLEHOK

3) onmumanshyro ouenxy T moxcro uckamo no gopmyae
" = H(T) = E(T)|T), (9)
ucxodn u3 nioboi necmewennoi oyenxu T\ pynruuu T(6).

B KOHKpEeTHBIX 32layax NpH OTbICKRHWH SIBHOrO BHA2 OMTHMANbHBIX OUEHOK
KpuTepuid (9) MCnomb3yeTca peako, Tak Kak BblYMCIEHHE YCIOBHOTO MateMarhye-
CKOTO 0XHIAHMA 0ObIMHO COMPSAXEHO CO 3HAYMTENIbBHBIMM 2HATHTHYECKUMH TPYI-
HOCTSIMM. Yallle peLualoT HenocpeacTBEHHO ypaBHeHHe (8), KOTOpoe B Pa3aBEPHYTOM
dopme ans aBConOTHO HenpepbIBHOM MOJENH UMEET BUI

/ H(T)g(t;80)dt =1(8), V0¢€®O, (10)

rie g(£; 8) — nnotHocTb cratucTHkK T (1A AMCKPETHON MOENH MHTETPUPOBaHUE

B (10) 3aMenseTcss cyMMMpOBaHHEM Z H(T)qg(t; 6)). Bro ypaBHeHHe B A2NbHEN -

t
LIEM 6}/JJ,CM HA3bIBATL ypasHEHUEM HECMEUEHHOCIMU. Ero MmoxHo peuiarTb pa3JiU4HBbI-

MU criocoGami (cM. ganbHeitiine npuMepb! B § 3.4), HanpuMep, panaras rpasyio
Y JIEBYIO YaCTH B paxbl No cteneHam 6 (B cayyae aHanuTHyeckux GyHkumit 7(6)
v g(¢; 6)) v NnpupaBHMBas COOTBETCTBYIOLNE KOIDDHLUHEHTDI.

HanbHeliulee 06CyXAeHHE POJIM AOCTATOMHBIX CTATUCTHK B TEOPHM ONTHMATb-
HOro OueHWBaH KA OyAeT NOCBALIEHO PA3TMYHbIM TPHUMEPAM UX TIPUMEHEHMS! B KOH -
KpeTHbIX 3a1auyax. Ho npexdie Mb! BbIIESIMM OLMH BAXHbI KIACC NapaMeTpUUYecKuX
MOJeNei, 1N KOTOpBIX BOMPOCH O BHAE AOCTaTOUHOW CTaTUCTHKW M €€ MOJHOTE
PELLRIOTCSA BECbMa NMPOCTO. 3TO MOJEU IKCMOHEHUMANTBHOTO THNA, KOTOpPbIE HaM
yxe BcTpeyanuch paHee (B n. 3 § 3.2) ans cnyyas ckanspHoro napamerpa. Jaaum ux
onpeneneHue Iua oOWEro cnyyas T-MepHoro rapamerpa 8 = (6, ,6;),r > 1.

3. IKCnoHeHUHUaNbHBIE CEMEHCTBA M ROCTAaTOYHbBIE CTAaTUCTHKM
Monenb, 3anapaemas MIOTHOCTLIO Buaa (cpasHu ¢ (15) §3.2)

r
f(z;0) = exp { E 0;B;(z) +C(9) + D(m)} (11)

j=1
(WM NpMBOOMMOii K TAKOMY BMAY 3aMEHOM NapaMETPOB) Ha3bIBAETCA T-napamem-
DUMECKUM 3KCHROHEHLUAAbHLIM CemetlicmaoMm. B KayecTre nmpumepa MOXKHO yKa3aThb
13 3223 1748
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HOpMasbHYIO Moaens A (6, 0%), AUTSI KOTOPORH

2
f(z;0) =exp {— 3:22 + bie - i —In (92\/5)}
2

2617 82 20!
4TO TpuBOAUTCS K Bimy (11) samenoit 8] = —65% 6} = 6,672
Ecau umeet MecTo (11}, To no kputepnio GakTOPU3aLMH CTATHCTHKA
n
T=(T, ,T,), me Tj=T{X)=> BjX), j=1, .r, (12)
i=1
ABNSETCA NOCTAaTOYHOM AnA napametpa 6 = (8, ,6,), 1 oHa ByaeT NoOMHOH,

§C/1M Pa3MEPHOCTb NapaMeTPHUeCcKOro MHOXeCTBa © pasna 7 (T.e. © COmEpXHUT
HEKOTODBIA 7-MepPHLIH Napanjesnernumnen).
Tak, yxa3adubie B Ta61.2 § 3.2 oLeHKM 7" SIBASIOTCS NOTHBIMU A0CTATOUHLIMM

CTATMCTHKAMH 1Sl COOTBETCTBYIOWMX MOZENeH; ansl mozean xe N (8, 63) nonHoii

AOCTATOUHOM CTATUCTHKOIE SBAseTCs B cooTBeTcTBUY ¢ (12), napa (EX;, ©X7)
N ¥ o2

3KBUBAIEHTHAA eif mapa (X, S7) (cm. npumep 1).

Npumep 6 (OueHnBaHne HOPManNLHOW hYHKUNKM pacnpefeneHua).
Mycte L£(£) = N(, 0%), T.e. HaGmIOMaeTCs HOPMANBHAS CydaiIas BENHIUHA

C U3BECTHOM mMcrepcuei o M HEM3BECTHBIM cpenHum 8 TpeOyeTtca no BuIbOpKe
X = (X,, ,X,) ouenurs BeposatHocTh T(8) = Py{¢ < zo} B 3amanuoit Tou-
K€ Ty. Kak mbl 3HaeM (cM. 3ameuaHue K Teopeme 2 § 3.1), koraa y Hac HET HUKaKojl
anpHopHoi MHMOPMaLKK O TeopeTHuecKoil dyHKuMW pacnpenencuus Fg(z), To
ONTHMANbHOI HECMEWEHHON oueHKoit st Ky (zy) ABNAETCH 3HAYEHUE B TOUKE Ty
IMMUPHUECKOH QYHKUMU PACTPEaeIeHHSs!

ﬁn(xo) = -711' ZI(X; \<\ :120).

i=|
Ho b HaweM crayvae Bua OLIEHUBAEMOH CbYHKLlHH HAM HIBECTEH:

o) = R 6) = po{ 2 < B2 _0(220) gy

o ag o

(em. m. 1, (7) § 1.2), noatomy, NpUMEHsIA M3MOXKEHHYIO TEOPUIO NOCTATOMHBIX CTa-
THCTUK, Mbl TOCTPOUM 00JIEE€ TOYHYHO OLEHKY, YYUTBIBAIOLLYIO UMEIOWYIOCSH arlpy-
OPHYI0 UHGPOPMALKMIO O MOAE/IK, B KOTOPOH Mbl paboTaem.

MIMeHHO, KaK OTMEUEHO BbIlIE, BBIGOPOUHOE CPeaHee X SIBASETCH 30eCh MO0~
HOI MOCTATOMHOM CTAaTUCTHKOMW, 1 eCTH Mbl BO3bMEM B KAUECTBE MCXOOHOW HecMe-
LUEHHOI oleHku GyHKUMU (13) npocTefwyio CTaATHCTUKY

T\ =I1(X1 < z¢) ETy =Py(X) < z0) =7(6),
TO ONTUMATBHAA OLIEHKA MOXeT ObITh Halneda no dopmyne (cM. (9))

7" = Eg(T\|1X) = Po{ X1 < 2yl X} = Po{X, - X < 2o - X|X}.
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3nech (cM. ynp. 28 k . 1) cnyyaiiHas sennynHa X — X He 3aBMCHT OT YCIOBHA
X, noatomy yKa3aHHas YCJIOBHasi BEPOSITHOCTb COBMafaeT ¢ 6e3yCoBHON BeposiT-
HocTbio Po{ X, — X < zo— X }. Ho nuneitnan dynkumnst X, — X or HopMaibHO#
BLIOOPKH pacrnpeaeneHa o HOpMalbHOMY 3aKOHY €O CPEAHHM

Eo(X, - X)=E¢X, - EX =6-0=0

M OMCIIEpCHUeH

MMOITOMY
*=P0{X1—X_<$0—X_} =

e )
:@(\/?__130;"). (14)

O6paTUM BHMMaHMe Ha TO, YTO ONTHMAIbHAA (H. 0. P. M. ) OLEHKA W1 QYHK~
i (13) monyyaetcs He MPOCTO 3aMeHOM HeM3BECTHOTO MapaMeTpa 6 Ha do-

CTATOYHYKW CTATUCTHKY X, HO BBEOCHHWEM €UIC H AONOMHUTENbLHOTO MHOXWUTENA

z/n/(n — 1) B aprymeHT pyHkunn ®, — poragathcs 10 TAKOH «3KIOTHKU» U3 Ka-
KHX-TO APYTUX cooOpaxeHUN NpeAcTaBaseTcs BecbMa NpodieMaTHYHBIM. °

Eiue Gonee «3K30TUYEH» Pe3ynbTaT CAeayowero NpUMepa, noty4eHHbIA ¢ He-
noab3osBaHueM Takux xe mpeit A. H. Konmoroposbim B 1950 . B Donee obueit
3ajave.

Npumep 7 (3apauva Konmoroposa). [Tycts no Beibop- Ouehmsarme GyHKUMM
ke X = (X1, ,Xn), %> 2, u3 HOPMANBHOTO PAC-  gcnpenenenms 6 obiued
npegeneuuns A (6, 9%) {(oba mapaMeTpa HeM3BECTHBbI) HOPMGTEHOH MOAENH

TpedyeTca OoueHUTh 3HAYEHME TEOPeTHYECKON (PyHK-
uun pacnpeaeneuns Fe(z; 0) B 3anaHHOM TOuKe Tg, T. €. TapaMeTPUUECKYIO PYHK-
uno (cpaBHu ¢ (13))

R e B G

Cneays M3noxeHHOH Bblllle HAEONOTMU, OYyIEM MCKATL ONTUMANBHYIO HECME-
LieHHYI0 OueHKY B Buze (9), rie B ka4eCTBe UCXONHOW HECMEILEHHO OLeHKH CHOBA
po3bMem mHankatop Ty = I(X, < z¢). B ZaHHOM cnyyae MomHOM A0CTaTOYHOM

CTATHCTHKOM ARnserc, kak Ml 3naem, T = (X, §%), mostoMy Moxem 3amucars

j:XS \'U,o T} (|6)

7" = Eg(D|T) = Pe{X, < [T} = P{

13*
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rae

Iy - X
Uy = ‘uo(T) = _\/T-LT—IS.

Ecaun 6b! cnyvaifHas BenMyMHa

X -X
7,_\/n—lS

He 3aeucena oT yciosuA T, To mpasas yactb (16) Gbtna Gl paBHa Fy(ug), rae
BMA QYHKUMK pacnpeseneHus Fy(u) yxkasan B ynp. 42 x rn. 2. Takum o6pa3zom,
HaM OCTaeTCH YCTaHOBUTbL HE3aBUCMMOCTh cTaTUCTUK 7 1 T. [lns atoro caenaem
HeOoNbLIOe OTCTYIUIEHHUE W 1002BUM €llle KOE-4TO M3 TeOPHH (MANTOXKEHHOrO BbIlLE
HaM He XBaTaeT).

WODEL G ELTTY  Cravuctuka U = U(X) HasbiBaeTca cao6odrod,
eCAN ee pacnpegeneHne He 3aBucuT 0T napamerpa § € © (s npo-
W3IBOALHOM NapaMmeTpuyeckon mogenn JF).

Ceobopubie
CTATUCTHKM

Teopema 4 (Teopema bacy). llycte T(X) — nojiHas QOCTaToOMHAR CTAaTUCTHKA,
U(X) — ceoboaHan ctatuctuka. Toraa T'(X) v U(X) Helasucumbl.

Aoxazamenscmso. Ilyctb A — npou3sonbHOe W3aMepuMoe (T. €. MUIA KOTOPOro
ofnpefeneHs! BbIMTUCHIBagMble Jalee BEPOATHOCTH) cobbiTve. Torda BepoATHOCTH:
yenosHaa — @(T)=Py{ld € A|T} n 6Gesycnosnas — 7y, =Pyg{l/ € A} He 3a-
BUCAT oT @ no ycaosuto Teopemsl, Npu 3ToM Egp4(T) = v4. CnenosatenbHo,
o6o3Havas g(T) =@ 4(T)— v, umeem Egg(T)=0, V4. U3 nonsorst T creayer,
gro ¢(T') =0, T e. 6e3aycnoBHan Y4 U ycnoBHas @ 4(T') BepOATHOCTHA COBMAAAIOT.
Ho 3To ¥ o3nayaet He3asUcnMocTh cTaTHCTHK T(X) n U(X). B

BepHeMca K Haluei 3a1a4e U 3aMeTHM, YTO €C/TU BBECTH HOPMHUPOBAHHbIE CITy-
yaiiHele Beanyuunl Y;=(X;—6,)/0,, i = 1, ,n, XOTOpbie UMEIOT yXe CTaH-
aapTHoe HopmanbHoe pacnpenenenne M (0, 1) (. e. He 3aBucaee OT napameTpa ),
TO JIEFKO NPOBEPUTHL (3TO MBI OCTABRIAEM B KAYeCTBE NMPOCTOrQ YNPaxHEHUA s
YMTATENs), YTO CTATUCTHKE 7) B TEDMHHAX BeJIMYMH Y; COXPAaHWT CBOH BHA:

_ Y|—1_" v, _l - 7Y
"= sy ™ S =g Ll

Orclona cieayer, YTo pacnpeaeneHne CTATHCTHKM 7} He 3aBUCUT OT NapaMeTpa Mo-
nenu 8 = (8, 83), 3HauuT, oHa spngeTcs cBoGoAHOH (!) cTaTUCTHKOM, U N0 TeopeMe
Bacy 7 n T = (X, §%) Hesasucumst (1).

Orciona W u3 (16) umeem 7° = F,(ug). Uenonb3ysn peayastat ynp.42 K . 2,
MOXEM 3anmucaTh ABHbII BHUA ITOH OLEHKH YEpe3 HEMOJIHYK OeTa-QyHKUH!IO!
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1 n—-2 1

1—=B( ] —up(T); —~, = ], ecn 0 < u(T) < 1,

. . 2 2 2

r=7(T)=
1 7 n—2 1

=B(1-uw(T), —,=), e —-1<u(T)<O0.

2 2 2

C noMoWbI0 MHIMKATOPOB 3TOM (OPMYNe MOXHO MPUIATh CledyIOWKK OKOHYa-

TENLHLIA BUI: H. 0. p. M. X WA GyHKuu (15) ABnseTcs cTaTMCTUKA

] n—2 1 —
™ =[1--B(1-u{(T) = )X <zo) +
2 2 2
] n—-2 1 —
+ 5B 1 - u(T); ——, 5 ) I(X = z). (17)
2 2 2
J10 M ecTL 3HaMeHUTBIH peaynsTaT A. H. KonMoroposa. ®

Hawl cnemyrowmit npuMep OTHOCHMTCH K OLIEHMBAHMIO B TMONMHOMMUANLHOM
Moienu M(n; p) (cMm. npumep 10 b §3.2).

Mpumep 8 (MonuHoMUanbHaA MOAENL: OUEHWBAHME NAPAMETPUNECKUX GYHK-
uui). 3anucas niotHocts f(z;6) (cm. (28) §3.2) B BUIE

pNH( )I(x—J)—exp{ZI In—+lnpN} (18)

BUIMM, YTO OHa NpuBoaMTCA K Buay (11) 3aMeHOM

¢, =In (ﬁ), j=1..,N-1
PN

Takum o6pa3oM, 3Ta MoJENb YKIaIblBa€TCA B CXeMy r-napameTpuyeckoro (npu
r = N — 1) 3KCNoHeHUManLHOTO CeMeHCTBa, U, CNELOBaTENLHO, LIS HEE NOMHOM

mocTaToyHoi cratuctukoit asnserca Bektop I = (T, ,Tn-y), Ie
T; = E =j)=v;
— yucao peanusauuit ucxona «j» b suiopke X = (X,,..., Xy), 7=1,...,N -1,
3aMeTHM, YTO YHCIIO peanu3aumnit ucxoma «N» ectb ¥y =n—v|— —VUnN_),
a pacnpeleneH1e MoJHOro cnydaitHoro Bextopa ¥ = (v, ..., Vy) €CTh MOAMHO-
MuanbHOe pacnpeneneHue M(n; pi, .., Pw).

M3 uanoxeHHo# B m. 2 TEOPUM CNedyeT, YTO B JaHHOW MOIENM HECMELLEHHLIe
OLEHKH CYILECTBYIOT JUILb IS TAKUX MapaMeTpHyecKuX PyHKUMUHA, KOTOpLIE UMe-
10T Bun EgH (T'), vnu, yto To Xe camoe, Bux EgH (v). Ho (cm. (14) §1.1)

n!
E&H(_I{): Z H(Il,...,(l,'N)mpTl...p;N,
Z|+...+Iy=n
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M npn moboi ¢yHkuMd H npapas 4acTb 34ech NPEACTABASIET COOOH MOIHHOM
OT P, ,Pn CTeneHu He sbiiie n. ChefoBaTeNbHO, OLeHMBaeMbIMHU (T. e. Ans
KOTOPHIX CYIUECTBYIOT HeCMellieHHble OLEHKM) MapaMeTpPUYeCKUMM (QyHKUWUAMU
B JAHHOK MOAEIHN SIBJIAIOTCA UL NOJUHOMbBI CTENEHN HE Bhllle 72 OT Py, ..., PN
Tak, uaynp. 19 kra. | caenyet, 4TO HecMellleHHOI ONTUMANTBHOM OLEHKOH hyHKUUH
(@) =p)'...p npu v+ 4+ 71y < n ABAKETCA CTATMCTHKA

. _ (yl)rl (VN)"N

(n)l"|+- 4Ty

(HanoMHuM, uto (@) =ala—1) (a—k+1), (a)o = 1). OueHku ana npous-
BOJIbHBIX MOJIMHOMOB (CTEMEeHM He BBILLIE 72} MOXHO CTPOUT C MOMOLLBIO NHHER HBIX
KOMOMHAUWH 3THX CTaTUCTUK HA OCHOBe Teopembl 3 § 3.1.

Kak YacTHbIi cnydail 3THX pe3ynbTaToB NpH N = 2 uMeeM COOTBETCTBYIOUINE
BeIBOIBI L1 OepHyanuesckod mogenu. B npumepe | B § 3.1 ObUIM MOCTPOEHH!
HeCMeEILUEeHHBIE OLUEHKY /1A NMPOH3BOIbHAIX MOTUHOMOB CTENEHHM He Builie 1 (n —
o6beM BbIGOPKM) OT napamerpa 6 mopenu Bi(l, 8) (cooTHowenue (6) B §3.1).
ITH OUEHKH NPESCTARAAIOT CO60H (PYHKLMHU OT MOMHON AOCTATOYHOM CTaTUCTUKH
X =X+ + X, — uucna «ycnexos» B n UCMbITAHUAX, CJEAOBATETbHO OHH
ABNAIOTCA ONTHMAIBHBIMU {H.0.P. M. ). U

B 3akmiouenne aroro naparpacga npupenemM NpUMep AOCTATOYHO! CTATUCTHKH,
He ABAAIOILECA MONHON,

Npumep 9. [lycTb npouaseneHo oaHO HabnogeHWe Hag AWCKPeTHOH chyvyaldHOH
pennuynHoit X c pacnpeneneHneM

npy == -1,

g e (01).
°(1-6)Y nopu £=012,..., 0.1

flz;0) =

Torma X — gocTaToyHas, HO HE MOMHAN CTATUCTUKA. JdeicTBUTENLHO, NYCTh
¢(z) — 3amanuas Ha mHoxectse {—1,0,1,2,...} ¢dyHKuuA, yroBneTBOpSIOLIAN
yenosuio Egp(z) =0, V@ € (0, 1). 310 ycnoBMe MOXHO 3anucaTh B BUE

P(=08(1 - 9) 71+ p(z)p* =0
=0

HIH, TaK KakK
(1-8)7=>"@+ 16 o0+ [p)+zp(-1)]6° =0.
z=0 =1

Ho sromy ycnosuio yaosnersopsaeT Jwbas ¢yHkuus, ans kotopoi o(0) 0,
plz) = —zp(-1), T = 1,2, T. €. 3HaYeHHe @(—1) MOXHO 3alaTb MpPOM3-
BO/bHO. CNegoBaTeNtHo, B IaHHOM Cllyyae KPUTEPHil MOJHOTB! HE BbIMONHAETCA,
MO3TOMY YpaBHeHHMe HecMeLIEHHOCTH He GyleT MMeTb OJHO3HAYHOTO PELIEHUS.
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PaccMOTpHM, HanpuMep, 3aauy ouexuBanua GpyHxkunn 7(8) = (1 — 6)° Heno-
CpedCTBEHHO MOXHO YGeauThest B TOM, uTo ntobas cratuctuka T = T,(X), rae

l npu ¢ =0,

1) = {

axr npu T =-1,1,2,

@ TIPOUIBONLHO, ABNAETCA HECMELEHHOH oueHxoi T(#) (MpoBepKy 3TOro Mbl
OCTAB/IIEM YUTATENIO0 B Ka4YECTBE NPOCTOTO YNPAXHEHUA). .

§ 3.4. Cnocobb! peleHnUa ypaBHEHNA HECMeLEeHHOCTH

A mamemamury yyce 3amem yuumes caedyem,
YMOo OHA yM 6 NOPRJOK npueodum.

M. B. lomonocon ¥

Hactosawuit maparpad nmocsaileH NMPUMEHEHWIO TEOPHMM AOCTATOYHBIX CTATUCTHK
NPA OTHICKAHWH ONTUMANBHBIX HECMELIEHHBbIX OLEHOK B KOHKpPETHBIX 3aj1ayax.
KitoueBblM MOMEHTOM NpPHU 3TOM fIBJIAETCA OTHICKAHUE PELUEHMS YPaBHEHUSA He-
cMmewweHHocTH (10) § 3.3. MimeroTes Ki1acch! CTaTUCTUYECKMX MOIETIE !, VTSt KOTOPBIX
pa3paboTaHbl cneundHyecKre MeTOObl PelUeHUS YPaBHEHUST HECMELUeHHOCTH, N03-
BONAOWIME NOSYYATh ABHBIE BbIPAXeHUA AN ONTHMATBHbBIX OLIEHOX [TPOU3IBOLHBIX
OLIEHNBaeMbIX [1apaMeTpMyeckux ¢yHkuui. Yianoxenue 3TMX METOAOB U COCTaB-
nfeT cooepxaHue maHHoro naparpadga. [ooyepkHeM, yTo npexnae ueMm pellarth
YPaBHEHHE HECMELIEHHOCTH, HeOOX0AMMO B KaXI0i KOHKPETHOWM 3atave:

a2) onpeaeants goctatoyHyio cratuetuky T = T(X):
6) Haiith ee pacnipeaencHue: Fr(t; 6) = Po{T(X) < t} unn nnotHocts g(t; 0);
B) MPOBEPUTbL, OONANAET M OHA CBOWCTBOM [MOJHOTHI, T.€. PEWINTh OJHOPOAHOE

ypaHeHue (7) § 3.3 M ybeanThesl, UTO OHO MMeEET EAMHCTBEHHOE (HysieBoe)
peLeHueE.

Tonbko yGeauBILNCh, 4TO B paccMaTpHMBaeMOi MOLeNY HeCMEIIEHHAH OlIEHKa
HYNA €IMHCTBEHHA, MOXHO IPUCTYNATh K PELUEHUI0 YpaBHEHUA HECMELLEHHOCTH
Anst 32JaHHOW MapaMeTpuuecKoii pynkunu 7(#). o aToil nporpamme Mbl ¥ GyaEM
B lanbHEeAIUEM AEHUCTBOBATD, .

Ho npexie caeaeM OAHO M0Jie3HOe 3ameyaHue. B koHkpeT- Noneanoe A
HOil 3azaye, Halas NOJHYIO focTaTouHyo ctatuetky T = T'(X), 3OMENaHME
none3Ho BolMHCAUTL ee cpeanee u(f) = EyT(X), T ¢. onpene-

JIUTh TEM CAMBbIM TY NapaMeTpruecKylo GyHKUNIO, ANA KOTOPOit cama cTatucTika 7'

ABNAETCH OMTHMANBHOM OLEeHKOi. MoxeT okalatsest, uto u(#) = k6, 1.e. nMHeiHo

3aBUCHUT OT napamerpa # paccmatpusaeMoit Moaenu. Torma onTUManbHOM OleEH-
. x %

koit #™ ana napamerpa # 6ynet, oueBuaHo, cTatuctka 8 = T(X)/k. Hanpumep,

) Nomorocor Muxaun Bacunsesuy (1711-1765) — pycckuit yUeHBIA-IHUHINTONEANCT H MLICTTUTEND,
noaT, akanemuk Ilerepoyprekoit AH.
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nycrs Mopesb F = U(0; 6) — paBHOMEpHOE pacnpelesieHne ¢ HEMIBECTHBIM Npa-
BbIM KOHLIOM HOCHUTENA (Hocumenem pacripellesleHWsi Ha3blBaOT TO MHOXECTBO,
Ha KOTOpOM COOTBETCTBYlowaA niaotHoeth f(z; 8) > 0). Kak mokasaHo B mpu-
mepe 3 § 3.3 nOCTaTOUHON CTATUCTHMKON B 3TOM Cilyyae AB/SIETCA MaKCMMAIbHOE
3HaueHne X ) Bpibopku X = (X, ..., X.,). To, 4TO 3Ta CTATMCTHMKA NO/MHa, OyneT

n
YCTaHOBJIEHO uyTh HiXe (cM. mpuMep 3), a Tak Kak Eg X () = mﬁ’ (cm. ynp. 46

n+
K . 1), To oTcloga crenyet, yto 8° = —— X(n) — ONTUMAILHAA OLIEHKA §.
n

1. Moaenb cTeneHHOro pAja, OUeHUBaHUe NapaMeTpUyecKux QYHKUUNA

OTa Mozens, oxBaThlBalolias 60AbLIOE YHCNO KOHKPETHbIX IMCKPETHBIX pacnpele-
ReHut, BeeseHa u onwcaHa B m. 8 § 1.1. M3 supa mnornocth (20) § 1.1 cnenyer,
YTO OHA OTHOCHTCA K IKCMOHEHLUMaTbHOMY ceMeicrsy (cM. m. 3 § 3.3) u notomy
obnanaet nosiHoit goctatoyHoit cratucrukoit ' =T(X) = X, +  + X;. Pac-
npefeneHne 3TON CTaTUCTKU yKadaHo B (24) § 1.1. CnenosatensHo, 3nech y Hac BCe
TOTOBO, YTOOB! MPUCTYNTUTL K OCHOBHOK nNpobneMe — pelleHuIo YpaBHEHUS HECMeE-
weHHocTH. [IpeanonoxuMm, uro TpeGyeTca OLUEHUTb MapaMeTpUYecKylo QyHKUHIO
7(0), npeacraBuMyio B BUlle CXOAAWEroca Ha © CTeneHHOro paja:

() = i b;6’
j=r

Torna w3 gopmynsl (24) § 1.1 cnepyer, uto B TaHHOM cNyvyae ypaBHEHHE HecMe-
wenHoct! Eg H(T') = 7(0) npuHumMaeT BUR

i H(t)a.(t)8" = f"(8)7(6) = i an(z)6° f} b’ =
=n| z=nl j=r

k—ni

= > 85> bjaalk - j). (1)

k=nl4r j=r

[TocKo/IbKY 3TO TOXASCTBO NO &, NpHUpaBHUBAA COOTBETCTBYOLINE KORDGULIMEHTD!,

HaXoauM
t—ni

bian(t — 3 npu t=2nl+r,
0 npu t<nl+r.

% '
Otcloaa monydaeM, YTO ONTUMANBHAA OLUEHKA T 4JiA (yHK-

Obuwee pewenne
unn T(#) uMeet BUI

T-nl
™ = H(T) = a;l(T) Z b,-an(T — j) I(T 2 nl+ 7')- (2)
j=r
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DTO Ype3BbIYaitHO OGILKIA peayabTat, MOCKOAbKY 3nechk dynkumna f(#), 3ama-
IoWias MOESb, U oueHuBaeMan GyHKUuUa 7(f) — NPOHU3BONLHLIE aHANTUTHYECKHE
GyHKUMM Ha ©. BbizenM ocobo BaxHble CMERHATbHLIE CyYyan pellerus (2).

Mycts 7(6) = f(8). Torna B NCXORHOM COOTHOWE-  CreynanbHbie cnysam

Huy (1) npapas yacTh ecTs NOPOMETPHUEECKUX
o0 byHKuUMH
I
i) = Z an41(2)8°
z=(n+1)!

¥ NMOTOMY ONTHUMAIbLHAsA oueHKa f' 3Tod GYyHKUHUHM eCTh

p= 21> 1)) ®
Ecnn 7,.() = " 710 M3 (2) cnemyer, yTo
- Eia(ﬂa;)’_) IT > nl+7). (4)

TMyctb Teneps 7(8; x) = 67/ f(8), > I, T e. peub hakTHyecku uaet o6 oue-
HUBaHWH TeopeTHyeckoit naoTHoctu f(z|@) (cM. (20) § 1.1). B 3ToM cnyyae wmc-
XO/HOe COOTHOLWEHMe (1) 3anuweTca B BUAE

Q0
d_HBlant)f' =6°f"'6) = 6" 3 ani(i)¥,
tznl J=(m-N
OTKYIA aHAJOTMYHO MpeAbIIYIIEMY HMEEM
. a,- (T — )
T ()= IT =2 (n- DI+ 5
(€)= 5 S LT > (n = 1)+ ) )

B yacTHOCTH, OnTHMaNbHas olieHKa [ () TeopeTuueckoi naorHoctH f(z|6)
MONYY2ETCA YMHOXEHHWEM MpaBoit yacty (5) Ha koapbduureHT a(z):

. G.n_|(T - 5'.3)
@) = olo) ™2

HakoHeu, ecnu TpeGyeTca OUEHNATH MapaMeTprYecKylo (yHKLMIO BHaa

7,(0) = Epp(€) = D _ p(x)f(16),

2l

IT>(m-V+z), T3l (6)

TO ONTUMaNbHAA OUEHKA [0/y4yaeTcs 3aMeHOW B npasod yaCTW 3TOTO paBEeHCTBA
TeopeTHyeckoi nnotHoctH f(z|8) ee oueHkoii (6):

T—(n—W)l

=Y e@f@= Y e a"_;’(fT; @), (7)

=l z={

g\
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OTMETUM TaxXke, YTO MO KPUTEPHIO LTS IKCMOHEHUMANBHOMA Mogenu (cM. . 3
§ 3.2) BuiBopounoe cpentee X = T(X)/n sapnsterca 3G PEKTHBHO! (3HAYMT, W on-
THMJIEHOI) OlIEHKO# TeopeTHyecKoro cpearero (cm. (23) § 1.1) 8 (8)/ £(6), naTo
€CTb €[IMHCTBEHHAA 3G (EKTUBHAA OLUEHKA B MOJENH CTeNeHHOTro psia.

Wrak, mng BaXHOro Knacca AMCKPETHbIX PACNpeAENeHHH TUNAa CTENeHHOro
pAa MOXHO CTPOUTh ONTHMANbHEIE OUEHKHU ST MPOU3BONbHbIX NAPAMETPHYECKHX
(byHKUMIt, MPeACTABUMBIX B BUIE CTENEHHOrO psaja oT &,

PaccMOTpUM HECKOTBKO KOHKPETHBIX MPUMEPO Ha MPUMEHEHUE NMONYYEHHOTO
obLero pesyabrara.

Npumep 1 (NMyaccoHosBckan moaenb, OeHWBaAHHE NapaMeTPHYLCKUX (DYHKUNH).
Mycets X = (X,, ,X,) — owibopka u3s pacnpenenenust L(€) € 11(#). Ouennm

napaMeTpHUeckylo GyHKuMo T, ,(6) = 67e™® npu zamaMHBX £ < MU T = 0

nenom. 3xece (cM. n.8 § 1.1) £(8) = €’ , 3naunr,

fn (9) — enﬂ _ Z (TLH)I e aﬂ(x) _ I”_x_‘ s o

oy T! I!
Hanee,
oo} oQ
roth g i (16 (—t)~
Tr3(9)=9 =@ Z il = z ; -r)!oj,
i=0 j=r
T.¢. .
=ty .
b, =
T
[Moatomy no dopmyne (2)
. T (—ty aTd
Trt = — - — 1T 2>2r)=
WG @2
D N G (i I 5
— : tyn " Zr)=
_ T T-1 =
(T —r)in®
r 1 -
= r!CTn—T(n-— "

9TOMY peaynbTaTy MOXHO NPUAATh CENYIOWYI0 OKOH-
YaTENAbHYIO (OPMY:

1 ENTT
) = PG (1 _ —) )

n’ n

Obuwwmin pesynetar

MonuepkHeM, 4TO B JaHHOM Cayyae ouexuBaemas GyHKuus 7(f) 3aBUCHT
OT aByX cBoboaHblx napameTpoB: ¢ < n W uenoro 7 > 0. lNpuaasas 3TUM Napa-
METPaM KOHKDPETHbIE 3HAYEHMUs, MOXHO U3 (8) monyyaTh CaMOCTOATE/bHbIE HHTE-
pecHble pe3yNbTaThl.
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Tak, npu r =0, { = —| pyHKuus Tr.t(e) = f(O) nu3(8) CneunansbHbie »\\\
UMECM OLICHKY CNy4au

r(ie3)

cornacyioliylocsi ¢ o6uium peynetatom (3).

fipn ¢t = | byHkums 7,.4(0)/r! = e"gﬁr/r! €CTh TEOpPETHYECKAA BEPOATHOCTD
P;{{ =7} = f(r|@) v nnn Hee u3 (8) MMeeM ONTUMANbLHYIO OLIEHKY

. ;| AN
f(T)ZCTr_z-’: | - — r=0,1, ,T

n

Ecnu, Hanpumep, TpeGyeTcs OLEHUTL BEPOATHOCTh

k
T(6) = Pe{e <k} =) _ f(rl0),
r={

TO ONTUMAJTLHOHW OLEHKOHW OYAeT CTaTUCTHKA

k T-r
k r ! ]
Cr—{!|—-— u T >k,
T* — Z f*('r) — "z:% an ( n) np
r=0 1 npn T < k.

Hakoneu, npyu ¢ = 0 13 (8) uMeeM BUL ONTUM@ILHOI oueHky s 7.(f) = 6

.G TT-1) T-r+l) (D)
T, =7l— = = : (9)
n’ n" n"
B yactHocTH, onTMManbHas ouleHka camoro napametpa @ ecth BLlGOpouHOe
cpennee: 8° = T/n = X, uTo cornacyeTca ¢ pe3y/isTaToM, YKa3aHHbIM B Tabs. 2

§3.2. L
Mpumep 2 (OTpHUaTenbHan GuHOMMaNbHAA MOAENb, OLEHHBAHWUE NapaMeTpuye-
cxux pyHryun). To puibopke X =(X,..., X, ) TpebyeTcs OLEHUTL NapaMeTPH-

qeckylo PyHKUMIo 75 4(8) = 8°(1 — 8)° t < nr, momenn Bi(r, 8). 3necs (cm. 0. 8

§1.1)
1O =01-0""=> Chb
z=0

T.e. 0p(Z) = Chrgz—t, £=0,1,2, a

fn(B)Tslt(G) — 93(1 — 0)—(1'”' t Z i | 03+l

CnenosaTtensHo, ypasHeHHE HeCMeELLEHHOCTH (1) 3anuiLeTCs B BUIE

Z H an(z Z Cnr —t+i— 195+3
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OTKYylld Hax0IWM, 4TO

zT—8
_ Inr—=t4+z-s5-|
nr+z-1
O6LWui peaynuTar Takum 06pa3oM, ONTHMATbHAS OLUEHKA T, ; HMEET BUL
cr-
x nr+T s—{—1
Ts,t = H(T) = CT . (]0)
nr+7T-1
“Chewnaninie c‘};b;;a“ 3T0 3HAYNTELHOE YCUAEHNE pe3yasTaTa npuMepa 3

§3.1. ByactHocty, nonarag s = 1, £ = 0, nony4yum BuLg
ONTHMANBHON OLeHKH No n HabmomeRuAM Ina napamerpa 6:

. Cary T

CRT+T1 nT+T_1

(cpaBum ¢ (7) §3.1 nput s = 1).

Kpome Toro, nockonbky (cM. n.2 § 1.1) Lo(T)  Bi(nr,8), 10 EfT
= nré/(1 - 6), 1.e. cratuctuka T/nr = X /r sABnfAeTCA ONTUMAILHOMR OLIEHKOM
LA napaMeTpHyeckoit pyHkuur 7(6) = 6/(1—86), 4To cornacyeTcn ¢ pe3ynsTaToM,
YKa3aHHbIM B Tabn. 2 § 3.2. *

2. Mogenu c BbIGCPOYHBIM MPOCTPAHCTBOM, 3ABHCALLMM OT Napamertpa O

ITycTh HOCHUTENEM pacrpeaeneHUs HabMonaeMOA CydaitHOW BENUYMHEI £ sBsETCA
otpe3oK [a, 8] u TeopeTHyeckas MAOTHOCTb MMEET BU]

f(z;0) = Q()Mi(z), a<z<6 (12)

(BHe oTpe3ka [a, 8] rnoTHOCTL paBHa Hyno). 3aeck GyHkunsa Q(6) > 0 ana Beex
0 > a n nubdepeHLNPYEMa, KpOMe TOTO, BhLIMNOMHAETCS YCAOBUE HOPMUPOBKH

o 0
]
aff(:c, fydz=1, Tte. [Ml(z) dr = Ql—w)

HnddepeHUMPYA ITO TOXAECTBO MO &, UMeeM

Q,(6)

Q(6)

— 3THM COOTHOILEHMEM CBA3aHbl GyHKUMU My u Q) B (12).

ITycts Teneps nana Boibopka X = (X;, , X,) 13 yKa3awwuoro pacrpegene-
HuA. 3anucas cbyHKumo npasionoAoOMA ¢ MOMOILLIbIO annKaTOpoa B BHIE

Hf:c., =Q o)HMm,HI < 6) =

=]

= Qv (0) I(z(n) < 9) H M\ (z;) Iz 2 a),
t=1

M\(6) = -
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Mo KpUTEPUIO (haxTOpHU3ALMHK TTOJYYaeM, YTO AOCTATOYHOI CTATUCTHKON B JAHHOM
mofiesin saBnsteTcas I' = X(p) — MakcumanbHoe 3HayeHue BuiGopku. Haiizem ee
pacnpezeneHye: npu t € [a, 6]

t
o) — _pn _ oo " Q)
Fr(t:0) = Po(T < 1) = e <1} = Q100 [ Me)az) = 2
oTKyna ana nnotHocTH ¢,(¢; 6) = Fr(t; 8) nonyyaem npeacrapneHue
o o "ROAO _2MOKEG |, o

n+1 — n—1|
1 (t) Q')
JIna npoBepKu TOMHOTHI CTATUCTMKKM T’ Hamo yOeauTbcAd B TOM, YTO HecMe-

ILeHHaA OUEeHKA HY/Ifl B 3TOM MOJe/IH eAMHCTBEHHA, T. €. PeLUUTL OAHOPOAHOE YPaB-
HeHune Egp(T) = 0, V8 > a. B nawem ciyyae oHO 3KBHBAUIEHTHO YPaBHEHHIO

]
f pOM(OQI™ (0 dt =0, V6> a.

a

IuchbepeHUMpys 3T0 ToXECTBO Mo @, nomydaem (@) M (6)Q,™" () = 0,V8>a,
otkyna @(@) =0, V& > a. TaxuM o6pa3oM, CBOMCTBO MOJHOTH! 3eCh UMEET Me-
CTO, M MOXHO NPUCTYNAaTh K petieHN 10 YpaBHEHHS1 HECMELLIEHHOCTH IUTS 3alaHHOH
napaMetpnyeckoit GyHkunu 7(8):

@
/ H(t)g(t:0) dt = 7(8), V0 >a. (14)

Hanee Mbl cyutaeM, yto ¢pyHkuma 7(6) anddepeHunpyema. [lepenncan ypas-
HeHue (14) ¢ yuetom (13) B Buze

7(6)
Q1)
1 npoandepeHUnpoBas 3TO TOXOECTBO No #, nony4ynm

T'(0)Q\(6) — n7(6)Q}(6)

[
n / HOM(6)Q™(t) dt = v >a,

nH (6)M,(6)Q,™"(6) =

Q') ’
(0)Q1(6) - nr(0)QL(6) YO . O
HO=——moae  ~ O mme® O w66

N
. " &
B urore, Mbl UMeeM cneayiowMi o6LINH pe3ynbTar: OBwwmit pesynsTar

8 modeau (12) onmumansroit oyenxoi OrR NPOU3BOALHOL
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dupppepenyupyemoii hynkyuu 1(6) asasemes cmamucmuxa
1"lr (X("))
nf(X(n); X(n)) .

Jamevanue. ECIH paccMOTpeETh «CHMMETPHYHYIO» MOJENL (Heu3BecTeH JIEBblil KOHel HO-
CHTEA pacnpeleneHus )

T =H(Xp) =1(Xm) + (15)

f(z:0) = Q:(0)Mx(z), <<, (16)

TO AHVUIOTUYHBIMH pACCYXIAEHUAMH MOXHO YCTAHOBUTH, YTO MOJTHOH JOCTAaTOYHOIN CTaTH-
CTUKOH Tenepb ABASETCA MUHUMATbHOEC JHAYEHNE Bb160pl(H X“) , €€ NMTOTHOCTh HMEET BUA

Q3(6)

2 (t)’
@ oNTUMABHON OUeHKo# Ang npou3sonbHOi audibepenunpyemoit dhyHkunn 7(0) asaa-
ETCH CTATUCTHKA Xon)

' T4
T =71(Xq) - (18)
nf(Xq), Xo)

HpOBCpK‘] ITHX YTBCp)K.D.CHHﬁ MbI OCTaBJIACM YMTATEIK B KAYECTBE YIMPAXHEHHA, 2 AAfIeC
Mbl TPOUJUTIOCTPHUPYEM HIANTOXEHHYIO TCOPHUI0 HECKOJLKMMH NPUMEDaAMH.

Npumep 3 (PaBHoMepHan MOAeNb, OUueHUBaHUE NapaMeTpUUYECHUX PYHKUMKA).
Mycts £(€) € U(0,8), 8 > 0. Oto monens Buma (12) c a = 0, Q(6) = 1/8.
M(z) = 1, noatoMy a1s Hee «paBoTaeT» pedynbrar (15). B yacTHocTH, ecau
7.(8) = 6" To onTHMATLHAS OuEHKA WA 3Tol GYHKUUM MO T HABNIONEHNAM eCTh
TXr_l
* r {n) n+r7r r
Tr = X(n + - = Xn. (19)
VU nf(Xey X@y) om0
(pamblue, cM. BBeeHHe K JaHHOMY Naparpady, Mb yCTAHOBUNW 3TOT PE3yJLTaT A1s
r = 1). OGpatM BHMMaHUe Ha To, uto 3nech a; = Eg€ = 8/2, n, cnenopaTentHo,
ONTUMaNbHAA OUEHKA [UIA TEOPETUYECKOTO CPEAHErD ) ECTh
. 1, n+l

% :ETI " m

a ne suBopouHoe cpearee X (1). ITpu 3Tom

D)T—'Dg— &
TR T

X(n);

a B cuay ynp.46 x rn. |
. (n+1)? n+ 1)? n? 62
dn 4n (n+ 1)n+2) 4n(n-+2)

CnenosaTtenbHo, 3pdeKTHBHOCTb BbIOOPOYHOTO CPEAHETO MO OTHOWEHHUIO K OTITH-
MaTbHOM OUEHKE paBHa

DgCIT _ 3

I npn n 22

<
Do X n+ 2



§ 3.4. Cnocobs! pewieHun YpasHeHUR HeCMeWeHHOoCMU 207

ITOT NPUMEP TMOKA3bIBAET, UTO HE BCceraa BbIOOPOUHOE CpeaHee HAMAYYILKHM o0pa-
30M OLIEHHBAET TEOPETHUECKOE CPEHEE MOJIE/H., .

Mpumep 4 (MokasatenbHar Mofenb € NapaMeTpamu CABUTa, olleHMBaHHe Napa-

meTpuyeckux ¢yHxuun). Iycts nnoTHocTe HabGnomaeMod cAydalHOW BENMUM-

ke € ects f(z;8) = e "% & > 0. Tpebyercn oueruts 7,.(8) = 8" no Be1Gopke

ofbeMa n. DTo mozenb Bua (16) ¢ b= 00, Q2(8) = ¢’ My(x) = e mnoaromy
no ¢opmyne (18)

=X}y - — X! (20)

n L

Mipumep 5 (MpuBepenHHoe NoxasaTensHoe pacnpegeneHve, oueHuBaHWe napa-
meTpuuecHux dyukyun). MNpuseacHHoe K oTpesky [@, b] nmokasarensHoe pacnpe-
nenerne 3aaercsi wiotHoctslo f(z;8) = e */(e”? — €7"), = € [8, b]. Dro pac-
npenenexue umeer sua (16), nostomy, npumeHss (18), noayuus, uto onTHMANBHOM
OLIEHKO#1 NPOM3BONLHOI cTeneHy Napamerpa 7-(6) = §' AsngeTca cieryloulas cTa-
TUCTHKA OT BLIOOpKK oDBEMa 7;

=X} - %X{,}‘(l — Xty (21)

3. MeTop noaroHxu

3neck peuts OYAET MATH O BECbMA MPOCTOM, HO OYeHb 3QQIeKTHBHOM B pAle Cyyaes
npveMe peweHus ypasHenus necmeweHHoctH EgH (T') = 7(6). Mpeanonoxum,
yro 7(f) > 0 wna Beex € € ©, TOrma MOXEM 3aNHCaTh TOXIECTRO

Ee[H(T)] =1, um /_—_H(t)g(t; 9) dt =1

7(6) 7(0)
HMyctb 3pech (K1loueBoit MOMEHT!) MMeeT MecTo QaKTOpH3aLIUS
g(t; o
2169 _ u(t)gi(t; 6), (22)
7(6)

e dyHkums ¢ (¢; 6) npuHALIEXUT TOMY Xe CeMeNCTBY IOTHOCTEH, YTO U TUI0T-
HocTb ¢(£; @) nonHoi aocrarouHoi craructuky T. Toraa Mbi KMEEM TOXIECTBO

[Houwg o=

KOTOpOMY y10BAeTBOPAET (B CHIY NOMHOTH! CTATUCTUKM ') eMHCTBEHHaA (yHK-

uia H(t) = u~'(t). D10 MaeT pellleHHe MCXOAHOTO YPABHEHUA HECMEMIEHHOCTH:

rr = u_l(T) (119 IMCKPETHOM MOIEIH, B 3TUX PAcCYXIEHMSX UHTErPUPOBaHHE

Ha0 3aMeHNTb CyMMUpoBaHHeM). TakiM 00pa3oM, ec/lH B KOHKpeTHoH 3afave yna-
€TCS YCTAHOBUTD (PAKTOPH3aUMIO (22), TO MBI TEM CaMbM [10J1y43eM OJHOBPEMEHHO
W BUI UCKOMOM ofTHMATbHOI oueHky ais 7(8). [MpoaeMoHcTprpyem atbdekTHB-
HOCTb TaKOT0 MPHEMA COOTBETCTBYIOLIMMH TIPUMEPAMH.
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Npumep 6 (HopmanbHas MoAenb C HEN3BECTHBIM CPEAAHAM, OLEHUB aHUe Napame-
Tpuueckux dyuxunin). Tycte X =(X,..., X,) — ssiGopka u3 L(§) EN(8,07).
30€eCh, KaK MBI XK€ 3HAaeM, NOTHOHA JOCTATOMHOM CTATUCTHKOA T sBnsieTcs BhiGo-
pouHoe cpentee X u Lo(X) =N(8,0°/n), T.¢

9t 0) = fapnm(t; 6) = (ﬁ;) N exp {—%(t = 0)2}-

PaccMOTpMM CHauana 3aayy OLleHUBaHHsI TeopeTHHecKoil tiotHoct T(8) = f,2(z;0)
B NPOK3BONLHON TO4KE Z. 3heCh YpaBHeHHe cbax'ropusauuu (22) npuHnMaeT BuA

ol/n @
]}a_?/(l(f,_é’)) \/T_le)(p{ 22(15*9) + (12—-9)2}=

= 17\ t)fazln( (ﬂ—l)6+:c)’ a1,

rne oy =
n n
T.B.

n

ult) = £ (w8, 2 9i(t:6) = forym (t; n- 6+ "”)

Taxum 06pa3oM, ¢,(¢; 6) sBAAeTCST HOPMATLHOMN NIOTHOCTbIO TAKOTO XE BUAA,
KaK U g(t; 8), v TeM caMbiM peLIeHHeM YPaBHEHUA HECMELLEHHOCTH

[ BOgt0)at = )

.
R a—————_— 1.1, {1 o R ) TV AR TR C AR - o2 (2 t) — Hop-
% "OnTUmanbHAas OLEHKA
_ Ma/TbHasl MIOTHOCTh CO CpeZHUM ¢ W AKcriepcHed o
HOPMQNEHOM NNOTHOCTU B yitore uMeeM, YTO ONTUMATBLHOM OLEHKONH TEOpeTH-
4eckoi mnoTHocTH f,:(x; 8) aBAseTCH CTAaTHCTHKA

f1(2) = fa(z X). (23)

Orcrona MOXHO BBIBECTH CERYIOLIEE BaXHoe 3a-
KJII0YeHH e eCNU oLie HMBAETCs NapameTprueckas QyHk-
uMs BUIA

r0:0) = Ev(O) = [ $(@)1n(w:6) da, (24

TO ONTUMANMBHAA OLUEHKA 1A HEC NOoay4acTCs no CbOpM)(IIC

= f $(2) f*(z) dz = f Y@ fa(@ Xy dz =1(X;00),  (29)

%
CneunaneHbiit cny4an

2
T.€. B BpaxXeHun 1ist 7(8; ¢°) Halo NpocTo 3aMeHUTs NapaMeTp @ Ha CTaTUCTHKY
X, a Benuanny o> — Ha of = ((n — 1)/n)0?
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Tak, eciu 9(z) = e** To nofyyaem XapakTePUCTHYECKY!I0 DYHKLHIO

2 it o’ 2
7(0; 0) = Ege'™ = exp {z’tﬁ - —t }

2
(cM. ynp. 26 k ra. 1), cnenOBaTENbHO ONTHMAIbHOI OntumansbHas ouerka
OLEHKOH UTA Hee ABNAETCA CTaTHCTUKA HOPMOMbHOM XOPAKTEpPH- R
) o O.f ) cTudeckor GyHKuMmM
T  =exp {itX - -—2—t (26)

B KayecTBe ellle OMHOMO KOHKPETHOTO pHMepa BO3kMeM (yHKimo () = z°

Torma u3 (24) nmeem
7(8;07) = Eof’ = Dyt + (Eo€)” = 07 + 6’

H, chefoBaTensHo, B cuny (25), 7° = ot + X wm (8)) =1 -0’ = X' —0’/n —
ONTHMAIbHAA OlleHKa wis &
Hakonew, ecan 83t ¥(z) = I(z < zp), TO

m(6; %) = Po{¢ < m} = Q(mo"—g)

u 1o dopuyne (25) fefEnvetior el
. n o zg-X HOPMAnNbHOMA PYHKUMM
" =& & pacnpepeneHms
n— | o

— C 3TMM DE3yNLTaTOM MBI yXe BCTpeyaluch B npumMepe 6 § 3.3 (cM. TaM cooTHo-
weHue (14)). .

Npumep 7 (BuHomuannHan mogens, oueHnsaHue napamerpudecknx GyHxuun).

Iycts Tpebyercs no swibopke X = (X,,..., Xp) v3 GMHOMHUANILHOTO pacrpe-
nerenus Bi(k, ) ouennth napametpuyeckywo dynkumnio 7. (0) 6 (1 - 8)°

roe 7, $ — 3aJaHHble HEOTPUUATENbHbIE Lesible YuCIa Takue, 4To T + § < kn.
Mockonbky Monens Bi(k, f) BXOZMT B 9KCMOHEHUMATbHOE CEMECTBO, TO CTaTH-
ctuka T = X, +...+ X, ABIAETCA QOCTATOMHOM U NOXHON, U ee pacnpeaeneHue
L4(T) = Bi(kn,8) (cm. n. | §1.1). B nanHOM cayyae ypaBHeHHE PaKTOPH3ALMK
(22) sanuweTtcs B Bume

C’E_ngt“r(l _— B)kﬂ"t_"s — C}in (Ckn -r- 3) Ckn-—r set—r(l _ ‘9)kn—r_

Te. 3nech gy 8) = Coom _ 871 — 8"~ _ 6unomuanbhble BeposT-
-1
HoctM BToykax t =r, r+ 1, ,kn— s, a pynkuns u(l) = an( e ,._3)
3HayuT, ONTHMaNbHaA OLleHKa QYHKUMHK Ty s(0) ectb
_ cI-
T;s — I(T) Ln Zkn-r=s (27)

Ci

'R
14 3axa; 1748
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B vactHoctH, npu 7 =1, $ =0 nonyyaeM ONTUMATbHYIO OUEHKY NapaMeTpa f:
9*_1-1*():9'.’%_—‘1_2:1_
’ Ci., kn Kk
— 3TOT pe3ynbTaT Mbl yxe umenu B § 3.2 (cm. tabn. 2). .
Npumep 8 (Ouennsanme paiMepa KOHEYHOW COBOKYNHOCTH: BbiGop C BoO3Bpa-
wenuem). [lycTs B ypHe HaXoOgTCH 3aHYMEPOBaHHbIe Yucaamu 1,2, | @ wapsl,

HO MX uncho € HaM HeussecTHo. [To cxeMe cayuaitHoro Bel0opa C BO3BpALLUEHHEM
M3 ypHbI MIBTEKAETCSt 1 LAPOB M NPH 3TOM KaXIAblA pa3 QUKCHUPYETCS HOMEpP H3-
wieveHHoro wapa. Mycte X = (X, ..., X;) — HOMepa U3BAEKaBILINXCS 11APOB.
TpebyeTcs no 310l HHPOPMAUUKM OLUEHHTH 00LLee YUCIO Wapos B ypHe & n, Gonee
061110, NPO3BOIbHYI0 cTeneb T,(f) = 8" rae r > —n (uenoe). Ecnu £ 0603Ha-
YAeT HOMED CNyYalHO H3BAEUYEHHOTO Llapa, TO pACMpeaeseHue 3ToH chyyaitHoH
BEUYMHBI 3a0aETCS1 BEPOSTHOCTAMMU

f(a:;9)=Pg{§=a:}=$, z=1 ,0, wnm f(:r;()):éf(:c&&).

Otcwona ans GyHKUWU MPaBACMON06Ks HMeeM TNpeacTaBieHue

n
L(z; ) = [ f(2::6) = 67" I(maxz; < 8) = 97" I(z() < 0).
i=1 '
Mo xpurepuio dakTopu3aunH OTCIOAA ACaeM BLIBOA, YTO MAKCHMANLHbIA HABMI0-
naBlunitca Homep X(,) SBAAETCA KOCTATOMHOM CTATMCTMKON ANs mapamerpa 6.
Haiinem ee pacnpenenenve. Umeem

¢

Po{Xp <t} =P {Xi<t,i=1, ,n}=(§> t <.

CrnenosaTenbHo,

y(f;9)=Pa{X(n)=t}=(%)n (thl)n t=12,6. (28)

YOoeanMcst TeNeps B MOAHOTE CTATUCTHKH X (ny. [L1s1 9TOMO JanulueM ypaBHeH e
HECMELUEHHOTO OLIEHHBAHHUS HYJSL:

6
> eltlg(t:8) =0, V61
t=1
IMonaras 3aeck nocnegoBaTenbHo @ = |, 8 = 2, OUYEBHAHO, MOAYUYHM, YTO
w(l) = p(2) = = 0, T.e. 3TOMY YCJOBHUIO YIOBJETBOPAET JMILb Hynenas
(Ha MHOXeCTBE 3HAYEHUH CTATUCTHKU X (5)) DYHKUMS, CNEAOBATENBHO, CTATHCTUKA
X(n) — nonmas.
Insi ouennBanus yHkunn 7.(8) = 0" npumeHuM MeTOR MOArOHKH. 3pech
ypaBHeHue daKkTopnu3auuy (22) 3anuceiBaeTcs B BUIE

S e () (5 )
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gi(t; 8) = (g)nwh (t—;_l)nw

MMeeT Takoil xe BUA, Kak u g(¢; 8), a dynkuus

A g L
u(t) = ntr _ (t _ l)n+r'

T. €. HOBaA NAOTHOCTD

CnenosatenbHo, ONTUManbHas oueHka s 7,.(0) ects
n+r n+tr -1
n o~ “*n) -1\n
o~ (X@)—1) L= (1 -Xg)
OT™eTuM, uTO ecm X () BENMKO, TO, BOCNO/B30BABLIMCH MPUBAVIKEHHEM

)n+r
=y (Xp) =

(29)

Y - —~ -1
(1-Xo) =1-kXp,
dopmyne (29) MoxHo npuaath npuGaANXeHHYIO GOpMy

, nAT

T, X

Xb.
o A

fiaidas] ‘;--11.'-.-'5. o R e <
OnTUmansHas oLUeHKa '

B yactHoCTH, onTHMaTbLHAA oueHKA Y1cna 6 Wapos B yp-
YMCNO WAPOB B ypHE

HE UMECT BUO +| i
_ n
l—(I_X(n;) ~n+l
L= (1- X(;;)" n

Mrposyio uHTepnpetaumio aToii 3amauu gaet B. Qennep [25, c. 240|, npen-
narasg Qi ONEHKW MUCNa 3apervCTPHPOBAHHBLIX B TOpoNe aBTOMOOWIEit BCTaTh
Ha TepeKpecTKe W 3anucbiath HoMepa X, , X, mpoe3xarowux agromobuneii.
Ecnu B ropone umeetcs 1000 MalumH ¥ mpou3BoanTCs ClyvyaiiHad poibopka obbeMa
n = 10, To MaTeMaTHuYeCKOE OXHMIAHHE MAKCUMANLHOrO HabMOAEHHOTO PerucTpa-
unoKHoro Homepa Eg Xy &~ (n/(n 4 1))@ npubnuxeHHo pasro 910.

MnmocTpauueit craTuctideckoit npouenypsi (30) sBngioTca clenyloille pe-
3yNbTarhl, NONYyYeHHbIE MOAENMPOBAHHEM C MOMOLLbLIO TabAUL CAYYAAHLIX YHCEN:
np 8 = 10000, n = 10 3HaveHus oueHKU (30) AnA necATH HE3aBUCHMBIX BbIGO-
POK 0Ka3aaucCh PaBHbIMU (C TOUHOCTHIO 10 envHuLbl) 10549, 9841, 10486, 10891,
10462, 10873, 8789, 10753, 9960, 10287 ITv maHKble CBUAETENLCTRYIOT O XOPO-
Wem KayecTBe ouerku (30). o

9* = Tl* = X(n)

X(n)- (30)

Jameuanne, Mnl 3Haem, yto oueHka (30) MMCET HaUMEHbUIYIO NHCMEPCHIO Cpeau BCex
HecMelteHHBbix oueHok €. Ho kakoea penuuuna 3Toil aucnepcuu Dy8°? Ha npaktuke,
yToOL CYAUTDH O TOYHOCTH OLLEHKH, BAXHO YMETb OLEHHBATL £€ AUCNICPCHIO IO UMEIOLIMUMCS
fa’HbIM (MO BbIGOPKE). B Takmx CayqasxX ONTHMAIbHYIO HeCMelleHHYl oueHky D' mas
Dy8° MOXHO NOCTPOUTHL MO GOPMYIIE

D" = (8") - ()" &y
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JeitcTButensHo, Tak Kak Eq8* = 6, Eg(8°)* = 6° 10
EsD' = E;(6°)° — Eg(0)' = E5(8°)° — 07 = E5(67)" — (Eo8")* = D46",

a nockonbky D* ecTh (yHKLMA OT MONHO# AOCTATOMHOH CTATHCTUKH, TO D® eCThb H. 0. p. M. A.
Tak, B paccMaTpuBaeMoM Cnydae Ha OCHOBaHWH (29) MMeeM

e e T A (e T A B
D =(Tl)2_ 2=X(;:,)[( | — () - () z—;an)

(1-Xx;)" I-(1-x)" | n

(npubnmkeHHoe PaBeHCTBO CMIPABENIMBO NpH GOABILKMX 3HAYCHNAX X, (n))-

3amevanue. B naHHOi MoaeH TEOPETUYECKOE CPeldHEe eCTh
e

] g+ 1
a]:E3£:§ZI:T
r=|

M ONTUMANBHOI OLeHKO /1A HEro ABMAETCH CTATHCTHKA o) = (T + 1)/2, Ho He bBIGO-
poyroe cpeatee X (!).

Npumep 9 (Ouennsanne pasmepa KOHEYHOW COBOKYNHOCTH: BuiGop Ge3 Bo3spa-
wenuna). TIpearosoxum, 4To B CUTYaLUH TIPEABLIAYLIErO NPUMEDA NPOU3BOINTCS
cayuaniublil BIOOp Oe3 BO3BpallleHHA N WAPOB WK, YTO TO Xe caMoe, H3BJIeKaeTcs
cpa3y KOMIUIEKT W3 7 1apoBs, npudem Bce Cj; BO3MOXHBIX BapHaHTOB BblGopa
paBHOBepOATHbL. CHoBa MycTs X(,) 0003HAYaET MakCUMabHbIA HabmooeHHbIR
Homep. Torma X,y Gyaer Takxe NONHOM HOCTATOYHOR CTATUCTHKON N
Cn—l
g(t; 0) = Po{X(n) =t} = g,,' .
;
3aecb METOA NOATOHKY yNo0eH IS OLEHWBAHUA MapaMeTpHUueCKUX ByHKUui
BMIA

t=n,n+1, 6. (32)

6+ 1)
6!
3anucap ypaBHeHUWe dakTopusaunu (22):
Pieple m - G

@ =00+1) @+7)= , T>-n (uenoe). (33)

@+7)  mtr+r-1 G
MUMeEeM, 4To
Crrey
at; 9) =
.
— IUIOTHOCTH TAKOIo Xe Buia, kKak u ¢(t; ), a dyHkuus
n t— 1)
u(t) = (t-1)

n+r (t+7-1)
CnexoBaTenbHo, onTUMaIbHas olUeHKa i OyHKuMU 7,(8) vmeer Bua
n+r (Xp+r-1'
n X -1

T =1 (X)) =
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n+r

X(n)(X(n) + 1) (X(n) +r—=1). (34)

n

Ecnu X ;) Benuxo, 1o dpopmyne (34) MOXHO NPUAATL NPUBNUKEHHYIO HOPMY

n+r
T: ~ n X(rn)i

T. €. TTONYy4YaeM TaKOi Xe Pe3ynwTaTr, Kak ¥ B MpeablaAyLueM MpUMepe JUIA CXeMbl
BLIOOPA ¢ BO3BPAUICHHUEM.
B yacTHOCTH, ONTUMANBHAA OUEHKE YKCAA & WAPOB Onrpumansras OLEHKa l‘\\\

B YPHE €CTb YMCNa WapoB B yPHe

. n+1

(cpaBum ¢ (30)), a onTuManbHas oLerka Ana gucnepcun Dg@* umeer Bug (cm. (31)
u (33))

D'=(") (@) =(rf - 1) -5 +3r 1= () +7 - 7.
YyuTeiBas (34), OKOHYATENLHO HAXOAMM
Xin)(Xw) — 1)

n? '

D' =

3ameuanue, TTockonbky (34) ecTb HecMelwleHHas OueHka 1s (33), To MBI UMeeM o0LLYyIO
GbopMyy 1A paccMaTpKBaeMOil MOLEN:

Ee Xy Xy + 1) ... (X +r—1)= — r(a +1)  (@+r). (36)
B yacTtHoCTH,
Ey X ) = ﬁ—l(a +1),
Do Xin) = Eg X(n)(Ximy + 1) = Ee Xny — (Eg X))’ = e (6 + 1)(6 —n).

(n+1D(n+2)
Yunteisan (35), MoXeM Takxe 3amHcaTh

. (n+ 1) @+ 1)(0-n)
Dob" = n Do Xiw = n(n+2)

CrnenoBarenbHO, ONTUMaNbHas olueHka s 7(0) = Dy X(n) €CTh

[} nz ¥ (X(n) - n')
T = D= ———.
(n41)? Xy(ne + 1)2

4, faMma-Moaens ¢ HeM3BeCTHbIM NapaMeTpoM maciutaba,
OLEHUBAHME NMapaMeTpUUEeCcKNUX (PYHKLHUK

Onpenenesue 1 OCHOBHBIE CBOMCTBa Monemn I'(@, A), rie 8 > 0 — Hen3BeCTHbIIA
napameTp Macwtaba (mapametp GopMal A fanee CUMTAETCH M3IBECTHBIM) NpUBENE-
Hol B 1. 3 § 1.2 (cM. Takxe npumep | B § 2.4 0 CBOHCTBAX MOPAIKOBBIX CTATUCTUK
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ans swbopku u3 I'(1, 1)). OtaenbHble peayastaThl 06 OLEHHBAHWUM 1151 ITOH MO-
Oefld HaM YXe BCTpeyanuch paHee. Tak B Taba. 2 § 3.2 ykaszaHa 3¢¢dekTrsHas!
(cnepoBaTensHO, ONTUMATLHAS) OlEHKA ANA cCampEro napamerpa @ — 3To craTu-
ctika X /A. Tam xe oTMeseHo, uto T'(, A) — 3TO MOnenb 3KCMNOHEHUNABHOTO
THIIA, ¥ 019 Hee NMOIHON AOCTATOYHOM CTaTUCTHKOM ABIAETCA CYyMMa HabMOAeH Kl
T=T(X)=X,+. + X,. o socnpouseoasuteMy CBOMCTBY FraMMa-pacrpene-
neHun Lo(T(X)) =T(8, nX), T.e. (cm. (18) §1.2) naorHocTs cratuctukn T ecTs
grA—lg—t/8

9(t; 6) = f(t16, n)) OV

OCHOBbIB2ACH Ha 3THX (paKTax, B JAHHOM MYHKTE Mbl pELIMM 3aJa'y ONTHMaNb-
HOTO OLlEHHWBAHHUA NPOU3IBONLHLIX NAPAMETPHYECKMX DYHKUUK oA 3TOH MOOEH.

MbI HAYHEM C NOCTPOEHMSI CUEHKH 15l NapaMeTpHIecKOi hyHKUKMH
(@) =0 r>—nx z>0 (38)

3necs aBa c806OIHLIX NTapaMeTpa: T U T, No3ToMy (38) Ha caMoM aene 3amaeT
AByxmapaMmeTpuueckoe ceMeicTso GyHKUMIH OT #. i OTLICKAHMS ONTHMAaNbHOA
OLEHKH Ty, Mbl BOCTO/Ib3YeMCS METOAOM MNOATOHKH. YpaBHeHHe (GaKTOpU3auMM
(22) atoro MeTona B NaHHOM CNyyae MPUHUMAET BHI

tnA-le-(t—z)/B I‘(nA + T) gna-l

T(rA)gnA+r o L'(n)\) (t— z)nrtr-t
T.€. gi(t; 8) = f(t — z|8, nX + r) — ramma-nnoTHocTs Buna (37), a dyHKums

T(nA +7) A
u(t) = T(nh) (¢ - I:)"A_H_]I(t 2 z).

O6wmi pesynerar .. CenosaTensHo, MCKOMAA ONTMMANBHAS OLEHKA ECTb
L(nX) (T — z)"Mr-!

(A +71) T -)

BhineanM BaXHbIA YaCTHbIN Cyvail aToro pesynstaTta. Ecnu 8 (38) nonoxuts

r = —X(npun > 2) v ZOMHOXNTb QYHKUMIO T_), z(f) Ha MHOXHUTEND :IJA—I/F(A).
TO MOAYYMM TeopeTHuecKyt mnoTHocTs f(z|@, A). CnegosatenbHo, u3 (39) nmony-

%
Y OnrumanbHos ouerka  YaEM ONTMMANbHYIO HECMEWEHHYIO OueHKY f'(Z) mng

t>0. (37)

ft-z|8,nh+r), t=>rz,

4
%

ﬁzzu”ujzr I(T > 1). (39)

FAMMA-NAOTHOCTH TEOPETHYECKOII TUIOTHOCTH ramMa-monenu (8, A):
. l"(m\) :I:‘\"(T _ x)(n-—]))«-—l
) = T > ). 40

%
B cBoto ouepeas, 3TOT pe3yasTaT MOXHO IIPUMEHHTD

IJ19 OLEHMBAHUA NMapaMeTpUyecKHX QyHKUUHE Bruaa

[s.0]

r(8) = Eop(€) = f p(2) (16, )) dz

0

CneumnanbHbit cny4ai
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— onTuManbHas oueHka st T(8) nonyyaetca NPocTo 3aMeHON B 3TOM MHTErpane
TeopeTHyeckoi motHoctH f(z|8, A) ee ouenkoit (40). B urore umeem

. i x T(nA)T'- nA Al vin=DA-]
T ﬁofqo(z)f (z)dz = R 1))\) pl@)z" (T - z) dz,

YTO MOCAe 3aMeHbl nepeMeHHbIX £ — T NpHUBOAMT K dhopmyne

I'(nA)
A ((n - | ,\)

w(zT)z* ' (1 - )" gg. (41)

Npumep 10. TMycTs no smGopke X = (X, .., X,), n > 2, us L(§) € T(4, \)
TpebyeTcs oueHuTs npeobpa3osanue Jlannaca

7(8) = Ege ™ = (1 + 6t)
npu £ > 0. [No dopmyne (41) umeem

Tt — fe—rthkbl(l _ I)(n—-l)/\—l dz.
rAT((n - l
0
OTOT MHTErPAA MOXHO BbIYMCIHTL, PAVIOKHB 3KCMO- OleHUBOHHE »\\\
Henty e =7 B pan U BOCMOAb3OBABIIKCH GOPMYNOH LA npeobpa3zoBaHms
6eta-dynkunu B(a, b) (cm. n.4 § 1.2). B utore noayuum Nannaca
C(nA) — T+ :
) P L T+ oy (42)

T < ji(nA + )
»

Mpumep 11 (Ouenusanue GyHKUUK HapemHocTH). DyHKuuel HaleXHOCTH Ha-
3LIBAETCH BEPOATHOCTh To(0) = Po{€ = ¢} = E4I(€ > c), rae ¢ > 0 — 3amaHHoe
yucno. YtoBhl MOCTpOUTL ONTUMATBHYIO OUEHKY 415 T(f) no . > 2 HabnioneHUAM
Hal €, HYXHO BRIMMCAMTR nHTerpan 8 (41) npu @(z) = I(z 2 ¢), Te.

f 1

L(n)) / A-1 (=)A=
T |-z de npu T >,
s = ¢ C)T((n - 1)A) g -2

0 npn T'<c

Hecnons3ys Henonuyw Beta-dyukuuio B(z;a,b) (cM. (4) §2.4), atoit dpopmyne
MOXHO TIPHIATH BUA

= [1—3(%;,\, (n I)A)]I(T>c). (43)
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Bbige MM YacTHBIH Clyyall 9TOrO pe3ynbrata npu A = l: B 3TOM Cny4ae
—c/6
7.(6) = e % u

= (! - %)HI(T > o). (44.)

Npumep 12 (HopmanbHaA Moaens € HEU3BECTHON AUCNEPCHen: oueHHBaHHe na-
pameTpuuecKux GYHKUUN). TTonyueHHbIC N TAMMA-MOAETU PE3YNETATHl MOXHO
MPAMEHATb U K APYTHM MOIENAIM, M¥MEHHO, K TAKHM, B KOTOPbIX COOTBETCTBYIOLLAA
JOCTaTOYHAA CTATHCTHKA MMEET raMMa-pacrnpefeieHue: Bellb K10YEeBbIM MOMEHTOM
BbILLIE NpH BbIBoAe oueHKH (39) Gbino To, YTo soctatoyHan cratuctnka T = T(X)
nmena ramma-pacnpeaeneHue I'(@, nA). ITpooeMOHCTpUpYEM 3TO Ha MpUMeEpe MC-
cnenosaHuA HopmaibHol Mozenn A (g, 67). Dra Modens 3IKCMOHEHUHATLHOTO
THNa, X KakK 0TMeueHO B 1.3 §3.3 (cm. Tabn. 2 § 3.2) nanaHo#i 4OCTaTOUHOW CTaTH-

CTUKOW INA Hee ABNAETCA ]
T =) (Xi—p)

i=1
Ina Hee, ouesunHo, EyT = nDyX,; = ng® wu MOTOMY ONTHUMANLHOR OLUEHKOMR
ms 6° — TEOPETHYECKON aucnepcuu Moaean — sasnaercad T/n, 4yTo COOTBETCTBY-
€T pe3ynbTaTy, yKalaHHoMY B Tabn. 2 § 3.2. Ho teneps MBI MOXEM NpPOABHHYTh-
Cfl 3HAYUTENBHO Janbllle U MOCTPOHUTh ONTUMAILHBIE OUEHKW 1A MPOU3BOALHBIX
dyHKUKi oT napamerpa #. s 3TOro Hailaem cHayana pacnpefeneHue CTaTUCTU-
ku T 3ametum, uto Lo((X; — pu)/0) = N (0, 1), Vi, cneposarensHo (cm. ynp. 38
k . 1), Lo(T/0%) = x*(n) = ['(2, n/2). Orciona umeem (cM. m.3 §1.2), uto
Lo(T) = T(26°, n/2). Tlo3TOMyY BCE NOMYYEHHbIE BbILUE Pe3yALTaThi LS raMMa-
Moaenu 3aMeHoi 8 — 292, A = 1/2 nepeHOCATCA Ha pacCMaTPUBaeMylO MOLENb.

Hanpuumep, paccMoTpuM napameTpuueckyio Gpynkunio 7(6) = (24532)lr Ee on-
THMa/bH2as oueHKa nomyvaercs u3 (39) mpu ¢ = 0, A = 1/2 u umeer, cnenosa-

TEIBHO, BUI
v o L(n/2)
=7
L(n/2+7)
’4'« W NpHYeM T 30ech — N1060e e CTBATENLHOE YACIO, D0Nb-

k
wee —(n/2). B uactHoctn, nmobaa creneHs & npu

,
ana mopenu N (i, 6°) )
k > —n oueHHBaeTCA CTATUCTAKOH

. T\*? T(n/2
o) = (_) (/) )
2 I((n+ k)/2)
IMpu kK = 2 yMeeM OTMEYEHHBIA BLILUE Pe3yabTaT LIS AUCIIEPCHU é* no-
ckonvky I'(n/2 + 1) = (r/2)T(n/2). .

Apumep 13 (06wan HopManbHaR MofAentb: OUEHWBaHWE PYHKUMA OT ANCNIEPCHN).
Hcnonb3oBaKHyio B ApeAblIylleM MPUMEepe MACONOrHI0 MOXHO NMPHMEHWUTb M B
Gonee obuiei cuTyauuu, Koraa oba napaMerpa HOpMalbHOHW MOME/IH HEU3BECTHBIL.
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Hrak, nycte X = (X, ,Xp), n > 2, — suibopka u3 L(£) = N (8, 3%)— Ans
3TOM MOAENH NOAHON AOCTATOYHOI CTATUCTHKOW ABAAETCA napa

T=(T,T) = (Z g(xi - )—()2)

(cm. npumep 1 B § 3.3, a Takxe 1. 3), npu aTom no Teopeme Puiepa (cM. m. 3 §2.5)
Lo(Ty/03) = X (n— 1) =T(2, (n — 1)/2), T.e. Lg(T) = T(262, (n — 1)/2). Mo-
aroMy, ecnu 7(6,, 0,) = 7(8;), T.e. napaMmeTpHyeckan dYHKUHA 3aBUCHUT TOIBLKO
OT TEOPETHYECKOH OUCTIEPCHH, TO /I €€ OLIEHHBAHWA MOXHO MPHMEHNUTL H3BECT-
HBIE peay/IbTaThl LA FaMMa-MOLE/H C y4eTOM 3ameHbl 8 — 205 A — (n— 1)/(2n).

B KayecTBe KOHKpeTHOro TpHMeEpa, Kak W Bille,
pPacCMOTPUM 3alayy OLEHMBaHMs CTeneHH @5 npu O6uwit pesynstar »\\\
k > —n + 1. Ionaraa 8 (39) r ku/2, z = 0, ana mosenn N8, 9%)
nA = (n — 1)/2 nonyuuM BUL MCKOMOR ONTHMANL-

HOI OLEHKH
(TN I(n-1/2
oy = (2) e LB (46
2 T((n+k-1)/2)
B yactHocTH, npy k = 2 3Ta oueHkKa NPUHHUMAET BUJ
T | < =2 a2
= X - X) =98,
n-1 n-| .Z( i~ X) °

1=1

M MLl NPUXOAUM K YXe W3BECTHOMY HaM K3 npumepa 9 § 3.2 peaynwraty, uTo
CTaTUCTHKA Sg SIBNAETCA ONTUMANLHOW HECMEUWEHHOM OUEHKOW TeopeTU4ecKoH
OUCTEPCHU 9% HOPMAJILHOM MOJENH N(Bl,B%). OnHako pedynstar (46) ropasmo
6onee obuinid, .

5. ipyrue npumeHeHua ramma-mogeny
ANA OUEHUBAHWA HeW3BECTHbIX NapameTpoB

B psane cayyaes i Habaonaemoit cnyvait Hoi Besuymnusl £ ¢ nnorHocTeio f(z; 6)
MOXHO Nnoao6paTh Takoe GyHKUMOHATbHOE npeobpalosatue § = h(£), yto npeod-
pa3oBaHHasi BeIMYMHA 7 Oyd€T UMeThL raMma-pacripeneieHue ¢ HeU3BECTHBIM Ma-
paMeTpoM MacLuTaba, M TOrAa 3ajaya oUeHHBaHUA ANA ucxonHoit momenn f(z; 6)
MOXET ObITh peLUEHA C UCTIOMB30BAHMEM UATOXKEHHBIX B 1. 4 pe3y/1LTaToOB ANSA ram-
Ma-Moaenu. Heckonsko Takux npuMepos 6yayT PAaCCMOTPEHB! B JaHHOM MYHKTE.

Mpumep 14 (beta-pacnpegenenne). Tycte £ uMeeT NOTHOCTD
flz;9)=02"" zef01], 6>0,

T.e. (cM. n.4 § 1.2) L4(£) = Be(8, 1). PaccMotpum npeoGpazoBanne 7 = — In &,
Torna no opmyne (45) § 1.2 HaiineM, yro nnotHocTs g(y; #) cnyqaitHoit BenHyu-

HBl ) eCTb g(y: 8) = Be % y >0 Te. Ly(n) =T, 1). Cnenosatensho, ecnu
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nmeetca soibopka X = (X, , X,) na L£y(€), To cTatucTrka

TZ—En:lnX,'

i=1
-1 ..
UMEET PACNpCaACNCHHUE I‘(é? 5 ’-"L), H B TeEPMHHAX 3TOH CTATUCTHKH MOXHO CTPOWUTDb

N -1
OTITUMAJIbHbIE OLEHKH NS MapaMeTpHUeckuX QyHKLHKH oT @, HCMOIb3Ysl pe3yib-
Tathl 0. 4. °

Npumep 15 (Pacnpepenenve Bendynna). [lycTb { umeeT naoTHOCTH

f(z:6) = ‘;a'e'”" z >0,

e (cm. n. 8 §12) £ ({) = W(0, a, 8"%). Torma aHantornuno NpeabiLyliemy
npumepy umeem Ly(€%) = (6, 1). CaenonatensHo, CTaTHCTHKR

n
T=> X

umeet pacnpeneneune (0, n) u «pabotaioT» Bce peaynsratol 1. 4. .

NMpumep 16 (Pacnpepenenue Mapeto). [1yctb nnoTHocTy HabmogaeMo cnyyai-
HOM BeJIMYHHBI £ UMEET BUIL

flz;0)=——, z2>1, 8>0

(cm. .9 § 1.2). Torna Ly(In€) = D(™', 1), 1 Mbl MMeeM cHTYaLMIO NpuMepa |4
C NOCTaTOYHOH| CTATUCTUKOH
T = Z In X;. ®

NMpumep 17 (Pacnpepenenne Jlannaca). D10 pacnpelenedne 3alaeTcs MIOTHO-

CTblO
6_131/0

f(z;0) = Y

HertpynHo y6eantbcs B ToM, yTo 3mech Lg([€])  I'(6, 1) (3to Mbl ocTammsiem
B KaYECTBE YNPAKHEHNA YNTATENIO), MOSTOMY Mbl MMEEM CUTYaLMIO Npumepa |5

C AOCTAaTOYHOM CTATUCTHKOM
n
T= E | X |- o

i=]

. zeR 48>0

A caviwiy, u 7 3abbi8ai0.
A suxy, U A 3aNOMUHON.
A denaro, u A NOHUMALD.

Kuraiickan nocnoeMuya
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§ 3.5. OueHKM MaKCcMManbHOro npasaononodus

Onmumansiocms — 3mo elie He ece, onmitMasbHocms —
AU 00Ha cmoporia o4eHb CAOMCHO UL Kapmurnui.

3. Jleman

MeTon oleHUBAHUS, OCHOBAHHBIA HAa MCIIOJb30BaHMK JOCTATOYHBIX CTATHUCTHK,
Hapsly C CHIbHLIMKH CTOpOHaMM obnagaeT W cBOMMH crnabocTamu. Ipexne Bcero
3TO CBS3aHO € TEM, YTO 3TOT METOA OPMEHTHPOBAH Ha MOCTPOEHME HECMELUEH-
HEIX OLIEHOK, 2, K4aK YXE OTMEYanoch Bbilllg, HECMELIEHHDbIE OLEHKU HEe BCeraa
CYLLECTBYIOT MJIM MPAaKTHMYECKH MAI0 MPUTOAHbI; B TAKHUX CIY4YasX TIPHUXOAMTCA
MCII0Jb30BAaTh CMELUEHHBIE OUEHKH. danee, JaxXe NpPN HATMUMH HECMELUEHHBIX
OLIEHOK 3TOT MeTOJ He BCeraa NPUBOAHT K ONTHOIHAYHOMY PellleHHI0 (J0CTaTOYHas
CTATHCTHKA He nBcerma 001alaeT CBOHCTBOM MONHOTHI), M, CHEAOBATENbHO, B Ta-
KHX ciy4asx insi Bel6opa OKOHUATeNbHOM OLIEHKU Heo6XOAMMO TNPHUBJEKATh Te
WIH HHBIE OOTONHHUTENbHBIE cOooOpaxeHHsa. HakoMen, mnpd peanu3aumud MeToda
AOCTAaTOUHbIX CTATMCTMK MbI YACTO CTATKMBAEMCS C TPYAHLIMM AHANTHTHYECKHMU
33[IAYaMH, CBA3AHHBIMHU C DELIEHHEM ypaBHEHUs HecMelueHHocTH (10) § 3.3, n aToT
METOJ YacTO MPHBOAMT K CHOXHBIM MU NPAKTHYECKOr0 MCNOJIb30BAHHS (DOpPMY-
JIaM U151 ONTHMaNBHBIX HECME IEHHBIX OLIEHOK (CM. Haripumep, dopmyiy (17) § 3.3
1151 OLIEHKN HODMATbHOM byHKuuK pacnpenencHus (15) § 3.3). B Takux cayyasx
NpEeANOYTEHHE MOXET OblTb OTOAHO APYTHM METOJAM, KOTOpPbIE NPUBOAAT NYCThb
HE K ONTUMATbHBIM, HO 3aTO MPOCTO KOHCTPYMPYEMbBIM W JIETYE BBIYHCIHMBIM
oLeHKaM (0coOeHHO, ecliH OHM 110 3D DEKTUBHOCTH MANO YCTYIAl0T ONTUMANTbHBIM
oueHkaM). TaKUMH NPEHMYILECTBAMHU B Psiie ClyyaeB 0OMafaloT OLEHKH MAKCK-
MATbHOTO NpaBaonoaobunst, KOTOPhIM MOCBALLEH HACTOALLMI naparpad.

1. OnpepeneHne M NpUMepbl OLEHOK
MaKCUManbHOro npasponogobua (o.M.n.)

OaHuM U3 Haubostee YHUBEpCATbHBIX N 2 (eKTHBHBIX METOLOB OLIEHUBAHUS HEH3-
BECTHBIX [1apAMETPOB pacnpelceHUiA SIBJSIETCH Memod MaKcumansHo2o npasoono-
d06us, KOTODPBIA M TIPUBOLNT K OUeHKaAM MAKCUMAAH020 npasdonodobus (naiee Mbl
OyIEM MCIIO/Ib30BATH LI HHX COKpauleHHOe 0003HAYEHHEM O. M.1.). DTOT METOA
NoJNy4Yua pacnpoctpaHeHue B 20-e rr. XX B. 6arogaps paboTaM aHITIKIACKOro CTa-
ThcTHKa P. @uiuepa (xots y Hero 6su1H 1 npeawecTseHHKKH). CyTh 3TOr0 MeToza
COCTOMT B C/IEAYIOLLEM.

Myctb, Kak 0OblyHO, HMeeTcst BiGopka X = (X|, , X,) M3 HeKoTOporo
pacnipenenerus L(£) € F = {F(z;§), § € ©} u L(z; §) — dynxuna npasgono-
nobust (cm. 1.1 §3.2). Ecnu wnst aByx 3HayeHuit 6), 6, mapameTpa 6 BbINOAHAETCA
ycnosue L(z; 8)) > L(z; 6;), To rosopAT, 4to 3HaueHue 8; «bonee mpasaono-
noGHo», uem B, (ripn @ = @) «BePOATHOCTL MOMYUUTL PEATH3ALNIO T GOJbLIED,
yem 1pH 0 = 6,). Haubonee ﬂpﬁBﬂOﬂOﬂOGHOC 3HaueHNE TIApaMeTpa Mpyu JaHHOM

peann3aumn Z BbiGopkn X o0603HavaeTcH 9( T), a CTATHCTHKA g = G(X) H €CTb
0. M. 1. 1ia napaMeTpa #. Takum obOpazom, Mo ONpEIENEHHUIO, 9(_) — 3TO Ta-
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Kas TOYKa NapaMeTpHYECKOro MHOXECTBa ©, B KOTOpoi PYHKUHSA Npapaononobus
L(z; 6) nocturaet MakcHMyMa:

L(z;8(z)) > L(z;6), V8, wm L(z;8(z)) =supL(z; 8). (1)
9

Ecny ons Kaxaore T u3 BelGopouHoro npocrpadctsa X mMakcumym L(z; 6)
JOCTUTaeTCA BO BHYTPEHHe i Touke © u dyHkuus L(z; 8) anddepenunpyemano 4,

10 8(Z) YIOBNETBOPSIET YPaBHEHHIO

dL(z; ) 81n L(z; 6)
— =0 wiy ———— =90
06 00
% :
“a YpaBHeHus m Jns BekTOpHOTO Napametpa 8 = (4|, . .., 6;) 3T0 ypaBHe-
npasaanoaobus HUE 3aMEHAETCA CUCTEMON ypaBHEHHH
0In L(z; 0) _
27 0 i=1, 7
o0,

p OTU ypaBHEHUA HAILIBAIOTCH YPABHEHUAMU npaeoonodobus.
%

Ceowcrsa 0. M. n.

OTMETHM CleyroLMe CBOACTBA 0. M. II.
1) Ecau cywecmayem sghgpexmugnan ouenxa T(X) oan ckarsprozo napamempa 6,

mo 8 = T(X). Jto oueBunHoe cneactBue KpuTepHs 3cdekTHBHOCTH Pao—
Kpamepa (9) §3.2;
dln L(X; 6) l
= —(T(X) - 6).
00 a(6)
2) Ecau umeemca docmamounas cmamucmuxa T(X), a 0. m. n. cywecmayem u edu-
cmeenna, mo ona aeanemca gyrkyueis om T(X). leAiCTBUTENBHO, U3 NPEACTAB-
nenns (1) §3.3 cnenyet, 4To B naHHOM cnyyae makcumusauus L{z; #) cso-

autes K makcumuaaumu g(T(z); 6) no 8. CnenosatensHo, 8(z) = A(T(g)).

IMpuMepamu 0. M. 1. 8 wis psAda MoaefNed CO CKaNsAPHBIM NMapaMETPOM fBNA-
I0TCA npuBeneHHbIe B Tabn. 2 § 3.2 cooTBeTCTBYOLLME Bd)‘gbeKTHBHbIG oueHku. Tax
s mogeneit N(8,07), T'(6, 1), Bi(l,6), II(6) o.m.n. @ = X. PaccmoTpum eute
HECKOJIbKO NMPUMEPOB HaXOXIEHHA 0. M. 1.

Npumep 1 (06wWan HopManbHan MoAeNb, 0. M. N. ee nNapamMeTpos).

Mycts L(¢) € N(8), 95)_ ®yHkuua npasgononobusi WA 3TOH MoAENH yKalaHa

B npuMmepe | 8 § 3.3. Obo3Hauus
n

1 _
st = - > (X - X)°
i=l

3anHWEM e B BHRE

L(z; 0) = (2mes?) ™ exp {—n [% + %(;—; - l) — In HiJ } (2)



§ 3.5. Oyerxu maxcumansHozo npasdonodobus 221

Bocrnonb3yeMmca Teneps 3MeMEHTAPHbLIM HepaBeHCTBOM Ina < a—1,Va > 0,
H3 KOTOpOro caeayerT, yTo In a’ < e’ — 1 wmlna < (a2 — 1)/2; 3nax paBeHCTRa
JOCTUraeTCd TOJMbKO MPH G = l. Y4UTLIBaa 3TO, MMEEM, YTO BbIpaXeHHE B KBaj-
paTHbIX ckobkax B (2) Bcerna HEOTPULATENLHO U 0OPALMAETC B HYIb JIMWb MPH

6, = T, 8, = s. Ho 3710 o3Havaer, uto 8(z) = (8,(z), 6:(z)) = (Z, 5). Takum 06-
pa3oM, B IAHHOM C/Ty4ae 0. M. [1. CYLIECTBYET, eAIMHCTBEHHa U npH 3ToMm 8 = (X, §),
rae §° — BbIOOpOo4Han Aucnepcusa. OTMETHM TakXe none3Hblit hakT, 4YTo

a—

sup L(z; 6) = L(z; 8(a)) = (2res’) ™™ (3)

MoxuepkHeM, uTo nonyyenHas o.M. 1. 8=(8y,6;)=(X,S) — dynkums go-
cratouHoit cratuctukn T = (T, Ts) = (X, Sz), onpeeseHHoN B npumepe | §3.3.0
Npumep 2 (MHOroMepHaa HOpManbHasA Mogensb, o. M. n. ee napamerpos). [pea-
[0J0XKUM, YyTo Ha0TI01aeTCA MHOTOMEPHanA cny4aiiHas setuunna € = (€, &),
pacnpe/ie/ieHHast Mo HEBbIPOXAEHHOMY HOPMAIbHOMY 3aKOHY A (é, ), rae BekTop

CPENHMX 3HaueHuit g = (g, , fx) ¥ AUCMEPCHOHHAA MaTpula L = ||¢r.-j||'lL —
HEeN3BeCTHsle NapaMeTpbl (cM. 1. 2 § 1.2). 3mect obluee YUCIO HEMIBECTHLIX Mapa-
MeTPOB (C YYeTOM CHMMETPUYHOCTH MaTpuillel ¥) paBHo k + k(k + 1)/2. Tycrs
X=(X,, ,X,) — mbopka uz L({), T.e. X; — wHe3aBnUCHMbIE k-MepHBIC
C/TyyaitHble BEIMUMHBI C IUIOTHOCTBLIO, yYKa3aHHo# B (9) § 1.2. Haitnem oueHku na-
paMeTpoB 6 = (E' L) Takoit MOEIH Mo METOAY MaKCHMANBHOTO npasaononotus.

B naHHoM cnyyae ¢yHkuMa npasaonofobus

Lz 0) = [ fmle. %) =

1=l

=en s oo {3 Y - -0 ) @

Mycts Z=(x, + + z,)/n (croXxeHre BEKTOPOB NPOU3BOLUTCH MOKOOP-
JAMHATHO), TOrAA

D@ @ -p) =) (@B g-D+n@- T E~p) ()
i=1

(3necy T = (T, .., Ty), rae T; — cpeaHee apubMETHUECKOE J-X KOOpAMHAT
BEKTOPOB I;, ,Z,). BBeaeMm Takxe BblGOPOYHYIO AMCNIEPCHOHHYIO MaTpPHLLY

n

Bz =— Y (@ - D) -2 =||sy]l)

I=1

(cM. n.2 §2.3). Bocnonb3osaBUINCL paBEHCTBOM

z’Bz =tr(BY), Y = gz’
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W NUHEHOCTDIO OnepaTopa tr (R3IsTUsl ClieAd OT MATPHULBL), NOMYUUM

n
-

@ -'T (g - 2) =nr (27 E(z)). (6)

=t
YuutsiBas paseHcTna (5) U (6), nepenuiuem dopmyay (4) b Buae

. n ~
L(z; 6) = 2m) ™" exp {—5 (@ -p's'(Z-p+u (') +In|D)] }
Orcioaa cnenyeT, 4TO MaKCHMU3AUKSA MO & GyHKUKMK NpaBaonoacOKs 3KBHpa-
NeHTHa MUHUMM3AaLUHKU N0 4 U & PYHKLUMH

Y@ T =E-p'T (@ -+ [tr (=7'S(@) -k —1In !E"f(z)l]

(mocTosiHHBIE & M In |E(§)| BBEAEHbl 3[€Chb JUIA YNPOLIEHHMA AaNbHeRWUX npe-

o6pa3oBanuit). O603HauuM A;, , A; COBCTBEHHbIE YHCAA MATPHLIbI E"f(g)
(Bce OHM — MONOXHMTENbHbI), TOrAa cned (tr) 3Tofi MaTPHUbL paBeH CyMMe
A+ + Aj, a €¢ OnpeaenuTeNb — MPOU3IBEAEHHUIO A AL, CNEI0BaTeALHO,
MOXeM 3aAMUCaTh, YTO

k
Y@ L) =@-p)S @~ g+ D (Ai—1-InA).
=1

Tlockonbxy ™! — nonoxurensho onpeneneHHasi MmatpMua v a — 1 — lna 2 0,
Ya > 0, U3 nocneaHero cOOTHOWEH M noayyaeM Y(z; u, L) = 0, npuiem paBeH-

CTBO MMEET MECTO TONBLKO NMPU it = T, A = A =1, re. npu X = X(z).

Ho 310 o3HauaerT, uto 0. M. I. napaMeTpon (4 U 3 SIBASOTCH COOTBETCTBEHHO CTATH -

cruku X = (X, X)) u S(X) = HS.Jm Kak noka3aHo B .2 §2.3, Bektop

BblGOpOYHbIX cpeaHix X = (X, , )T;,.) SIBAAETCS HECMELEHHOM OUEHKOM L5
BekTOpa i = (1),  , f4x), HECMELLEHHOI Xe OLIeINKOi sl X siBAseTCst MOANpan-

NEHHast BBIGOPOUHAS TMCTEPCUOHHAS MaTpHua (n/(n — 1))E(X). .

AL(Z(); 0) Mpumep 3 (PaBHOMEpPHan Moaens, 0. M. N. ee nNapameTpa).
Eciu X = (X, , X)) — BbLIOOpKa M3 PaBHOMEPHOTQ pac-
npeaenenus U (0, 8), To ua dopmynsl wis L(z; 8), nonyueHHoOH
B npumepe (3) § 3.3, cnenyet, wro L(z; #) MOHOTOHHO yGbiBaeT

: no 8 ana @ 2 Ty, a Npu 8 = T,y HyHKUHMS 1IPABLONONO6HS

' gocTuraer MakcuMyMa (cm. puc. 1). Takum o6pa3oM, o. M. I

5: X(,,), T. €. COBMafaeT ¢ AOCTATOYHOH CTAaTUCTUKOMH. B 3TOM
TOYKe QYHKLMA NpaBAONoAOO KA pa3pblBHA, NO3TOMY NPOM3BOA-
Has L(z; 8) no 8 B 370i Touke He cymectyet. Takum 06pasam,
B TaHHOM Cly4ae 0. M. TI. He SAB/MAETCA pelleHUEM YPABHEHHUS NMPaBAONoAcOUs. 310
XapaKTepHO LTSl CUTYaLMil, KOrma BLiOOPOUYHOE NIPOCTPAHCTRO X 3aBUCHUT OT HEU3-
BECTHQro MapamMeTpa.

1

0z,

=¥

Puc.1
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Ecnu xe X — poiGopka pacnpegenenus U(6, 6 + 1), To u3 dopmynst (4)
§3.3 umeenm L(z;0) = I(0 < () < Z(m) < 0+ 1). Orcrona cnenyer, uto mwo6oe
0 c [:c(n) — 1, :E(l)] MAKCUMU3UPYET PYHKLUHWIO NpaBaonoaodUs; TaKHM 00pa3omM,
37eCh 0. M. 1. He eIMHCTBeHHa. B KayecTBe pelleHUs MOXHO BbiOpaTh, HarnpuMep,
= (X0 + Xy - 1}/2; B aTOM Cnyuae g — (hYHKUHSA JOCTaTOYHOH CTaTUCTUKH
T = (X(1), X(n)) (cM. npumep 4 B § 3.3). .

Mpumep 4 (AByxnapameTpUyecKan NOKa3laTeNbHAA MOMENb, 0. M. M. ee napamer-
poB). Jta Modenb onpedesieHa B npumepe 2 B § 3.3. U3 monyueHHoM Tam dhopMybl

n
92

L(z;6) = 0;" exp { (Ti(z) + Th(z) - 91)} I(T\(z) < 6) (7)

cAedyeT, uTo npu obom 6, Makcumym no @, nocturaercs npu 8, = T(z) = Ty,
u ot pasen exp { —n(In 8, + T3(z)/6>) } ; MakcumMyM Xe NOCNEAHEr0 BHPAXEHUS
no 6, xak nerko Buaeth, Aocturaetcs npu 6, = Ti(x) = T — z(;). Takum 06-

pa3oM, 0. M. 1. g = (5,,52) = (Xqy, X - X)), T.e. copnagaer ¢ DOCTATOYHON
cratnervkoit T = (T), Th) = (X(y, X — X)) .

2. anHuHﬂ HHBAPUAHTHOCTH ANIA 0. M. 1.

BaxHbIM CBOMCTBOM OLEHOK MAaKCHMaJbHOrO NpaBaononocbus AbaseTcs WX MHBa-
PUAHTHOCTL OTHOCHTEJILHO MpPeo6pa30BaHUI MapaMeTpa. DTO 03HAYaeT, YT ec/u
q q(0) NpoW3BoNLHaA (PYHKLHA 6 (6,, ,0,), B3aUMHO ONHO3HaY-
HO OTOHpaxaroLasl NapaMeTPHUYECKOoe MHOXeCTBO © paccMmaTpuBaeMol MomeNu
B MHOXecTBo Q = {¢=(q1, .,¢)} C R toomng= q(a) HeiicTBrUTEN b~
HO, NOCKOJIbKY ¢ — B3aHMHO OJHO3HaYyHoe OToOpaXkeHHe, CYlLIeCTBYeT o6paTHas
dyrkunst ¢ = 0(q). Torna

sup L(z; 0) = sup L(z; 8(q)),
feo ¢eq

-

H ecnd MakcuMyM o @ dynkuun L(z; ) mocturaercst B Touke @, To MaKCUMyM
no ¢ dynuxuun L(z; #(q)) uMeeT MecTo B TOUKE §, YAOBAETBOPSOLLEH YPABHEHMIO
0(7) = 8, t.e. B Touxe 7= q(8).

CornacHo 3TOMY, B KaX10#l KOHKPEeKTHOH 3azaye MOXHO BhiOpaTh B Kaye-
CTBE WMCXOIHON Haubosee YIAYHYI0 NapaMeTPU3aLMio, a 0. M. T, Mo/yyaTh 3aTeEM
C MOMOLLBIO COOTBETCTBYIOLLMX NpeobpasoBaHuil. TakMM 06paioM, B MeToloe Mak-
CUMATLHOTO NMPABIONOA06HS NO CYWIECTBY A0CTATOUHO MOCTPOUTD JIHLIbL OLEHKY )
MapaMeTpa MOZIENH, @ OLIEHKM Pa3Tu4HbIX NAPAMETPUYECKHX QYHKLMI MONydatoT-
¢l KaK Pe3yNLTaT MOACTAHOBKU # = @ B oueHuBaeMyio GyHKuMio. OTMETUM, YTO
B METOJE JOCTATOYHbIX CTATHCTUK HAMNYYIUAs HECMEIEHHAs OLleHKa UILeTCs [T
kaxgoi dyHkuun 7(#) HeaaBUCHMO.

IMponemoHcTpHpyeM 3¢ dheKTUBHOCTD NPUHLMIA HUHBADHAHTHOCTH NPHMeEPAMH.
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Npumep 5 (06wan HopManbHaA MogeNb, 0. M. N. hyHKUUM pacnpeaeneHnn).
ITycTb B ycnosusix npuMepa | TpebyeTcs OLEHUTb MapaMeTPHYECKYH GYHKUHUIO

r(6) = Po{€ < 70} = @( 2 9‘) )

(cm. ipumep 7 b § 3.3). Mockonbky 0. M. 1. 6 = (X, S), TO O NPUHUMMY MHBApH-

ZHTHOCTH 0. M. 1. _
— - Iy — X
T = 7(6) ( S )

(cpaBHu c oueHkoit 7° B npumepe 7 B § 3.3, coothowenue (17)). °

Npumep 6 ([lByMepHan HOpMansHaa Mogenb, 0. M. N. ee napamertpos). [Tyctb
X, =(Xn,Xp), ! =1, ,n, — He3laBucuMble HaBMOAEHUS Hal OBYMEPHOM
cnyyaitHoit penuunnoit £ = (£, &) ¢ pacnpeaeneHuem

).

e o2 > 0 u p € (—!,!) HeusBecTHbl. 3mech TeopeTHYecKas MUIOTHOCTb ECTh
(nanee 6 = (o7, p))

o’ po’
po’ ot

N ((0, 0).

1 z’ + o2 pIIZ
, Z2;8) = —— aE T 8
f(:cl > ) /1o p20'2 CXD{ 202(1 — pz) + 02(1 —Pz)} ( )

(310 wacTHLIA cyyait obwen popmynst (9) §1.2). Haitzem o. M. . 7% u Q. 3nech

MJAOTHOCTL COXHbIM 06pa3oM 3aBUCUT OT MapaMmeTPoB, MOITOMY ynobHO nepeTH
K HOBbIM mapameTpaM ¢ = (q\, @), nonoxus q; = ¢;(#) — [202(1 — pz)]_I
@ = q:(8) = p[o*(1 ~ )] "' Torna dopmyna (8) nepenuieTcs B Buze

f(x, 25 9) = o E¥P {q(z* +v*) + gy + 7(9)},

rae 7(q) = (1/2) In (4q12 - q§). OTciola cpa3y nosiydaeM, YTO YpaBHeHUs NPaBao-
nonobus AN HaXOXIEHNWA 0. M. . | U ) UMEIOT BHI

I, 2, 2 d7(q) 4q,
=D (zn+epn)=- == ,
n ,2:; g, 4q; - @3
" (9)
! S znan = - 07(q) @
pr 02 44 - q
Ho
2 _ 2q, 0
g 7 ] — TN s
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fI03TOMY M3 COOTHOWIEHHH (9) HaxoaMM, 4TO

n
o ZZXIIXD
¢'= ) (Xi+Xh), p=— . (10)
n i=1 2 2
Z(Xn + Xpp)

=1

Mpumep 7 (NlorvopmanbHoe pacnpegeneHue, 0. M. N. Napamerpudeckux GyHk-
uwi). Mycrs X = (X,, ,X,) — Bbibopka U3 NOTHOpPMATBLHOTO pacrpenesne-
HUs, T.e. (em. M 1 §1.2) X; = e’ rue Lg(Y;) € N(8;, 63). Tloctponm o. M. . 1
TEOPETUHECKMX CPENHEro M ANCIIEPCHU 3TOro pacrpenesneHms, T.e. (cm. (8) §1.2)
s GYHKUWA

?

71(6) = exp {91 + %} no m6) = (fza-3 — 1) exp {20, + 9}1’}. (11)

[Ipexme Bcero oTMETHUM, YTO MOMEHTHI Eng" MOXHO BBIYUC/IUTD C/IEAYIOLIHUM
o6pa3oM. ITocKONbKY XapaKTepucTuyeckass GyHKUMA CAyYal HOoit BeTMUMHEL Y, eCThb
(cM. ynp.26 k r1. 1)

242
95t

P(t) = Ege™™ = exp {z’tGl - T}

: . k kt?
EgX'lk = Egekyl = T/)(';) = exp {kgl + —2—}

Orciona wis 71(8) = EgX, ut m(6) = DgX, = EgX; — (Eg X))’ umeem npen-
cranenus (11). [MepeitaeM Teneps K NOCTPOSHUIO OLEHOK. Mbl yXe 3HaeM 0. M. 1.

(8),8;) = (Y,S(Y)), Ho Torma no NPUHIUMNY AHBADMAHTHOCTH UCKOMEIE O. M. IT.
71 ¥ T CTPOATCS cpa3y B coorBeTcTBUM C hopMynamu (11):

_  SYy 2
’f.:exp{n ;)} 7 =725 _ ), .

TO

3. MeTo HaKonNeHuA ANA NPUONUIKEHHOro BbIYUCNEHUA O, M. N,

Ouenky mMakcUmanbHOTro Npapaonoaodus B SBHOM BUje HE Bceraa yAaeTcs mony-
YNTb; B TAKUX Cyqasx npuberalor K npubamXeHHBIM METOAM pelUEHHA ypasHe-
HWii npasaonono6ua (koraa TakMe ypaBHEHMS MOXHO COCTaBMTh). Mbl onuiiem
ONIMH W3 TaKNX METOJ0B, KOTOPBIil Ha3bIBAETCS MEMOOOM H(l -
konnenus Puwepa. OH 3axinouaetcs B cnenyioweM. [lycts
@ — ckansipHbIA napamMeTp W (PyHKUMA npaBronogodus
L(8) = L(z, 6) nsaxmb! ancddepeHumnpyema no 6. Paanoxum ¢yHKuMIO BKIaxa
V{f) = V(z;0) (cm. (1) §3.2) B pan Teitnopa B OKPeCTHOCTU TOYKH B, BbI-
OpaHHO#i B KayecTBe HayanbHOro MpUOIHXeHUs Lna 5(@) = 5, Y BBIYHCIIUM 3TO
15 3axaa 1748

N
Meton Hakonnenus l‘\
®Puwepa
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paioxXeHue npn 8 = 8-

V(@) =V (8o)+ @~ 00)V'(6"), (12)
rae @F — HeKOTOPad NPOMEXYTOuHAs Touka Mexay 8 u 0y. Ho V(?) == 0 no ornpe-
AeAEHHIO 0. M. . 8, no3aTomy u3 (12) umeem

_ Vi)
V'(8*)

8 = 8,

Ecnu 3aMeHMTh Teneps B 37oM pasercTse 8° Ha By u V'(0) wa EgV'(X; 8) =
= -ni(fy) (cm. cootHowenne (5') §3.2), To monyyum nepsoe NpUEAMKEHNE

V (6o)

ni(6h)

Tenepb 3TOT NMpOUECC MOXHO MMOBTOPUTH, BISIB B Ka4ECTBe HOBOTO HauyanbHOro
npubmixenus @, v T 4. Takum obpasom, (k + 1)-e npubamxeHue Mo Merody

01 =60+

Pexyppenm METOHO HAKOTMJIE€HUA BHMMUCAAIOT PEKYPPEHTHO MO cbopMyﬂe
HOKONNeHMA V(gk)
Oy =0 +——=, k=0, ,2,... 13
k+1 k nz(ak) ( )

[Mpouecc BBIYMCAEHUIA MPOAONXKAIT A0 AOCTHXEHHUS XKel1aeMoil TOYHOCTH:
|0.41 — 0:] < €. BaxnbiM B 9T0M MeTone ABaseTcs BHIGOP HAYATLHOI TOUKK H.
O6biyHO B KauecTBe ) GepyT 3HayeHME KAaKON-HUOyAb Aerko BbMHUCASEMO#R CO-
cTosaTenbHOM oueHKU (cM. ompegenenune 3 B 1.3 §2.2); Torna Bce Tpu ToukH By,

8" 1 6 npu Gomblunx 0ObeMax BLIGOPKU T OYAYT HAXOAMTLCA BOMUIM UCTUHHOMO
3HayeHUA Mapametrpa. MetTon HakonneHMA, KaK npaBuno, BbICTPO MPUBOJAUT K Le-
JIH, XOT$1 B HEKOTOPbIX C/IyuasiX 3TOT MPOLECC MOXET U HE CXORUTHCS.

Npumep 8 (Mogene Kowwu, oyenka napameTpa No MeToAy HakonneHwun). [1ycTb
X = (X|,..., X;) — Bbibopka u3 pacnipenenennst Kowu K(8) (cM. ynp. 48 (6)
K . 1).
3nect hyHKUMA BKIana
n
Ir; — 0
V) =2
( ) :Zzl: I + (.’Ei — 0)2

M MOY4UTh TOMHOE PelileHHe YpaBHeHUs npasaononobus V(#) = 0 HeBO3IMOXKHO.
Dyuxuua uudopmaumun i(F) ans momenu K(6) paena 1/2 (cm. taén. 1 §3.2),
noaToMy rnocnegoparesnsHocts (13) npUHUMAET B NaHHOM Cyyae BUL

2
9k+] :BL-}-—V(BL), kZO, ],2,...
n

B kauecTBe HayanbHOTro MpUbAMXKEeHUA By 34eCh MOXHO B3AITh BLIOODOYHYIO Me-
AUaHY {p 12, KOTOpas B cuity cooTHoweHus (15) § 2.4 asnsetcs cocToATeNbHONA
OLIEHKO TEOPETUYECKOH MERMAHDI {|/7, COBMAfaoWEN B TAHHOM c/iyqae c 6. o
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Npumep 9 (Mopens cTeneHHOro pRAa, MeToA HAKONMEHHA ANA Hee). DTa MOIENb
onpeaencHa B 1. 8 § 1.1. U3 dopmyabl (20) § 1.1 vmeeM ansi pyHKUMM BKnaga
TNipeaCTaB/ieHHE

8 £ mnso T nZ f @) _ T ulb)
V(@)= —=1In{ 0" f (6 )] = — - I 4
rie p(f) — teopernueckoe cpeaHee {cM. (23) § 1.1). Takum 06pasom, ypaBHeHHe
npasaonofotus V(#) = 0 anecb WMeeT BUA

po) =1z. (14)
Briuucium dyHxumio Mchopmauun 1(6). Umeem (cM. (4), (5) §3.2)
2(0 ‘@
i(0) = EgV(X\;0) = Eg(X, - 9)) 92D9X‘ 09(2) = ”f() ),

rie 0’(§) — Teopetuueckan mucnepcHs (cm. (23) § 1.1). Ecau ypasHenvie (14)

HeJIb3sl PELIKThL TOYHO, TO IUIA NPUOTMXEHHOIO ONpEJeseHHs 3HaYeHUA 0. M. 1. @
MOXHO MPUMEHHThL METON HAKOTIEH WSl
B uactHocTH, ans yceueHHOro B Hyfae pacnpepeneHus [lyaccoHa (cm. (22)

§ 1.1) pyrkuus £(6) = €® — 1 u ypasuenue (14) npunnmaer sun 6 = Z(1 — e %),

I —(1+ 8)e?
a GYHKLMA MHPOPMaUMK paBHa i(0) = 7 (l( _—2_2; °

4, ACHMNTOTUYEeCKHEe CBOWHCTBA O, M. M.

MeTo MaKCUMATBLHOTO NpaBROnofoGHA M BO3HHKAIOWINE B HEM OLIEHKH MakCH-
MUIBHOTO TMPaBAOROJ0O0HS HHMKAK He CBSI3aHBl ¢ 0OCYXNaBLIMMUCA paHee CBOM-
CTBAMU HECMELLEHHOCTH ¥ ONTUMANTLHOCTU oueHoK. Bonmee Toro, B paccMoTpeH-
HEIX BbliIe NPUMEDPAX BLIYUCTEHUS 0. M. . Mbl 06HAPYXHIU, YTO O. M. I. HE BCETA
SIBISIOTCS HECMELLEHHBIMY OLIEHKaMH. Tak U3 npuMepa | caeayer, 4To 0. M. I1. AHC-
nepcuy 9% HopMaTbHON Mogenu N (6, 0%) ABNSIETCH BLIGOPOUHAA AUCIEPCHS Sz,
KOTOPast, Kak Mbl 3HAeM, ABJIAETCA CMEIeHHON oueHKoM {cM. 1.3 §2.2), onHa-

KO e¢ cMeleHue EaSZ - 03 = —Og/n yObIBAET C POCTOM 00bEMa BbIGODKH, T. €.
OHa SBNAETCS ACMMITOTHYECKN HecMeuleHHON. TeM caMbiM, MOXHO CKa3aTh, YTO
CBOWCTBa 3TOH OLUEHKH «YJYYLIAIOTCS» C YBEJUUCHHEM YMCIa HabmoaeHui . DTo
00CTOATENBLCTBO UMEET BECbMa OOLUUH XapaKTep, UMEHHO,
0. M. N. 004Q0CrOM XOPOWUMYU ACUMNMOMUYECKUMU CEOIICMEa~
Mu 0aa boasuux avibopox. MOXHO CKa3aTh, YTO LUMPOKOE WCMOJB3IOBAHWE ITHX
OLIEHOK CBA3aHO HMEHHO C MX aCMMIATOTHYECKUMH CBOMCTBAMH, MPORBAAIOWHMMU -
cAl NPH HEOrpaHUYEHHOM HAKOTUIEHHH JaHHBIX.

O posn aCMMNTOTHYECKOTO HOAX0Aa (TIPEAe/IbHBIX TEOPEM) B TEOPHHM BEPOST-
HOCTEii ¥ MaTEMATHYECKOH CTaATUCTUKE YXe BKpATLE TOBOPUAOCH paHee (cM. ofiuee
sameuaHue B 1. | § 1.2). lo6aBuM ewte K 3TOMY, YTO ACHMIITOTHHECKHUIi OAXOL MO3-
BOJISIET WCC/EN0BATH EMHBIM METOOM Da3fuHbIe 3aa4yu M TMOAy4YaTh MPH 3TOM
AOCTATOYHO OOlIAe pe3ynbTaThl. DTU Pe3YAbTaThl B JATbHEHILEM MOTYT UCMOAB30-

15*

bonbwue sutbopky

“-
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BaTbCA B 33[1a4ax ¢ BbIOOpKAMM KOHEYHOro o6beMa, U TOra OHH pacCMaTpUBaOTCA
KaK npubnmxeHHble, MHOrNa acMMNTOTUYECKHI NOAXOMA HBASETCA EAUHCTBEHHbIM
MaTeMaTHYECKHUM IMOAXO0JA0M, MO3BOAAIILHM B KOHKPETHONW CTaTUCTHYECKOM 3a-
Jaye TNpeniaratb HEKOTOPLi€ NpOLENypbl M MCCIenoBaTh WX CBOMCTBaA. [lpu 3TOM
(4TO OYEHBb CYLIECTBEHHO!) OKOHYATENbHBIE PE3YALTATHI YIAETCH MONY4UTh B NPO-
CTOM W HarJsAAHOR ¢dopMe, U (qTo He MEHEE BAaXHO) UMEHHO ACHMITOTHYECKMIA
MTOAXO[, TO3BOJIAET BCKPLITh FYOOKYI0O MaTEMaTHUYECKYIO CYLIHOCTL fpobnemMsl. M3-
JJOXKEHME ACUMITTOTHYECKOH TEOPHH OLI€HOK MAaKCHMa1LHOIO NPaBaonoaobHs 1 co-
CTaBNfAeT JaNbHEHLIEE conaepxkaHue atoro naparpada. YrTobbl nogyepxHyTL 3aBH-
CUMOCTBb PaCCMaTPHBAEMbiX HHXE CTaTUCTHK OT 00beMa BbIOOPKM, OyaeM OTMeYaTh
MX HHAEKCOM Ti.

Koraa roBopar 06 acMMNTOTHYECKMX CBOHCTBAX OLEHOK (MU CBOMCTBaX /sl
GOMbIIMX BHIGOPOK), TO MpEXAE BCEr0 MMEIT B BULY MX COCMIOAMEAbHOCMS. DTO
CBOMCTBO HaM yXe BCTpevanoch paHee (cM. onpenenerve 3 8 1.3 §2.2 U KOMMEH-
TAPHH K Hemy). JanuM ero ofllee onpeneieHue B PacCMaTpHBaEMOM KOHTEKCTE
H ChHOpMyNKpyeM IPOCTOM, HO BaXHbIM, KPUTEPUH COCTOATENBHOCTH, 000011210~
wui Kputepuii (23) §2.2.

Mycts X =(X,,...,X,) — bnibopka us pacnpeaenenust L(£) € F = {F(z;9),
8 € ©}, roe mapaMeTpHYECKOE MHOXECTBO © — B 00ILUEM C/Ty4a€ HEKOTOPBIH He-
BbIPOXIEHH b1 OTKPbITHIT HHTepBan B B [lo onpencneHuio, oueHka T, = T, (X)
JUIS1 321aHHO# TapaMeTpruyeckoi hyHKUWK T(6) Ha3bIBAETCA COCMOAMensHol, eClu
npu n — 00

T, =% 7(8), Vé€O (15)

T. €., KaKoBO Obl HU ObITO UCTHHHOE 3HayeHHe napameTpa #, oueHka T, cxomHTCs
1O BepOsITHOCTH (OTHOCMTENbHO pacrnpeneetnst Pg) K MCTHHHOMY 3HaUeHUIO OLe-
HuBaeMOH byHKUHU. [TomyepKHEM €lite pa3, YTO CBOMCTBO COCTOAITENILHOCTH B CTa-
TUCTHYECKHX 3alayax ABAsaeTcHd 0643aTeNbHBLIM I8 OHOro npasuia OLEHNBAHHS.
Ecnu craTMCTHKA MMeEeT KOHEYHYK OMCIEpPCHI0, TO

%
% Kpurepwii cocros-
MMEET MECTO CENYIOLMIA KPUTEPHIA COCTOSITENBHOCTH.

TEABHOCTH OUEHKM

Teopema 1. MNycte EpTy = 7(0) + €4, DTy, = 0, v €, = €,(0) = 0, 8, =
= 0,(0) = 0 npu n — 00 ann Bcex @ € O. Torpa T, — coCTOATE/IbHAR OLEHKA

dyHkun T = 7(6).

Aoxazamenscmao. T1oCKONbKY
Ty — EgTo| =|(Tn = 7) + (1 = EgTy)| > [T - 7| — |EgTn — 71,
cobeitne {|T,, — 7| > €} Bneuer cobuitie {|T, EpT,| > € — |e,|}. Otcrona

Mo HepaBeHCTBY YeObilieBa HMEEM

Po{|Tn — 7| 2 e} < Po{|Tn ~ BeTn| = € — |en|} < E—IEnJ) — 0

mpun - oo ubcex $ €0. M
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C NoMoLLELIO 3TON TeOpeMbl BO MHOFHX CJIy4asX Nerko J0Ka3biBaETCH COCTOA-
TENLHOCTb KOHKPETHBIX OLIEHOK.

Ceiiqac 6yneT cBOeBPEMEHHbBIM NPUBECTH CIIHCOK- OcCHOBHbIE
CTIPaBOYHUK OCHOBHBIX NpEAEAbHBIX TEOPEM TEOPHH npeaenbHbie TEOPeM!
BEPOATHOCTEM O CXOLMMOCTH DYHKUMIA OT CIYHAMHLIX  jeopyy BepoaTHOCTE
BEJIMYMH, KOTOPLIE HHTCHCHBHO HCMOMBIYIOTCA B pad-

JAHYHBIX CTATHCTHYECKUX 3ada4yaX, CBA3AHHBLIX CO CXEMOH «DOJbLINX BRIGOPOK»
(npumep omHOM M3 TakuX TeopeM HaM BeTpeyatca B 1.3 § 2.2 (Teopema 1)).

CnpaBouHuK npeaenbHbix Teopem (obo3nauennn cm. B n. 1 § 1.2)

I° Ecnu 9, N 7 n GYHKUMA @ HenpepbiBHA, TO (7)) N ©v(n), a Takxe

£
p(na) — ¢(n).
2° TMycte {Bn, (), » = 1,2,..., — NOCAEAOBATENLHOCT Map CAY4aidHbIX Be-
avyuH. Torma

P P P
) M — ¢ —0, (o — (=1, —;
P C L
6) =G —0, o —C=>1 —,
£ P P
B) T — 17, Cn—)o‘::’nnCn—)O;
L P L
r) 7, —n, (h —c=const=>n, +( —n+c,
L L
Mla — O, M/ — n/c npn c#0;

ﬂ) nn_Cn*P_)Ov Cn—L—>C,

P
dyHxuns ¢ HenpepsiBHa = (1) — ¢{(() — 0.
3° Tyers T, = T,(X) — olleHka ckanspHoro napameTpa 8 Takas, 470

Ly (va(T, - 8)) = N(0, °(6))

(naw, uto 10 e, Lo(Tn) ~ N (8, 02(8)/n)) npn n — 0o u Beex 8 € ©. Myctb,
manee, QyHkUUs ¢ auddepeHLHpYeMa 1 <p' # 0. Torna

Ly (Va(e(Tn) - ¢(8))) — N (0, [¢'(0)]'(6)): (16)

KpoMe Toro, eciu ¢ () v o (@) HenpepbiBHbI, TO

p(Th) — (0)
(V7 ety ) — VO (17

4° (ananor yreepxnenus 3° ns ciaydas BeKTopHoro napamerpa 8 = (8,,.. ,6,)).

Nyets T, = (Thn, ,Trn) — oleHxa napamerpa 6, yIOBRETBOpAIOLUASA
yenosuio Lo (vn(T,, — 8)) — N(0, £(6)) npu n — oo v beex § € ©. Torna wis
nioboit auddepeHunpyeMOH GyHKLNY ¢ OT r NEpEMEHHbIX

Lo(Va(p(T,) — ¢(8))) — N(0,2(8)) (18)

\
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MpH ycnoBuM, yto v(#) # 0, tne

3p(6) 390(9))_

0 =t @z w bo = (20 %

€CNM, Kpome Toro, MyHKUHMA ¢ HenpepuiBHO auddepeHUMpYyeMa, U BCE IAESMEHTDI
aucnepcHoHHoi MaTpuubl X(#) HenpepbiBHbI 1O @, TO

Va(T,) - p(6)
C"( o(T,)

BepHeMmca K OligHKAM MaKCMMaILHOTO Npasaonogobus u chopmyaupyem ux
OCHOBHbIE aCUMNITOTHHECKHE cBOWCTBA. ByaeM npeanonarats, Uto Mogens F fAB-
nAeTCA peryispHoit B cmbicne § 3.2, a ¢yHxuua npasaonogobun L,(z;6) npu
BCeXx . = | n £ € X uMeer AMWbL OAMH JOKaNbHbIA MaKCUMYM Mo 6, nexa-
WK BHYTPH ©, M NPUTOM AOCTHXMMBIM (T. €. 0. M. . 5,, CYLLEeCTBYET M COBMALacT
¢ TOKaTbHbIM MakcumyMom). Kpome Toro, nnotHocts f(z; 8) Tpwxab anddepeH-

/’/ﬁ ACUMNTOTHYECKME uupyema rno € 1 Npu 3TOM CYLUECTBYET He JaBUCALLas OT &
ceoiicTsa o.m.n. g PYHKUNS M(z) Takad, uto 4ns Beex 6 € ©

& In f(z; )
99, 08; 99,

) N, 1), (19)

<SM(z), EEM(f)<oo (1,7,k=1,...,7).

Teopema 2. [lycTb BLINONHEHB NepevMcneHHble ycnoeus. Torpa:

1) o.m.n. 8, aBnReTCcA COCTOATENLHON OUEHKOW napametpa @,
2) 372 OLEHKA aCAMNTOTUYECKU HODM3NbHA, UMEHHO, NPU TL — OO

Lo(Vn(8, - 6)) — N(0.I7'(9)), (20)

rae I(#) — wudpopmaynoHHas marpuya mopenn, onpepenexnas 8 (21) §3.2;
Kpome Toro, ecnu 7(#) — wWenpepuiBHO audGepeHynupyeman hyHkuus or @
MT, =71(0;) —eeo.m.n,T0NPU T — 00

Lo(Va(7 ~ 7(8))) — N(0,07(0)), (21)

ecnu

07(6) # 0, rae o7(8) = b'(6)I'(6)b(6), b(8) = (

ar(9) o7(8) )
a8, ’ a6, /'

6onee TOro, eCNU GhyHKUUR 05(9) HenpepbiBHa no 8, 10

va (7. — 7(6)) .
cg( e ) LN 1); 22)

3) 7, senserca acumntoTHueckn ddexTuBHOM ouenkon T(4) (B cmuicne n. 5

§3.2)).
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Boienum cneumnanbHO CAyYal CKAnApHOro napameTpa, BBUAY ero ocoboin pac-
NPOCTPAHEHHOCTH B NpuaoXeHnax. [lns atoro cnyyaa cootHoweuus (20;--(22)
NPUHUMAIOT COOTBETCTBEHHO BUA

Lo(vVn(, - 8)) — N (0, 'Jléj) (23)

T 2
Lo(va(e. - 0) — a7 (0. 200 (24

Vi (7, — 7(6))
Ee( :(9,1) z’(ﬁi) )

(3aec £(0) — dynruna undopmaunm, onpenenennan 8(5) u (5') §3.2,u 7' (8) £0).

N(0, 1) (25)

=

Aoxazamenscmso. lpyeeaeM 10Ka3aTeAbCTBO aCYIMITTOTUYECKOW HOPMAaTbHOCTH
(23). Ans 3roro pamioxum dyHkunw Bknana Vi, (6) = V,(X; 8) B psa Teinopa
B OKPECTHOCTH HCTUHHOMN TOMKYM € W BbIYHCAMM 5TO PAVIOKEHHE B TONKE #,,

0= V,(8,) = V,(0) + (B, — OV, (6) + %(61 ~6)'V,'(8"),

rae 8" — HekoTOpasg NPOMEXYTOUHAA TouKa MexXay @ u 6. DTo paBeHCTBO MOXHO
3anucaTb B BUIE

v [ V)
vl -0 = 20 (‘nz‘(e) “") (26)

rge N
6. —6] |ve) [9 —e{ 1
leal = 2ni(8) S Z M(X

— P o
Mockonbky 8, — @, u3 ycrosus Ha GyHKumio M Ha ocHoBaHuK cBo#cTBA 2° B)

P
cnenyet, 4To £, — 0. K BeauunHe

., | o= 0%1n f(X;;6)
;“1‘9)“;;[ o0

!
NPUMEHUM 3aKoH Gonbluux 4mcen, cornacHo koropoMy (cm. (57) §3.2) arta Be-
NUYMHA CXOOMTCA MO BEPOATHOCTH K —i(#), crneaosaTe/ibHO, BCe BbIpaXeHWe B
3HaMeHarene B (25) cxoouTes no BeposTHocTH K 1. K cryyaiinoit xe sennuyHe

Va0) [~ OInf(X;;0) l
Vi) (J; a9 J ) v i(0)

NpUMEHHMA UEHTpATbHaA NPeAe/IbHAA TeOpeMa, [0 KOTOPOH B CUJTY COOTHOLIEHHH
- |
(3) 1 (5) §3.2 npu n — 0o 3Ta BeNUYMHA acuMNTOTHYeCKH HopMaibHa N (0,17 (6)).
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Otciona v u3 (26) no cBoicTBy 2° T) ClledyeT, YTO TAKOE Xe TpPeAebHOe pacripe-

nenexue umeer i vn (6, — 6).
Yreepxaenus (24) u (25) cnenyrot 13 (23) Ha ocHoBaHuM cBolicTea 3°
HakoHeu, yTBepxaeHue 06 acHMMINTOTH4ECKOR 3(GhEKTUBHOCTH OUEHKH T,
crenyeT M3 Toro, uto BenuunHa ey(Ty,; 6) 8 (14) § 3.2 Toxnecrsenno pasHa |. M

n Ho6aBuM HEKOTOPbIE KOMMEHTAPHH K U3NT0XEHHBIM pe-
synbtaTaM. PaxT aCHMNTOTHYECKON HOPMATBLHOCTH 0. M. 1.
— 3TO OMeHb CHUAbHBIHA pe3ynbTaT. Hanpumep, yreepxae-
Hue (24) roBopuT o Tom, 4TO N8 GOnblUKMX BbLIGOPOK pacnpefeneHHe 0. M. .
Tn KOHUEHTPUPYETCH BOKPYT MCTMHHOIO 3HAa4YeHMS OLEHMBAEMOM TrapaMeTpHue-
ckot pyHkuuu 7(8) (mpeaensHoe pacnpeneneHue MMeeT cpeatee 3HaueHne 7(6)),

H CTENEHDb 3TOA KOHLUEHTPAUMH, XapakTepriyeMana aCUMNTOTUYECKOMN AuclepcHen
! 2
[7'(6)]
—W—, BO3pPACTAET C POCTOM 06beMa BbIOOPKH M. DTO MOXHO HHTEPNPETUPOBATh
ni
T2K, YTO OUEHKA T;, SIBIAETCH ACUMNTOTHYECKM HECMELIEHHOM M CPENN BCEX TAKHX
OlleHOK 06/1a1aeT HaMMeHbLUEH aCUMNTOTHYECKOW AMCTIEPCHEN, T. €. OHA ABAAETCA
acuMmnroTudecku agp@exkTusHoi. I1pu 3TOM, 04HaK0, HAIO UMETEL B BHAY, UTO caMa
OLUEHKA T, MOXET BOOBIIE HE UMETh MOMEHTOB, T. €. 7(#) MOXET He 6bITb aCUMNTO-
[T’ (6))?
n i(9)
~ . c
aucnepcun Dg7,, (B TEOPHM BEPOATHOCTEN U3BECTHO, YTO M3 CXOOMMOCTH 7j, — 1,
BOOGLLE rOBOPSI, HE CIENYET CXOAMMOCTbL COOTBETCTBYHOLLMX MOMEHTOB).
PaccMoTpuM, HanpuMep, 3agayy OLEHMBAHUS napaMeTpU4YecKod QyHKUKH
7(8)  1/6 B nyacconncxoit monenn II(6). 3necs, Kak yxe oTmeyanock B n. 1,

0.M.1. @ = X, mo3Tomy 0.M.n. T, = |/ X, U WIS Hee COOTHOLLEHKE (24) npunu-
MaeT BU.

%
% KommeHTapum
K CBOWCTBAM O. M. M.

THYECKUM 3HayeHHeM cpenHero EqT, | a — ACUMMTOTHYECKHM JHAYEHHEM

Lo(vVn(Tn —07")) — N(0,67%), Vé>0.

B 10 xe Bpems Lg(nX) = II(nd) (cM.n.3§1.1), otkyna Po{X =0} = e ™ > 0.
Takum 06pa3oM, C NONOKUTENLHON BEPOATHOCTLIO X NpUHUMAET HYJIEBOE 3HAYE-
HHWE U MO3TOMY CTATHCTHKA T; HU NPH KAKOM T HE MMEET KOHEYHbIX MOMEHTOB.

TeM He MeHee st GOMbLWHX BBIGOPOK (TP M — O0) CPedHEE M AUCTEPCHIO
aNTMPOKCUMHUPYIOLEr0 HOPMAnbHOrO 3aKOHA pacnpefiefieHUA MOXHO TpPaKTOoBaThb
KaK cpeiHee 1 AUCTEPCHI0 CaMOil OLIEHKHU M FOBOPUTL 0 €€ CBOMCTBAX HECMELIEH-
HOCTH M ONTUMANLHOCTH B aCUMIITOTUYECKOM CMBICITE,

Janee, onpeaeneHne aCUMIITOTHYECKH 3 PEeKTUBHON OUEHKM NpPeanoiaraert,
YTO HEBO3MOXHO IOCTPOMTL OLEHKY ¢ MeHbleH aCUMNTOTUYECKOH OMCNEPCUEH.
Kax npapuio, 970 MMEET MECTO AMA PETYAAPHBLIX MOIEnei, YLOBIECTBOPSIOLIMX
YCJTOBHAM, MTPH KOTOPHIX CNIPaBeUTMBA TEOPEMA 2, XOTA CYLUECTBYIOT M UCIKITIOYEH U,
KaK 3T0 BUAHO U3 npHBOIMMOro HuUXe rnpumepa 10. dasa neperyaspHbIXx Moaenei
(xorga HenpuMeHUMoO HepabBeHcTBO Pao— Kpamepa) acuMmroTuueckas aucnepcus

" —1
0. M. TN. MOXET UMeTh nopadok, 6onbltuit n~ . Tak, U3 pe3ynsTaToB MPUMEPOB 5
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§ 3.2 n 3 cneayer, uto win paBHOMepHO# Mogenn U(0, 8) o. M. 1. 8, = X(n) nmeer
ANCTIEPCHI0, TIOPSIIOK KOTOPO#A 1>

Npumep 10 (HopmanbHas Moaens ¢ Hen3BeCTHLIM CpepHuM, cBepxdddeKTHBHAA
ouexka ee napamerpa). Iycts X = (X,..., X,) — BoiGopka n3 A(8, 1). Torna

oM.N.6,=Xu Eg(a;;) = N(0, 1/n)}. PaccMOTpMM OLEHKY
T X npu |X| 2 a,,
"1 bX mp | X| < a,,

rae KOHCTaHTa a, — 0, Ho v/na, — 00 npn n— 0o. HaiiieM npenenbHslil 3aKoH
pacnpenesieHUA 3Toi oueHkH. Mmeem

Po{Vn(Ty —0) < 2} = pn Po{v/n(X -6) < z}+(1-pn) Po{VR(0X -6) < z},
rie
Pn = PB‘“‘Y| 2 au} = (I)(\/ﬁ(a - an))+

+@(-vn(6+a,)) —

1.—00

I npu 6] >0,
{ 0 npn 6 =0.
Takum ofpazom, npyu n — 00 ans |6] > 0 u 6 = 0 cooTBETCTBEHHO MMEEM
Lo(vVa(T, —6)) — N(0,1), Lo(vVRT,) — N(0,b)
win Lo(Tn) ~ N (8, o7(8)/n), tae
I npu (6] >0,
{ b’ npy 6 =0.

CneloBaTe/nbHO, ee acuMnToTHYeCKast 3dhdeKkTnBHOCT: (14) §3.2 (cM. T26n1. 1 §3.2)

€CTb
] I npu |8 > 0,
eO(Tu; 0) = =

al(6) b2 npu 8 =0.

Ipu [b] <1 €y(Ty;8) = 1 co cTporum HepaBencTBoMm B Touke # = 0, T.e. T, —
cBepx3ddexTusHas oueHKa, IpyunHa 3Toro 3aknio4aeTCA B JAHHOM CIy4yae B Ha-
PYLIEHUHN HENpPEPbIBHOCTA QYyHKUNY cr%-(f)) B HyNeE.

Touku 6, B xotopeix eg(Ty; 6) > 1, Ha3bBAIOT Mou- Coepxsdbexrupnas l\\\\
Kamu ceepxappexmuenocmu. B paccMaTpMBaeMOM NpUMepe
310 Touka 8 = 0. Kak noxasan Jle Kam (1953) mHoxecTBO
ToyeK cBepxaddekTUBHOCTY He Gonee, Y€M CUETHO, MOITOMY sIBAEHHUE CBepPXx3d-
(eKTUBHOCTH He MIPaeT CYLIECTBEHHOW POy B Teopuu oueHWBaHHuA. MapecTHal
TAKXe IONOJHUTENbHBIE YCIOBUA PETYASPHOCTY Ha CTAaTUCTUYECKYO MOOENb, KO-
TOpble UCKTIOMAK0T 310 ABNeHue. Tak, C. P. Pao noxa3an, 4To 11s 3TOro A0CTaTOMHO
noTpe6oBaTh paBHOMEPHOCTH MO MapameTpy 6 B NpeAeTbHOM COOTHOLIEHHH

oueHKa

Lo(Tp) ~ N(T(e), "%'(9)), Y6 €o.

n
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[1puBemeM rMpuMep, WLTIOCTPHUPYIOLIKIA POJIb CBOWCTBA PETYNSPHOCTH MOLENH:
NpHY €ro HApYWEeHWH 0. M. I1. HE ABNSTIOTCA ACMMITOTUYECKH HOPMAIbHBIMM. *

Npumep 11 (PaBHoMepHan Mofenb, pacnpesenierine 0, M. N, ee NapameTpa).
Myers X = (X,, ,X,) — suibopka u3 pacnpeaenenus U (0, 8). Toraa o. M. n.

0. = X(»), a XaKk 6b110 nOKa3aHO B § 2.4, SKCTPEMabHEIE 3HAYEHUS BbIGOPKH
He ABSIIOTCS aCUMNITOTHUECKU HOPMabHbIMK. B 4acTHOCTH, B paccMaTpuBaeMoM
cnyyae, U3 npumepa 6 §2.4 umeem (mockoneky Lg(€/68) = U(0, 1))

0,
Pg{n(?—l)gm}—w” T < 0. 0

B 3akmoueHue 3TOro nyHKTa NpUMEHUM MATOXEHHYIQ TEOPHIO 0. M. M. K No-
NTUHOMMANBHOM Motenu M (n; py, ..., py) (cM. npumepnl 10 8 §3.2 1 8 B §3.3).

Mpumep 12 (MonuHoMuanbHan Mopens, 0. M. . ANA Hee). 3aech QYHKUMKS Npas-
Jononobua

N
L(B) = pri, 6 = (PI, . L PN-1)

t=|
MO3TOMY YPaBHEHHUS MpaBAONOMOOMA UMeIOT BUA ¥y /p; — vy /py =0, 1=1,. .,
N — 1. Ouu onpegensioT eqMHCTBEHHoE pelueHue p; =v;/n, i=1,..., N —1,
MaxcuMusnpyolee GYHKUMIO TpaBLOMOA06MSA, CIENOBAaTENbHO, 0. M.T. B, =
= (v/n, ,Vn_)/n), T.¢. BHIDAXAETCH YEPE3 MOMHYIO 10CTATOYHYIO CTATHCTUKY
(v1,  ,¥n-1) (cM. npumep 8 B §3.3). [TonyepkHeM, 4TO 0. M. 1. BEPOATHOCTENA p;
SIBASIIOTCA OTHOCUTENBHBIE YACTOTH ¥4 /N peaNn3auuii COOTBETCTBYIOLUHUX HCXONOB
B 1 UcnbiTaHuax. MucdopMmaumoHHas maTpulla MOIEIM BeIYMCnena B npumepe 10
B § 3.2, rme Takxe ykazaHa obpaTHafd K HeH MaTpuMua Xy _,. B aanHom cnyyae Bce
YC/IOBMSL PETY/ISIPDHOCTH BLINOJIHAIOTCSA, CEJ0BATENLHO, N0 TEOPEME 2

Ly (\/1_1(5,, ~-8)) — N(0,Enx-1) npu n — 00, (27)
WIu
«__ Vi np; .
Lol =—m, 1=1,.. , N=-1] — N, Zn).
(=22t ) =¥z
3TOT pe3yakTaT €CTh UEHTPanbHaa MpeldebHas Teopema aas NMOoJUHOMUATbHOIO
pacnpenenenua M(n; py, ,Pn), chopMmyrupoBannas B ynp.33 x . I )

5. ACUMNTOTHYECKHE ROoBepUTeNIbHbIE HHTEPBabl,
OCHOBAHHbIE HA 0. M. M.

OCHOBHOE 3HaYyeHHWE YTBEPKIEHHUS TEOpeMbl 2 06 aCHMNTOTHYECKOH HOPMaTbHO-
CTH OUEHOX MAKCHMMAJLHOINO MpaBIONoA06HSI COCTOUT B TOM, YTO OHO MO3BOMSET
CKOHCTPYMPOBAaTh YHHMBEPCAIbHBIH ANTOPUTM MOCTPOEHHUS MOBEPUTENLHBIX UHTEP-
BA/IOB M JOBEPHTENbHEIX MHOXECTB (B cllydae BEKTOPHOFO napaMeTpa) Kak ans
CaMOTFO0 TIapaMeTpa MOJENH, TaK W LIS MPOU3BOABHBIX 1OCTATOYHO XOPOLUMX Napa-
MeTpuueckux GyHkumin. C nogobuoit 3afayeil Mbl yxe BCTpeyanucs B n. 5 §2.2,
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rae Ha OCHOBAHUY TEOPEMbI 06 ACUMMTOTUYECKOI HOPMATBHOCTH BLIGOPOYHLIX MO-
MEHTOB M DYHKUMH OT HHX O6bLIM TIOCTPOEHB! ACUMNTOTHYECKHE NOBEPHTENBHBIE
MHTEPBANb! 11 TEOPETHYECKHX MOMEHTOB M OYHKUHMI oT HuX. Obluee onpexene-
HHe 7y -IOBEPHTENBLHOrO HHTEPBATA A1 33JaHHOH TEOPETHUYECKOH XapaKTepUCTH -
KM HabnonaeMoif cnyyaitHoil BeHYMHBL naHo B (26) §2.2. Korua Mbl paGotaem
B paMkax napamerpuueckoil monenu F = {F(x;8), 6 € ©}, T0 0HO KOHKpeTH-
3UPYETCs cNENYIOWHM 06pa3oM: 7y -I0BEPUTENbHLIM UHTEPBANOM IS NAPAMETPH -
yeckot hyHxuuK T(#) Ha3bIBAETCA TAKOH CyvaiiHbIH UHTEpBAN (T1 (X), Th(X)),
T, <15, KOTOpbIH YNOBAETBOPAET YCAOBHIO

Pp{T\(X)<71(0) <TH(X)} =27, V@E€B®O. (28)

PacyeT TakMX HHTEPBANIOD Ha OCHOBE TeopeMbl 2 (B 3TOM citydae Mbl Gy1eM FOBOPHTD
06 acumnmomuveckux 0o8epumenbHsiX URMEPBAAAX) OCYILECTB/ISETCA MO TOM Xe
cxeme, 4to ¥ B 1.5 §2.2. MMenHo, Ha ocHosaHuu (22) MMeeM, YTO NpH . — 00
U Bcex 8

Po{ Vafh - 0] a,} 5 a(e,) - B-cy) = 28(e) ~ 1 = 7,

o (6n)

AcCUMMNTOTHYECKHIH foBE-
ecnun ¢, = (1 + 7)/2). Mepenucas 310 COOTHO- PUTENbHBIA MHTEPBAI:
LIEHHE B BUlle o6u4e%_“_ petueHue

~ o, (b, _ 7. (8,
Pg{r,,—ﬂi;—’ﬁ<r(0)<rn+c’\;f_l")} >, (29)

NoAY4HM, 4T0 (T3 F ¢,0(6,)/v/1) M €CTb NCKOMBI aCHMIITOTHYECKHIL 7 -L0BE-
pHUTenbHbIA HHTepBan nas 7(6). LleHTp 3TOr0 HMHTEpBANAa HAXOXMTCA B Clydyaid-

———

Hoii Touke T, = 7(6,), fABnAowWweiics 0. M. N. anA 7(0), ¥ OH UMeEET cryuaiiHyIo
LANHY 2¢O (5,,)/ v'n. TIpH 5ToM, MOCKO/IbKY T, — aCUMNTOTHYECKH 3thdeKTHB-
Has oueHKa 7(6), To NOCTPOEHHbIA MHTEPBAT GYAET ACHMNTOTHYECKH KPaTYaALIHM
CpeaH BCeX MOJOOHBLIX HHTEPBANOB, MOPOXKAAEMBIX aHAMTOTHYHbLIM 06PAa30OM ApYyrH-
MH COCTOATEIBHBIMH M 2CUMIITOTMYECKH HOPMATbHLIMH OLEHKaMU yHKUMK T(6).
Bbluenum TaKxe NpencTapNsolHe CAMOCTOATENbHBIA MHTEPEC YaCTHbIE CIy4an 06-
wero peaynsrara (29).

Ecin @ — CKanspHsiit napameTp, To ua (23) cne-  ACHMNTOTHYeCKHH poBe-
IyeT, YTO aCHMOTOTHYECKH KpaT4aAlUUM 7 -A0BEPK- PUTENbHbBIX MHTEPBON:
TeNbHBIM UHTEPBAIOM /1A HErO SAABNAECTCA HHTEPBAN CKANAPHLIK NOPOMeETp

(Eﬂ-ﬁﬁﬁ—n\/%ﬁ), c,,=¢f'(1—gz) (30)

Bonee Toro, ecnk () — HenpepsiHo anddepenuupyeman Gynkuusa u T (8) #£ 0,

10 (T, F c,r'(@)/ ni(ﬁn)) — aHANOrMYHLIA MHTepBat 1id 7(6).

N\

&
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Mpeobpa3osatime, Ecnu ¢yHKuMa 7 BrIOpaHa Tak, yTo

crabunusupyowee 7'(8) ‘
AUCNepCHio 0 =a=const, um T7(f) = af 1/ 1(6) db,

7@
(31)

TO B 3TOM C/Iy4ae aCHMMITTOTHUYECKAs AMCIIEPCHUS O. M. Il. T, He 3ABUCHT OT HEM3-
BECTHOTO napamertpa (Takyio QYHKLUMIO HA3LIBAKOT HpeolpasosanueM , cmabuusupy-
I0WUM OUCAEPCLIO) U BUL COOTBETCTBYIOILIETO UHTEPBANA 3HAYUTENILHO YITPOLLIAETCH:
(TaTF acy/V/R), T.€. OH MMeeT HUKCUPOBAHHYIO JUTHHY. Tak Kax YHKUHMSI T Mo-
HoToHHa (Bean 7 () # 0), To HepaBeHCTBa

~ a ~ a
'r,?,——c'r < 1(8) <'r,,+—cy~
vn vn
MOXHO Pa3pelinTb OTHOCHTENbHO & W MONYYNUTh 7Y -HOBEPUTENbHbIH HHTEPBAS NS
camoro napametpa 6. Hanpumep, ecin 1"(9) >0, 10

T mw——1<8<T T+ — 1, 32
(7-32) o< (52 ©
roe v — obpaTtHag pyHKUMA K T Mcnonb3osanue TaKMX HHTEPBANOB B PALE Cy-

yaeB MpednoyTHTeNbHee, Hexenu (30).
IpofeMOHCTPUPYEM 3TH OBILME MPUHLUMKTILI TIPHMEPAMM,

Npumep 13 (06wan HopmanbHas MoAenb, AOBEpPUTENbHbIA UHTEPBan ANA Teo-
petuyeckoi yHKuKMM pacnpepeneHdun). [locTpoum NpuUGIMKEHHbINH (aCHMITTO-
THYECKUI) LOBePUTENbHBIA MHTEPBAN [UTsl mapameTpuuecxodl dhyHKuMH T(6)

= @((zg—ﬂl)/ﬁz) B Mogenn A (6, 63) (eM. (7). O.M.n. T, yKa3aHa 8 npumepe 3,

MO3TOMY HAM AOCTATOMHO BHIYMCTNTE Bennnty o2 (0) B (21). MHdopmawoHHas
MaTpULa Hallleif Moienu BbluMcaeHa B npumepe 9 B § 3.2 (cootHoweHue (25)).
Hcnonbayst 3TOT pe3ynbTaT HaxOoUM

[ (20) 41 (50 e

HTak, nCKOMBI# y-10BEPUTENBHBIA HHTEPBA eCThb

(T(gn) F M)

Vn
roe an = (glﬂa aln) = (X S) °
Mpumep 14 (floBepuTennHbIl WHTepBan ANA NapaMeTpa MOAeNHU CTeNneHHOro
pAna). Pyukuns uHbopMauuu £(6) anst 3ToM MOIENH BuMMCIEHA B npuMepe 9.

Hcnonk3yst 3TOT pe3ynstat M obuiee cooTHolleHHe (30), MMeeM LI HCKOMOTO
aCMMITOTMYECKOTO 7y - A0BEPUTENBHOMO MHTEPBAa N5l & NpeaCTaBleHHUS

= (@ﬁcym)a (33)
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rne 6, — pewenne ypasuenus p() = X, a p(8) n o°(d) — reopernyecknue
CpeAHEE ¥ IUCNEPCUS COOTBETCTBEHHO. o

Npumep 15 (NyaccoHoBCKan MoAeNb, AOBEPHTENbHLIA MHTEDBAN ANA NapameTpa).
ITockoNbKy NyaccOHBCKAst MOJENb SIB/ISETCA MOAEN IO THIA CTENEHHOTO PAAA 1 1S
ee u(8) = () = 0, 10 w3 (33) UMeeM, YTO B JAHHOM Cy4ae aCHMNTOTHYE-

CKHit Y -ROBEPUTENbHBIH UHTEPBAN Ans 6 ecTb ()T:F Cy f/n) Hanee, ypap-

neHuio (31) yanomnetpopseT ageck dyHkuna T(9) = V8 npu a 1/2 (penb
1(0) = 1/8, cm. Tabn. | §3.2), a cooTBeTcTByIOWUMA WHTEpBAN WIS HEE €CTh

(\/f T c,/(2\/7_1)). Orciona no dopmyne (32) nonyyaeM ApYroit 10BepUTENb-
HBII nHTEpBI 115 B

(- 2) (7+5)

KOTODbI COBNAfaeT C NPEALIAYILAM, ecii npeHeGpeyb YleHamMu nopsiakKa n' e

Npumep 16 (leomerpuyeckan mopens, AOBEpUTeNbHbLIA WHTEpBan AnA napa-
metpa). OueHum napameTp 8§ reoMetpuyeckoit Momenu Bi(l, 8). Dto Takxe Mo-
Aenb TMNMA CTENEHHOTO psla, MO3TOMY NpuMeHumo obilee peweHue (33). 3mecs

(cM. (7) §1.1) pu(6) = 8/(1 — 6), ¢*(8) = 6/(1 — 6)* pewenuem ypabHerns
npasaonoxobun u(8) = X svnaetcsi o.M. 1. 8, = X /(1 + X), No3ToMy HCKOMBIii
4 -NOBEPUTENBbH b MHTEPBAN UMEET BRI,

(5 (1-86,) ?ﬂ_)_(_)_f;_ ____)T____)
n¥ G “Vn,) l-l—)T:FGr n(l + X)?

Mpumep 17 (BepHynnueBcKan mopenb, aCHMNTOTUYECKHH AOBepHTeanbIH UH-
Tepsan gnda napametpa). B paCCManMBﬂBMOM cnydae 0. M. I, 9 = X 1 dyHKUHS
undopmauny ¢(0) = [8(1 - 9)]_ (cM. 1261, 1 § 3.2), noatomy u3 (30) umeem,

YTO (fqrc,ﬁ(l — ]T)/n) — ACHUMIITOTHYECKHH 7y -10BEPHTENbHBIH HHTEPBAN

anst 6 Peuienuem ypasHeHus (31) AiBnsercs 3neck Gynkuus 7(8) = arcsin v'8 npu

277)

Ecau Bocnonb3oBaTbes cooTHouleHMAMH (32) u npd 3ToM nipeHedpeyb YneHamy

nopsaka m~' TO MonyuynM npemblayllee pelieHde Ans 6 (3To ™Mbl npennaraem

NMNpOBEPUTEL YHUTATEMIIO C&MOCTOHTCHbHO). g

a = 1/2, no3ToMy COOTBETCTBYIOIMH HHTepBan Ana Hee ects | 7(X)

— N
B cnyuae BekTopHoro napamertpa 8 = (8, . .,6;) Doseputensrtie obnacri: W
MOXET NDEACTARNIATL NP2KTUECKHIT MHTEPEC OBEPH-  muoromepHeIii NApameTp

TeNbHOE OLEHUBAHNE CaMOro 3TOTO BeKTOpa. B 3TOM
cllyyae HYXHO YKa3aTh Takoe CnyvaiHoe (T.e. 3aBucsAuiee OoT Beibopku X ) moa-
MHOXecTBO G, (X') B napaMeTPHYECKOM MHOXECTBE © PaccMaTPHUBAEMOi MOZIENH,
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KOTOpOE HAKPBIBAET UCTHHHOE 3HAYeHNe HEU3BECTHOrO napameTpa @ ¢ BepOATHO-
CThIO, HE MEHbILEH 3a0aHHOTO AOBEPUTENLHOTO YPOBHA 7, T. €, YT0OBI BLINOIHAN0CH
COOTHOlEHHE, aHANOTHYHOE (28):

Po{0 € G,(X)} 27, VocoO. (34)

Takoe noaMHoxectBo G, (X) C © HaswiBaeTcs <y -dosepumenstoii obnacmeolo s 6.
B cayuyae perynsipHelX Mongneil, yIOBIETBOPSIIOLIUX YCIOBUSIM TeopeMbl 2, mis
GONbIIMX BLICOPOK JIErKO MOCTPOUTL MPUOAUXKEHHbIE ROBEpHUTEIbHble 00aacTH,
OCHOBAHHbIE HAa OLEHKAaX MaKCHMalLHOTO Npasaononobus. Ing atoro Hamo Boc-
MOMb30BATLCH CAEAYIOLIUM YTBEpXIAEHHUEM, MpPEACcTaBIAILWMM coboif aCUMNTOTH-
YecKMil BApMAHT pe3y/ibTaTa, chopMynupoBaHHoro B ynp. 40 x ri. | (cm. Takxe
3ameuanre B 1.2 § 2.5): ecin wia k-MepHOro cnyuaitHoro BeKTopa .§ BhIMOTHAET-

cql aCUMITTOTHYeCKOE (pH 7t — 00) cooTHoleHne L(§ )~ N(u 5! n) M |Ee| #0
TIpH BCeX 7, TO

(€, - )52 (€, - 1)) — X', (35)
B cuny 2Toro yreepXaeHHUsH 13 (20) MMeeM, YTO KBaApaTHYHAA (opMa
Qn(0) = n(Br — 0)1(8)(8, - 6) (36)

npu Bcex & vMeeT NpelenbHOE MpH 7 — 00 paclipene/ieHHe xz(r). Bosee To-
ro, ecnn nHopMaumonnasi matpuua I(f) HenpepbiBHa no ¢, TO Ha OCHOBAHMU

yTBEpXKAEHNST 4° MOXHO 3aKMOYuTD, 4To B (36) I(#) MoXHo samenuts Ha I(6;)
C COXpaHEHHeM Npu 3ToM OpPMbI NPEJENLHOTO pacnpefieneHusl. MTak, npu Bbl-
TIOJTHEHUW YKA3aHHOTO YC/IOBHA MMEET MecTO MpeleNbHOe COOTHOWEHHe

£4(Qn(6) = (B ~ O I@) @ - 6)) — X'(r). (37)

2
[ycTe, KaK 06bIMHO, X, r ODO3HAYAET 7y -KBAHTH/Ib PACMpPEACICHUS xz(r). Torma
13 (37) uMeeM, 4TO NpH N = 0O

A 2
PG{Qn(B) < X'y.r} — 7. (38)
) ACHmMnToTMYecknii qose-  Onpeaennm teneps obaactk G, (X) C © ycnosuem
%
%«
pHTeanblH annnuncoua ang _ =y 2
NQPaMETPa perynapHon Gy(X) = {0 @n(6) < x‘f-"} (39)
Moaenn D70 €CTh HEKOTOPbI CnyyaifHbIi 311UNCOMS, C LEH-

TPOM B TO4Ke 8, U, N0 NOCTPOEHHUIO, NP 1. — 00

Po{6 € G,(X)} = Po{Qn(6) < x7.-} — 7,
T.€. G,(X) ecTb acUMNTOTMYECKAS Y -LOBEPHTENbHAS 061ACTE AA 6

Npumep 18 (fRoseputensbHan 06aacTe ANA NAPAMETPOB NOAHHOMMANLHOW MO-
aenu). Ecnu B monunomuanshoit monenu M(n; py, ,pn), 0=(p1,.. ,PN-1),
YMCN0 MCTILITAHMI T2 BEJMKO, TO IS ONHOBPEMEHHOTO OLEHUBAHNS HEN3BECTHBIX
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BEPOATHOCTEH P; MOXHO BOCNOMAB30BATECHA HATOXKEHHOW aCHMITOTHYECKOH TEOPH-
efi. Bce npeapaprTesibHbIE BBIYMCIEHUS HAMU yX€ NMPOBEAEHEI B npuMepe 12 U npu-
mepe 10 B § 3.2, ncnom;aya KOTOpble BblYUCNAEM KBaﬂ.paTH'-IHyIO dopmy B (37):

Qn(®) =n Z (B — p)(B; - pi)Fn' + nZ(p, p)'p ! =

= 1=1

N-1 2
Z(”‘ -~ npi) N-1 N
_ [;':1 ] N Z (V;' —V?Pz')z _ Z (Vi —Vi-’lpi)z' (40)

V
N i=1 i=1 :

[pu 3Tom napameTp 7 B (37) paeH 3necs N — 1. B pesynsrate nckomast o6nacts (39)
MOXeT ObITb 3anKcaHa B BUIE

60 =60 ={. o P ") ,,N.,zp,_l}
= T

9ra obnacTb npeactarnseT coboii nepeceyerue N-MepHOro /THNCOMAA C LEHTPOM
B TOYKE V = (V], ,I/N) C THNEPIUIOCKOCThIO P + +pny = 1.

Ecau N = 2, 10 pedb uzer o6 oLUeHHBAHWM mapaMmeTpa OepHYNIUEBCKOM
Mozenu Bi(l, ) no n vcneITaHMAM, M flerko BHIeTh, YTo obmacth (41) cBomMTCH
K MHTEpBaNy, NOCTPOeHHOMY B npumepe 17. .

§ 3.6. [lpyrve mMeTofibl ¥ NPUHLUNLI NOCTPOSHUA OLEHOK

Hpasureno 8 pusocohuu paccmampugams cxodemso
daxce @ eewax, danexo omcmoguux dpyz om dpyza.

ApHCTOTENb 3
KpoMe pacCMOTpeHHbIX B NpedbayLMX naparpadax oo1ux noaxomnos /151 OUEHH-
BaHUA HEU3BECTHLIX NapaMETPOB pacnpelcieHUid Ha MPAKTUKE HCMOAb3YIOT U APY-
FMe METOlbl MOCTPOEHUA olleHOK. B HacrosweM naparpade Mbl nulllb KPaTko
3aTPOHEM COOTBETCTBYIOLIME NPOGAEMBI, YTOOBI TOKa3aTh MX MHOrooGpasve M of-
HOBPEMEHHO PaCUWIMPUTh FOPUIOHTHI UTH YU TATENS.

1. Metog MmomeHTOB

Wcroprueckn neppuIM OBLIMM METOLOM TOYEYHOIO OLEHHBAHHA HEM3BECTHBIX na-
paMeTpOB ABAETCA Memod Momermos, npepnoxedHsiit K. MupcoHom (1894). Cyts
9TOr0 MeTO4a COCTOHT B CNELYHLLEM.

IMycts, kak obwiyHo, X = (X,,..., X;) — BbIGOpKa M3 pacnpeneseHus
L) e F={F(z,0),0¢c0}, rnef=(9, ,6,)u®©CR" TIpeanonoxum,

3) Apuctotens (384-322 IT. 10 H.2.) — ApeBHErpeuecKuit GrIocod, YIEHBIH-IHUMKIONEANCT.
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yTO Y HabmoaaeMol C/y4alHOH BeJIMYMHBI € CYILECTBYIOT MEPBbIE T MOMEHTOB
Q; = Egk k=1, ,r OHH aBnsitoTcs PYHKUUSIMH OT HEUIBECTHBIX MapaMeT-
poB &: ay = ay(#). PaccMOTPUM COOTBETCTBYIOLIHE BhIOOPOYHBIE MOMEHTHI Xy
(em. n. | §2.2) u cocraBuM CHCTEMY YPaBHEHUH OTHOCHTENLHO 6:

ak(B):&,,., k=1,. ,r (1)

[Tpeanonoxum, 4To 3Ta CUCTEMA OJAHOIHAMHO pa3pelliMMa M 0003HayuM ee peLle-

Hue 8; = 0;(X) = pi(a,, ,@;),i=1, ,r Tornaf, B, HecrbOLEHKH

4’/« napameTpoB 8,, , 8, no Metoay MoMeHTOB. Eciu QyHk-
OueHku no metopy .

.. UMM, t =1, 7, HENPEPLIBHLI, TO U3 COCTOATENLHO-

MOMEHTOB ; ka

CTU BBEIGOPOYHBIX MOMeHTOB (cM. 1.3 § 2.2) no TeopeMe |

§ 2.2 cneayet, yto craTucTiky 6;(X) ABNAIOTCA COCTOATENLHBIMU OLEHKAaMHU 6;:
nMpu . — 00

~ p .
0:;(X) — pilar,. ,a)=10;, i=1..,r

Takum 06paloM, METOA MOMEHTOB NMPH OMPEAETeHHBIX YCIOBUAX MPUBOANT K CO-

CTOATENBHBIM OLEHKAM; NMpPH 3TOM ypaBHeHMA (1) BO MHOTMX CIy4asX NMpocTl

M MX peweHue (B3 OTIMYMe, HAMPUMeEpP, OT METOAa MaKCHMAaIbHOTO TMpaBiONOA0-
61s) He CBA3AHO C GOMBLIMMH BRIYUCANTENbHBIMHA TPYAHOCTAMM.

Mpumep 1. Iycts L(€) € N(8), 9%). 3nech ay = K¢ =0,, 65 =DE = @y — o,

nostoMy 8, = @y = X, 6 = 4/@, — & = 5, T.e. (8, 6;) cosnanaer ¢ oLeHKaMHU

MaKCUMaJIBHOTO TMpaBAoOnof06us (5,, @) = (X, S) (cm. npumep | §3.5). .
Npumep 2. Iycte L(£) € U(6,, 0;). 3necn
6, +06, 07 +6,0,+63

(4 3} an

2 3

U cucrema (1) MMeeT pelueHue 6, =X -V3S, 8 =X+ V3S. Dt ouenkn
He ABAAIOTCA QYHKUMAMM 10CTATOYHOI cTatneTiky (X (), X(n)) (cM. mpumep 3
§ 3.3), noatomy oHU Mano 3¢hHeKTHBHBI. o

Npumep 3 (famma-mMogens, OUEHHBAHWE NapaMeTPOB MeTO4OM MOMeHTOB). T1ycTs
L(€) € T(9,,60;) (cm. 1.3 §1.2). 3gece © = {8 = (6,,8,) 6; > 0,1 = 1,2}
oy = 60iT(02+k)/T(6) = 056,(62+1) (B, +k—1), BuactHocTH, @ty = 8,6,
a, = 91292(92 + 1). Cucrema (1) uMeer agech peLieHue
~ =) 2 ~) 72
~ a-~a; S ~ ok X
i X)=—==, h{X)=F"%5 =—.

l( ) a, X 2( ) Gy — af S?
TaMMa-MoMe/ib C ABYMS HE3BECTHBIMM NapaMeTpaMi BeCbMa CJIOXHA JUIST aHAIN3A
KaKHMH-HUOYAb APYTMMH H3BECTHBIMUM HaM METOAAMH, METO/ XXE MOMEHTOB BBICT-
PO NPUBOIANT K NPOCTBIM (GOPMYNaM MU OLEHOK ee MapaMeTpos. .

OTMETHM, YTO MeTO MOMEHTOB HEMPMMEHUM, KOTAa TeOPETHYECKHE MOMEHTHI
HYXHOTO MOPAJKa HE CYLUeCTBYIOT (HarnpuMep, 114 pacnipedenexns Kowu). Kpome
TOrO, OLEHKW METOJa MOMEHTOB, BOoOuUle roBopa, Maio 3¢ deKTHBHbI, NOITOMY
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MX 0OLIMHO MCMOAB3YIOT AMWL B KAYECTBE MEPBLIX NPUONHXEHHI, OCHOBLIBAACH
Ha KOTOpBbIX MOXHO HaxoAuTh Nocneaylowne npubanxeHusa ¢ donwiued agdek-
THBHOCTLIO.

2. Meto MHHKUMYM3 XK-HB2ApPaT

CucTeMy pasnyuHbBIX METOAOB NOCTPOEHHMA OLEHOK MOXHO NOJYYMTb, KOHCTpY-
¥pys TeM WM WHBIM cnocoboM Mepy D OTKIOHEHWA 3IMNUPHYECKOH YHKUMH
pacnpeneneums Fy(z) or F(x: 8) — nctuHHOM (HO HEUIBECTHON) TEOPETHHECKOIH
yHKUMY pacnpeaencHus Bui0OpKHU. B nwoboM cnyuyae takas Mepa siBAAeTCA QYHK-
uuei ot BriGopku (natnbix) X u HenssecTHoro napametpa 6: D = D(X; 6). Ecnn
Takas Mepa CKOHCTPYMPOBAHA, TO B KaYeCTBE OLEHKM napametpa @ ecrecTBeHHO
B3ATL 3HaYeHKe, MuHUMu3npytowee mMepy D: (X)) = arg min D(X; 6).
;

OnHo# 13 HanBonee U3BECTHBIX TAKNX Mep ARNAeTcA NpenioxeHHas K. ITupco-
HOM Mepa Xu-Kkeadpam. ITa Mepa KOHCTPYHPYETCA caeaylolinm oopa3om. Pazobbem
MHOXECTBO £ BO3MOXHBIX 3HaYeHNH HabGMI0AaeMON CiydaiHOM BenuunHb € Ha N
HenepecaKaloLyxcsd NOAMHOXECTB {«HHTEPBATOB)

EN (E=6U. Uéy, &NE =0, 1+#j),

W TIYCTb ¥; — uncno snemeHtob BeiGopkn X = (X, ..., X,), monaswiux B uH-
TepBan &;:

n
vi=Y IXi€&), j=1....N (n+ +uy=n)
1=l

OGo3HauuM, nanee, yepes p;(f) TeopeTHuecKyio BEPOATHOCTD MONafaHusa B &;:

p;(6) = Po{é EEj}=de(:c;9), G=1...N (@6 +...+pn(6) =1).
&
IMockonbKy OTHOCHTENbHAA 4acToTa v, /n MONajaHua B MHTEpBAT £ ABASA-

ETCA COCTOATENBHOM OUEHKO# BEpOATHOCTH p;(f), TO OXHOA M3 BOIMOXHBIX MEP
OTKJIOHEHMSA IMNUPHYECKHX (BLIGOPOUHDBIX) JaHHBIX OT TEOPETHYECKMX 3HAUEHUH

MoxeT 6bITL Mepa
N U, 2
D= (% -p0)
j=1

rpe ¢;, ,Cxy — HEKOTOPblE «BeCa».
Ecnu 31eck nonoXuts «Becas ¢; = 1/p;(6), To Mb1 M NOAYYMM MEPY XM-KBA]-

par:
N N
X = E: ( p(ﬂ))z—iﬁ( np’ =y = é (2)

L _p; — n.
 p;(6) PG J1C np; (0
BriGop v MeHHO TaKKX «BECOBLIX» K03 druneHToB B D onpaBaaH TeM, YTO, KaK 3TO
OyXeT NMoKa3aHo no3dxe (cM. .2 u 3 §4.2), nonyyeHHas Npu 3ToM MEPa XH-KBaj-
par (2) obnamaer CAEAYIOIMM 3aMeyaTeNbHbIM CBOMCTBOM: €€ acCMMNTOTHUYECKOE
16 3axa3 1748

=]
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pacnipefenieHue Wist GONMbLIMX BRIGOPOK (MPU 1 — 00 ) 3aBMCUT JMILb OT unucia N
HHTEPBATOR (MOAMHOXECTB) pa3GUeHNs W ABIAETCA CTAHAAPTHBIM Dacrpene/eHH-
€M XW-KBajpar.
/4;‘ OueHka no meToay ; OueHky €, nonyyeHHy10 13 yc10B1a 00paLleHUsa Mepb!
X~ B MMUHWUMYM, Ha3bIBAOT OUeHKOH HO MEMOOY MUHUMYMA
xz [pu mocTaToyHO OOWMX YCMOBUAX 9T OLEHKA OKA3bi-
RAETCA COCTOATEbHOM, ACUMNTOTHYECKH HOPMATLHOW W aCUMIITOTHYECKY 3¢ bex-
TUBHOM (Kak M OlleHKa MaKCUMATbHOTO MPaBaonoaobus).
[N HaxoXIeHUA yKa3aHHOMW OLlEHKU Halo PellinTb CUCTEMY YpaBHEHMIl

2
MHUHUMYMQ X

N 2
vi  8p;(0)
7 J
-——O, k=l, » T 9=(9|, ,0 .
2 76 o0 ( )
OHaKo 3TO TPYAHO cienaTh JaXe B MPOCTEMLIMX CNY4Yasix, NOITOMY, YUMTHIBAA,

YTO
Vj P

np;(6) now

I, 3=1L...,N,

3ITY CUCTEMY ODBIYHO 3aMEHAIOT BoJlee NPoCTroit cCuCTEMON
N

vi  0p;(6)
=0, k=1,. ,r, 3
; p;(6) 96 G)

pellieHHe KOTOpPOW HaxoouTb, KaK NpaBuio, ropasme npoile. OUeHKH NapaMer-
por @, monyuyawllmecs Kak pellieHHe cucTeMsl (3), Ha3bIBAIOT oyerkoMu No 8udo-
UIMEHEHHOMY MEMOCY MUHUMYMA xz; st GObLIMX BHIGOPOK MX aCHMOTOTUYECKHE
CBOMCTBA OCTAlOTCA TAKMMU Xe, KaK CKa3aHO BbILLE.

3amevanue. B onucaHHOM MeToae OLEHHBAHWA NapaMETPOR UCMONB3YIOTCA He CAMH Ha-~
6moncuua X, ..., X,, a nuws vactorsl ¥ = (v, ..., Vy) NONANaHUA 3NEMEHTOR Bbi-
GOpKM B COOTBETCTBYIOULNE MOAMHOXecTBA £, ..., &y Takoit «uacToTHLi» cnocob npea-
CTaBAeHWUA CTATUCTUYCCKHX JAHHLIX HAILIBAIOT MemodoM 2pynnupoext Habaroderuii, a Noa-
MHOXeCTBa &, . .. , En ~— nodmuoxcecmaamu (VW udmepeaiami) rpynnuposku. [pu atom
| pACTIpEneaeHUE BEKTOPA Y2CTOT ¥ = (V), .., Vn) ABIAETCA, O4EBUAHO, NOJUHOMHANTLHLIM

pacnipenenekueM M (n; pi(0),  , pn(9)) (cM. 1.6 §1.1). B 3TOM KOHTEKCTE BEPOATHOCTh
N

‘ =gy ™ i _

. Pfy=h}=1L (a.a)—hl!___hm]l:[]p,- @), h+ +hy=n @

Ha3bIBAIOT yacnomuoil Qynxuuel npaedonodobusa & memode zpynnupoexu nabarodenui (B OT-
n

anyMe or obbiyHoil dyHkuuu npasgononotus L(z; #) H f(z;; 8)). Ecan nckarw
1=l
OLiEHKY mapaMeTpa & no MeToxy MakcUManbHOro NPasaonoaotus, OCHOBLBaACh Ha dyHK-

LEMH L(')(Q; ), T.e. ncxath ee TOYKY MaKCUMyMa, peLlad CUCTEMY ypaBHEHUH
dinL(h;8)
89, B

TO, KaK JIErKO BHAETH, 3Ta CHCTEMa CBOAMTCA K cHcTeme (3).

0, k=1,...,71,
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3. MopaneHo HecMeleHHbIe OL@HKH

HJo cux nop Msl B OCHOBHOM PAacCMAaTPUBATM HECMELUEHHEBIE OLUEHKH, T. €. TakHe
cratHcTHKH §(X ), KOTOpbIE YIOBNETBOPAIOT YCNOBHIO (€C/IH OLEHHBAETCS CaM Ma-
pameTtp 6)
Esd(X)=86, Veéco.

B cuny Toro, 4yto MareMaTHYecKOe OXHAAHHWe cNyyaWHOH BeNUYUHBI YacTo Ha-
3bIBAIOT CPEAHMM 3HaYeHNEeM, HECMeleHHYIO oueHKy §(X) HalbiBalOT Takxe He-
cmewerroli 8 cpednem. OIHaKo B CTaTHCTHKE MCMOAB3YIOTCA W APYTHE NOHATUA
HECMELLEHHOCTH, B YAaCTHOCTH, MOLAILHOW HECMEU(EHHOCTH M MeAMAaHHON He-
CMEUEHHOCTH, B OCHOBE ONpelencHHii KOTOpLIX NexXaT Takhe XapaKTepUCTUKH
CTATMCTH4ECKOH OUEHKH, KaK COOTBETCTBEHHO mona M MeauaHa. Mx Msl kpaTko
¥ 006CYIUM B 3TOM U chenyloueM nyHkrax. OCTaHOBHMCA CHayala Ha MOHATHH
MOJTLHOH HECMEIIGHHOCTH.

[ycte X — cnyyaitHas BeIMYUHA C MIOTHOCTLIO f(T), T € R'. ToGas Touka
mMakcuMyma byHkumu f(z) HassisaeTcs sodoi cyyaitHol sennauiel X (ee 3akoHa
pacnpenenenus). Ecmu mroTHocTb 3aBHCHT OT napametpa: f(z) = f(z;0), 0 € O,
TO U Moja, BooOlle rosops, 3aBUCHT oT #. ECnn Moda elMHCTBEHHA, TO pacnpe-
AeneHHe BeNUYMHbE X Ha3bIBAKOT YHUMOOA blb6iM. YHUMOIANBHBIE pacnpene/eHns
UTPaIOT BaXHYIO PONb B TEODMM BEPOATHOCTEI! M MaTeMAaTHYeCKOW CTATUCTHMKE.
[MpumepamMy Takux pacnpeneseHnii ABASAIOTCS HOpMaTbHOE, okalaTenbHoe, Tyac-
coHa, Kowu ¥ np. pacnpeneneHus.

NycTs oyeHka d(X) napametpa  umeer yHWMOAa/bHOe pac-
npegenenue u x(0) (kanna ot tata) — ero mopa. Ecau »x(f) = @ npu acex
8 € ©, 10 §(X) HasviBaeTca MOdanbHO HecMewenHol oyeHKod napametpa @,

TakHe oLEHKH MOTYT 0Ka3aThCsl NMPEANOYTHTENLHEE APYTHMX MPH HEKOTOPBIX
dyHKUMAX TOTepb. 30ECh YMECTHO cAeNaTh ofllee 3amMevyaHHe O TepMHHO/IOTHH,
MICMONb3yeMOH B 00lleil Teopuu oLeHHBaHUA. B 3T0lt Teopuu Npu BBIGOPE KpHTE-
pUst KayecTBa (MMM TOUHOCTH) OLIEHKH WCXOAAT M3 HEKOTOPOiM HEoTPULATENbLHOI
dynkunn L(4, 8), namepaiouteit pacxoxieHne MeXay napaMeTpoM @ U ero oueH-
koit & = 0(X) — Takas byHKUMA Ha3biBaeTCs hyrxyued nomeps. CpeHUE MOTEPH
EsL(8, 6) = R(J, 6) nasbiBaiorca ghysxyuedi pucka (W1 NPOCTO pUcKom) oleHKH §,
1 PHUCK ARTAETCS Mepoil TouHocTH ouewku. Ecin L(6, 8) = (6 — 6)°, To rosopAT
O KBAOpamMuYHOI PyHKYUU HOMeps, TOTNA K8adpamuynoiti puck R(4, 6) = Ey(§ — 9)2
€CTh CpeaHekBalpatiyHast owwubka (c. k. 0.). MHorma ucnonvaylotcs u apyrue

¢dyHxkumuu noteps, Hanpumep, L(4,8) = |6 — @] wnu L(5,6) = (1 — 6/9)2, WITH
L. =0"-0"")Y urn

Npumep 4. Mycts X = (X, , X,)} — BbibopKa u3 Mpume pbl MOAANBHO l\\\\
HOpMaJlbHOTO pacnpenenenns N (6, 02). B kayecTBe  HecmelyeHHbIX OUEHOK
OUeHKU 1151 6 BO3bMEM ONTUMAILHYIO HECMEIEHHYIO

ouenky 8(X) = X. Mockoneky Lg(X) = M(8,0°/n), a wopmansHoe pacrpe-
IeneHye ABAAETCS YHUMOLATbHBIM, NpHYeM ero Mola () cosnagaer ¢ maTema-
THYECKUM OXUAaHWeM @, To B manHOM cnyyae x(6) = 6 nipu Bcex 6 M notomy

ro*
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OOblYHast HECMELUEHHAs oueHKka X SABASETCH 31ech OAHOBPEMEHHO M MOLANLHO
HECMELLEHHON OUEHKOM 6. .
Mpumep 5. Mycrs X = (X, ..., X,,) — BuiGOpKa 13 pABHOMEPHOrO pacripesese-
uua U(0, 8). Tlokaxem, 4o cratuctuka 6(X ) = X(;) — MAKCUMAILHOE 3HAYEHME
A gt 0) BLIDOPKKU — ABJAETCA MOAANBHO HECMELLEHHOH OLIEHKOM
napametpa 6. [1n0THOCTL cTaTUCTURK X (yy) criedyeT U3 06-
wero cootHoweHust (13) §3.4 npu a = 0, Q,(6) = 1/9,
M (z) =1 (cm. npumep 3 B §3.4) 1 uMeeT Bun

L)
=)
~Y

ntn—l
9(t:6) = —— 1(0<t<0).
Tak kak (cM. puc. 1) npu moGom 8> 0 pynkuus ¢(t; #)
Puc. 1 MIMEET eAMHCTBEHH Bl MakCHMyM B TouKe #(#) =6, To cTa-

THCTHKA X (,) ABNAETCA MOJATLHO HECMELLIEHH O OLIEHKOI
st 6. Ans cpaBHeHUs HanoMHuM (cM. npumep 3 B § 3.4), 4TO ONTUMATBHON HE-
CMEWEHHOM oleHkoi it 6 aanserca ctaTucTuka §° = ((n + 1)/n) Xy). .
Npumep 6 (MoxasaTenbHoe pacnpepencHune, MOAANLHO HECMELIEHHAA OLGHKA
napamerpa). Ilycrs X = (X, ,X,), n 2 3 — Buibopka U3 MOKa3aTeNbHOrO
pacnpegenenns I'(6, 1) (cm. 1.3 § 1.2). PaccMoTpum craTucTiky

n
Je(X) = CEX,-, c> 0.
i=l
M3 cBoiicTB raMMa-pacnpeie/ieHUst UMEEM, YTO
L4(0.(X)) = T(ch, n),

T. €. II0THOCTb cTaTUCTUKHU J.(X) ects (cM. (18) §1.2)

wn—le—z/cﬁ

f(z|c8, n) = W z > 0.

3neck dyHkiua f(z|ch, n) nmeeT npu moGoM 6 eAMHCTBEHHbIH MAKCUMYM B TOYKE
t =x(8) = cB(n — 1), cnenosarensro, npu ¢ = 1/(n — 1) cratucruxa

l n
n—14%
1=]
OyaeT MOAaNLHO HECMELUEHHOM OLEHKON 6.
Mbi 3HaeMm, 4To Npy KBAAPATUYHOM GYHKUMH NOTEPL HECMELWUEHHAA B CPENHEM

oueHka X ABNSAeTCA ONTHMANLHON HECMEILIEHHOA OLeHKOM ann @ (cM., Hanpumep,

Tabn. 2 B § 3.2). CpaBHUM TENEPb PUCKHM 3THX ABYX OUEHOK, Vy u X, 0OTHOCUTENBHO
¢GyHkunu noteps L(d, 8) = (6"1 ~ 6\"')2 Mcnonb3ys GopMyibl JIA MOMEHTOB
ramma-pacripenenenua (cM. n. 3 § 1.2), HeTpyaHo NonyyuTh (3TO MBI OCTaBNAEM
YUTATEJIIO B KAYECTBE YMIPaXHEHUS ), YTO

1 1)2 n+2

REO =8 (%) =i
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2
R(V,,0) = E — - :

PV 8) T (n-20
Otciona umeem R(V;,, 8) < R(X,6), V8 > 0, T. €. npy Takoit GyHKLUMHM NOTEPH MO-
JATLHO HECMeLLeHHas OLEHKA HMEET PABHOMEPHO MeHBLIMIT PUCK, HEXENU OLIEHKA,
HEeCMELLEHHan B CPeqHeM. o

4, MenMaHHO HeCMeLyeHHble OLEHKN
OnpeneneHre MeAMaHbl 118 NPOU3IBOJBHOrO pacnpeneneHus F Obuto faHo B 1. |
§2.4 — 310 p-xBaHTMABL (p Mpu p = 1/2. TMlyets X = (X,..., X,) — BeIGOpKa
W3 pacnpeneneHus ¢ naoTHocTeio f(z;8), € € O, n nycrs 6(X) — Hekoropas
oueHka napamerpa 8. O603Hauum ee Meauany m(6).

B taxoMm cayuae, ecau

m(f) =6 npuncex 0 €O,

TO cTaTUcTHKa ¢(X) HalbiBaeTCs meduanno HecMewennoi oyercoii 6.

Npumep 7. B ycrosuax npuMepa 6 paccMOTpUM cTa- MokaaarensHoe &
TUCTHKY X()) — MHHMMalbHOE 3Ha4YeHHE BBIGODKH. pacnpegeneHye:
Ee nnotHocTs Mo dopmysie (6) § 2.4 umeet Bun OUEHMBOHKE NAPAMETPA
n
-nzff
91(z; 6) = rk oz,

MNOo3TOMY, peulana ypaBHEHHe
z

%=/g,(t; g)dt =1— e "%/?

0
HaiiieM MeanaHy

1
= —0In2.
m(0) an

CnemosatentHo, cratctuka 6(X) = n.X(;)/(In 2) sapnsieTca MeAMaHHO HECMELIEH-
Hoit oueHko# 6. HaiineM pacnpeneneHue 3Toi craternky. Tak kax (cM. (18) § 1.2)

EAXm)zP(gJ), ro EAMXDzF(é%J),

T. . pacrnipesenerue §(X) oT m BoobILE HE 3aBUCHT M MOTOMY €€ C.K.O. HE CX0-
autest kK 0 npu n — 00, Gonee Toro, §(X) BooGLue He ABIAETCH COCTOATENBHOM
OLEHKOH. °

Pasnuuy mexay pasiMyHbIMM MOHATHUAMH He- [OMMO-MOAENb »\\\
CMEIIEHHOCTH MOXHO NMPOHAMIOCTPUPOBATE Ha TPH-  GyepnaaHma NapaMeTpa
mepe ramma-moneau I'(6, A) (cm. 0.3 § 1.2). Ecam
paccmotpeth cTatueTHKy T(X) = X +. .. + X, 10, Tak Kak Ly(T (X)) =T"(0,nA),

€e IUIOTHOCTh eCTh
tn,\-l /0
t > 0.

g9(t; 8) = WE ,
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4g(t; 6)

Puc. 2

Ipaduk 3TOR TIOTHOCTH, A TAKXKE MOJA X, MEAWAHA T U CPENHEE 3HAYCHHE

ET w3ao6paxeHsl Ha puc.2. 3gech EgT = nAf, 1.e. T/(nA) — HecMeuleHHasi B

dg{L; 6
cpeaHeM oLeHka €. Moaa # cTaTuCTUKU T' HAXOAUTCA U3 ypaBHEHUs —(—) =

ot

W paBHa @(nA — 1), OTKyna cienyer, YTo MOAAIBHO HECMELeHHON OLEHKON napa-
meTpa @ GyneT cratuctuka 8(X) = T/(nA — 1). Meanana xe m craructuku T
SIBJISIETCS] KODHEM YpaBHEHUsI

m m/jé

] 1 1

- tﬂA—l —tlg dt: _ /tﬂ;\—l —! t: —.

I‘(m\)ﬁ""f ‘ 2 "M Tma € b=
0 0

Orciofia cnemyet, 4T0 M nponopuuoHanvHo 6: m = 6 A(nA), rne A(nA) — koH-
CTaHTa, He 3aBUCALLas OT @, clesOBaTeSIbHO, MENMAHHO HECMeLLleHHOM olieHKOH @
6ynet cratuctika 0,(X) = T/A(nA).

5. IKBUBAPNAHTHbIE OLUEHKH

B HeKOTOpbIX Cnyyasx KIacC PacCMAaTPUBAEMbIX OLIEHOK rapameTpa 6 pasyMHO
OrPaHHYMUTb 3apaHee HEKOTOPbIM YCNOBHEM MHBAPHAHTHOCTH OTHOCHTENIHO TOTO
HJIM MHOTO Npe0o6pa3oBaHus NaHHbIX. PaccMOTpUM, HanpuMep, 3aauy OLeHHBaHK S
napamempa cdgu2a, T.e. KOT&Ad TNJIOTHOCTb Ha6miogaeMoi
cnyvaidHon BenmuuHel & umeet sua f(z;0) = f(z — 0),
rae f — wm3sectHas dyHxums (3nec = € R' 6 € RY).
B 310M cayyae s 000N KOHCTAHTDI €

